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Preface

These notes are a typeset version of my handwritten notes from the graduate courses Advanced
Topics in Algebra E & F, taught by Prof. Tadashi Ochiai at the Institute of Science Tokyo.
I attended both courses as a sit-in student for two quarters (one semester, April–July 2026)
during the Young Science and Engineering Researchers Program (YSEP). I joined these lectures
on the suggestion of Dr. Soma Purkait, so that I could get exposure to lectures in advanced
algebra alongside my research project on modular forms. The final goal of the course is to
understand Iwasawa theory: the Iwasawa main conjecture, which relates ideal class groups along
the cyclotomic tower to p-adic L-functions, and its generalisation to Selmer groups of p-adic Galois
representations. To get there, the lectures start from ramification theory in number fields and
a first glimpse of class field theory. They then pass through p-adic fields, zeta and L-functions
and the classical class number formulas, and develop Zp-extensions and the Iwasawa algebra.
The second half proves Iwasawa’s class number formula, constructs the Kubota–Leopoldt p-adic
L-function, formulates the main conjecture, and ends with p-adic Hodge theory, Selmer groups
and elliptic curves. Part I follows my handwritten notes “Part 1” (lectures of April–June 2026),
and Part II follows “Part 2” (lectures of June–July 2026).
I did not understand most of the material in these lectures. With the help of Claude Code
(Opus 5.5, High-Ultracode), I could ask for clarifications of the notions I did not understand,
for corrections of the slips in my handwritten notes, and for help with the proofs, for my own
understanding.
In class many statements were only announced (“we can show”, “it is well known that”, “report
problem”), and many proofs were omitted. Most of the proofs in these notes were not given in
the original lectures and were written afterwards to complete the notes. The conversion of my
handwritten notes into this LATEX document, as well as several of the proofs and corrections, was
produced with the help of Claude Code (Opus 5.5, High-Ultracode), in order to ease the formal
write-up. Furthermore:

• boxes labelled Notes. make precise notions which were ambiguous or left implicit in the
lectures;

• boxes labelled Correction. point out places where my handwritten notes contained a slip,
and what the correct statement is;

• results whose proofs are far beyond the scope of the lectures (global class field theory, the
Kronecker–Weber theorem, the Herbrand–Ribet theorem, p-adic Hodge theory, . . . ) are stated
with references; a Proof sketch indicates that some standard input is quoted.

Standard facts from a first course in algebraic number theory (that OK is a Dedekind domain,
unique factorisation of ideals, finiteness of the class group, Dirichlet’s unit theorem, . . . ) are used
freely; see e.g. [11, 8].
I am very grateful to Prof. Tadashi Ochiai for allowing me to sit in on his lectures for two quarters,
and to Dr. Soma Purkait for suggesting it.
I would also like to give a shout-out to Orlando Ferrari’s lecture notes project, which influenced
the way I make and write up these notes; see orlandoferrari.github.io.
The reader is advised to stay vigilant and verify the calculations; any remaining errors are mine.
If you find a mistake or have a suggestion, please feel free to reach out to me on GitHub:
github.com/Peanut2Butter9.
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Part I

Algebraic Number Theory, Zeta
Functions and the Iwasawa Algebra

1



Chapter 1

Ramification in Number Fields

Throughout, a number field is a finite extension of Q, and OK denotes the ring of integers of a
number field K. For a nonzero prime ideal p ⊂ OK we write k(p) = OK/p for its residue field; it
is a finite field.

1.1 Preliminaries

In this section K ′/K is an extension of number fields of degree n = [K ′ : K] and p ⊂ OK is a
nonzero prime ideal. The material here was used implicitly in the lecture; we collect it so that
the later proofs are complete.

Lemma 1.1.1 (Localisation)
Let S = OK \ p, A = S−1OK and B = S−1OK′ . Then

(i) A is a discrete valuation ring with maximal ideal pA, and A/pA ∼= k(p);

(ii) B is a free A-module of rank n;

(iii) the natural map OK′/pOK′ → B/pB is an isomorphism.

Proof. (i) A is a localisation of a Dedekind domain at a prime, hence a local Dedekind domain,
hence a DVR. Since OK/p is already a field, every element of S is invertible modulo p, so
OK/p→ A/pA is an isomorphism.
(ii) OK′ is a finitely generated OK-module, so B is a finitely generated A-module; it is torsion
free, and A is a PID, so B is free. Every element of K ′ is of the form x/m with x ∈ OK′ ,
m ∈ Z \ {0}, so B ⊗A K = K ′ and the rank of B is [K ′ : K] = n.
(iii) Surjective: let x/s ∈ B with x ∈ OK′ , s ∈ S. Choose t ∈ OK with st ≡ 1 (mod p). Then
x/s− xt = x(1− st)/s ∈ pB. Injective: if x ∈ OK′ ∩ pB, then sx ∈ pOK′ for some s ∈ S; with t
as before, x = t(sx) + (1− st)x ∈ pOK′ . ■

Since OK′ is a Dedekind domain, pOK′ factors uniquely as

pOK′ = Pe1
1 · · ·P

er
r , (1.1)

with distinct prime ideals Pi ⊂ OK′ and ei ≥ 1. These Pi are exactly the primes of OK′ lying
over p, i.e. with Pi ∩ OK = p. We call ei = e(Pi|p) the ramification index and fi = f(Pi|p) =
[k(Pi) : k(p)] the residue degree.

Notes. Here pOK′ denotes the ideal of OK′ generated by p (the extension of p to OK′).
A prime P ⊂ OK′ lies over p, written P | p (in my handwritten notes also P|OK

= p), if
P∩OK = p. This is equivalent to P ⊇ pOK′ , i.e. to P occurring in (1.1): if P ⊇ pOK′ , then
P ∩ OK is a prime ideal containing the maximal ideal p, hence equal to it.

2
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Proposition 1.1.2 (Fundamental identity)
With notation as in (1.1),

r∑
i=1

eifi = [K ′ : K].

In particular 1 ≤ r ≤ [K ′ : K].

Proof. By the Chinese remainder theorem, OK′/pOK′ ∼=
∏
iOK′/Pei

i . All these rings are k(p)-
vector spaces, and by Lemma 1.1.1 the left-hand side has dimension dimk(p)B/pB = n.
Fix P = Pi, e = ei. In the chain OK′ ⊃ P ⊃ P2 ⊃ · · · ⊃ Pe every quotient Pj/Pj+1 is a
vector space over k(P). It is nonzero (unique factorisation), and it is one-dimensional: an OK′-
submodule strictly between Pj+1 and Pj would be an ideal b with Pj+1 ⊊ b ⊊ Pj , but the
ideals containing Pj+1 are the divisors P0, . . . ,Pj+1 of Pj+1. Hence dimk(p)OK′/Pe = e · [k(P) :
k(p)] = ef , and summing gives the claim. ■

Lemma 1.1.3 (Trace form and reducedness)
Let k be a finite field and R a finite-dimensional commutative k-algebra. The trace form
(x, y) 7→ TrR/k(xy) is nondegenerate if and only if R is reduced (has no nonzero nilpotent
elements).

Proof. If x ̸= 0 is nilpotent, then xy is nilpotent for every y, so multiplication by xy is a nilpotent
endomorphism of R and TrR/k(xy) = 0. Thus x lies in the radical of the trace form and the form
is degenerate.
Conversely let R be reduced. R is Artinian, so it has finitely many maximal ideals m1, . . . ,ms and
its Jacobson radical

⋂
mj is nilpotent, hence 0. By the Chinese remainder theorem R ∼=

∏
j kj

with kj = R/mj finite field extensions of k, and the trace form is the orthogonal sum of the trace
forms of the kj/k. Since finite fields are perfect, kj/k is separable, and Trkj/k =

∑
σ σ (sum over

the distinct embeddings) is not identically zero by Dedekind’s lemma on the independence of
characters. If 0 ̸= x ∈ kj , choose z with Tr(z) ̸= 0 and put y = x−1z; then Tr(xy) ̸= 0. Hence
each summand, and so the whole form, is nondegenerate. ■

Corollary 1.1.4
p is unramified in K ′ (i.e. all ei = 1) if and only if OK′/pOK′ is reduced.

Proof. OK′/pOK′ ∼=
∏
iOK′/Pei

i is reduced iff every factor is. If e ≥ 2 then any element of
Pe−1 \Pe gives a nonzero nilpotent of OK′/Pe; if e = 1 the factor is a field. ■

Finally we record the standard tool for computing factorisations.

Proposition 1.1.5 (Dedekind–Kummer)
Let K = Q(α) with α ∈ OK , let f ∈ Z[x] be the minimal polynomial of α, and let p be a
prime with p ∤ [OK : Z[α]]. Write

f̄ = ḡe1
1 · · · ḡ

er
r in Fp[x]

with distinct monic irreducible ḡi, and let gi ∈ Z[x] be monic lifts. Then Pi = (p, gi(α)) are
distinct prime ideals of OK , f(Pi|p) = deg ḡi, and

pOK = Pe1
1 · · ·P

er
r .

3

https://github.com/Peanut2Butter9


Moh Hasbi Alfarizi
github.com/Peanut2Butter9

Lecture Notes on
Advanced Topics in Algebra E & F

Proof. Let m = [OK : Z[α]] and choose u, v ∈ Z with um+ vp = 1. We claim that Z[α]/pZ[α]→
OK/pOK is an isomorphism. It is surjective because for y ∈ OK we have y = u(my) + p(vy)
with my ∈ Z[α]. It is injective: if x = py ∈ Z[α] with y ∈ OK , then y = u(my) + vx ∈ Z[α], so
x ∈ pZ[α].
Hence OK/pOK ∼= Z[x]/(p, f) ∼= Fp[x]/(f̄) ∼=

∏
i Fp[x]/(ḡei

i ). The maximal ideals of Fp[x]/(f̄) are
the (ḡi), with residue fields Fp[x]/(ḡi) of degree deg ḡi; under the isomorphism they correspond
to the ideals Pi = (p, gi(α)) of OK , which are therefore exactly the primes above p, pairwise
distinct, with f(Pi|p) = deg ḡi.
The image of

∏
iP

ei
i in Fp[x]/(f̄) is

∏
i(ḡi)ei = (f̄) = 0, so

∏
iP

ei
i ⊆ pOK , i.e. pOK |

∏
iP

ei
i .

Writing pOK =
∏
iP

ai
i this gives ai ≤ ei. By Proposition 1.1.2,

∑
i ai deg ḡi = [K : Q] = deg f =∑

i ei deg ḡi, so ai = ei for all i. ■

1.2 Ramification and decomposition of primes

Definition 1.2.1
Let K ′/K be a finite extension of number fields, d = [K ′ : K], and p ⊂ OK a nonzero prime
ideal with prime decomposition

pOK′ =
∏

1≤i≤r
Pei
i ,

where the Pi are distinct prime ideals of OK′ and the ei are positive integers (r is a positive
integer with 1 ≤ r ≤ [K ′ : K], by Proposition 1.1.2).

(1) We say that p is ramified if ei ≥ 2 for some i. We say that p is totally ramified if r = 1
and e1 = d. We say that p is unramified if p is not ramified, i.e. ei = 1 for all i.

(2) Suppose that p is unramified. We say that p is decomposed if r > 1, and totally
decomposed (or splits completely) if r = d. We say that p is inert if r = 1.

Notes. By the fundamental identity, an unramified p is totally decomposed iff all fi = 1,
and is inert iff pOK′ stays prime with f1 = d. Likewise, p is totally ramified iff r = 1, e1 = d,
f1 = 1.

Theorem 1.2.2 (Dedekind)
Let K be a number field with discriminant DK . Then a prime ideal (p) ⊂ Z is ramified in K
if and only if p | DK .

Notes. The discriminant is DK = det
(
TrK/Q(ωiωj)

)
i,j

for a Z-basis ω1, . . . , ωn of OK .
Another Z-basis differs by a matrix U ∈ GLn(Z), which multiplies the determinant by
det(U)2 = 1. So DK ∈ Z is well defined, and DK ̸= 0 because K/Q is separable. “The prime
ideal (p) = pZ is ramified in K” means that pOK has a repeated prime factor; we identify
(p) with the prime number p.

Proof. Let ω1, . . . , ωn be a Z-basis of OK , so that DK = det
(
TrK/Q(ωiωj)

)
. The images ω̄1, . . . , ω̄n

form an Fp-basis of R = OK/pOK . For x ∈ OK the matrix of multiplication by x̄ on R in
this basis is the reduction mod p of the matrix of multiplication by x on OK , so TrR/Fp

(x̄) =

4
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TrK/Q(x) mod p. Hence DK mod p is the discriminant of the trace form of R/Fp, and

p | DK ⇐⇒ trace form of R degenerate ⇐⇒ R not reduced ⇐⇒ p ramified,

by Lemma 1.1.3 and Corollary 1.1.4. ■

Proposition 1.2.3
Let K ′/K be a finite extension of number fields. Then only finitely many prime ideals of OK
are ramified in K ′/K.

Correction. In my notes this was written as “only finite prime ideals are ramified”; it should
read “only finitely many prime ideals are ramified”.

Proof. Choose a primitive element α ∈ OK′ of K ′/K with minimal polynomial f ∈ OK [x] of
degree n, and let δ = disc(1, α, . . . , αn−1) = disc(f) ∈ OK . Since K ′/K is separable, δ ̸= 0. We
show that every prime p with δ /∈ p is unramified; as δOK has only finitely many prime factors,
this proves the claim.
Let A,B be as in Lemma 1.1.1 and β1, . . . , βn an A-basis of B. Write αi−1 =

∑
jMijβj with

M ∈Mn(A); then δ = det(M)2 disc(β1, . . . , βn). As δ /∈ p, δ is a unit of A, hence so is disc(β) =
det
(
TrK′/K(βiβj)

)
. Reducing modulo pA exactly as in the proof of Theorem 1.2.2, the trace form

of B/pB ∼= OK′/pOK′ over k(p) is nondegenerate, so this ring is reduced and p is unramified by
Corollary 1.1.4. ■

Notes. More precisely, one defines the relative discriminant ideal dK′/K ⊆ OK and the same
argument shows: p ramifies in K ′ iff p | dK′/K . For K = Q this is Theorem 1.2.2.

1.3 Examples: quadratic and cyclotomic fields

Quadratic fields

Lemma 1.3.1
Let m ̸= 0, 1 be a squarefree integer and K = Q(

√
m). Then

OK =

Z[
√
m] m ≡ 2, 3 (mod 4),

Z
[1+

√
m

2
]

m ≡ 1 (mod 4),
DK =

{
4m m ≡ 2, 3 (mod 4),
m m ≡ 1 (mod 4).

Proof. An element x = a + b
√
m with b ̸= 0 has minimal polynomial X2 − 2aX + (a2 −mb2),

so x ∈ OK iff A := 2a ∈ Z and a2 − mb2 ∈ Z. Then m(2b)2 = A2 − 4(a2 − mb2) ∈ Z; as
m is squarefree, the denominator of 2b must be 1, so B := 2b ∈ Z and the condition becomes
A2 ≡ mB2 (mod 4). Since squares are 0, 1 mod 4: if m ≡ 2, 3 (mod 4) this forces A,B even,
and if m ≡ 1 (mod 4) it means A ≡ B (mod 2). This gives OK . For the discriminant: with
the basis 1,

√
m we get det( 2 0

0 2m ) = 4m; with 1, ω = 1+
√
m

2 we have Trω = 1, Trω2 = 1+m
2 and

det
(

2 1
1 (1+m)/2

)
= m. ■

5
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Proposition 1.3.2 (Example 1 of the lecture)
Let K = Q(

√
m) be a quadratic field (m squarefree) and let (p) ⊂ Z be a nonzero prime

ideal. Then:

(a) (p) is ramified iff p | DK ;

(b) if p is odd and p ∤ DK : (p) is decomposed iff m̄ ∈ (F×
p )2, and inert iff m̄ ∈ F×

p \ (F×
p )2;

(c) if p = 2 ∤ DK (i.e. m ≡ 1 (mod 4)): (2) is decomposed iff m ≡ 1 (mod 8), and inert iff
m ≡ 5 (mod 8).

Correction. In my notes the criterion with (F×
p )2 was written for all p; it only makes sense

for odd p. The case p = 2 is (c).

Proof. We apply Proposition 1.1.5. Note [OK : Z[
√
m]] ∈ {1, 2}.

p odd, p | m. Take α =
√
m (index prime to p). Then x2 −m ≡ x2 (mod p), so pOK = (p,

√
m)2

is ramified.
p odd, p ∤ m. Again α =

√
m. Now x2− m̄ is separable over Fp (its roots are nonzero and 2 ̸= 0),

so it is either a product of two distinct linear factors (iff m̄ is a square) or irreducible. Accordingly
(p) is decomposed or inert.
p = 2, m ≡ 2, 3 (mod 4). Here OK = Z[

√
m] and x2 −m ≡ (x+m)2 (mod 2), so (2) ramifies.

p = 2, m ≡ 1 (mod 4). Take α = ω = 1+
√
m

2 , with minimal polynomial x2 − x− m−1
4 . Modulo 2

this is x(x+ 1) if m ≡ 1 (mod 8) (decomposed) and the irreducible x2 + x+ 1 if m ≡ 5 (mod 8)
(inert).
Comparing with Lemma 1.3.1, p ramifies exactly when p | DK , in accordance with Theorem 1.2.2.

■

Cyclotomic fields

Proposition 1.3.3
Let F be a field and n ≥ 1 with charF ∤ n, and let ζn be a primitive n-th root of unity. Then
F (ζn)/F is a Galois extension, and there is an injective group homomorphism

χ : Gal(F (ζn)/F ) ↪→ (Z/nZ)×, g(ζn) = ζχ(g)
n .

Proof. Since charF ∤ n, xn − 1 is separable, and its roots form a cyclic group µn of order n
generated by ζn. Thus F (ζn) is the splitting field of the separable polynomial xn − 1, hence
Galois. Any g ∈ Gal satisfies g(ζn)n = 1 and maps µn isomorphically onto itself, so g(ζn) is again
a generator, g(ζn) = ζan with a ∈ (Z/nZ)× well defined. Clearly χ(gh) = χ(g)χ(h), and χ is
injective because g is determined by g(ζn). ■

Report Problem 1.3.4
Prove that Gal(F (ζn)/F ) ↪→ (Z/nZ)× is surjective (hence an isomorphism) if F = Q.

Surjectivity of χ for F = Q is equivalent to [Q(ζn) : Q] = φ(n), i.e. to the irreducibility of the
cyclotomic polynomial Φn(x) =

∏
a∈(Z/nZ)×(x− ζan) ∈ Z[x].
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Theorem 1.3.5
Φn is irreducible over Q. Consequently Gal(Q(ζn)/Q) ∼= (Z/nZ)× and [Q(ζn) : Q] = φ(n).

Solution. Let f ∈ Q[x] be the minimal polynomial of ζ = ζn. Since ζ is an algebraic integer,
f ∈ Z[x] is monic (Gauss’ lemma), and Φn = fh with h ∈ Z[x] monic.
Claim: if p ∤ n is prime and ξ is a root of f , then ξp is a root of f . Otherwise h(ξp) = 0 (since
ξp is a primitive n-th root, it is a root of Φn). Then ξ is a root of h(xp), so f(x) | h(xp) in Z[x].
Reducing mod p and using h̄(xp) = h̄(x)p we get f̄ | h̄p, so f̄ and h̄ have a common irreducible
factor and Φ̄n = f̄ h̄ has a repeated root in Fp. But Φ̄n | xn − 1, which is separable over Fp since
p ∤ n. Contradiction.
Every a ∈ (Z/nZ)× is represented by a product of primes not dividing n, so applying the claim
repeatedly, every ζa is a root of f . Thus f = Φn, and χ is surjective since |Gal | = deg Φn =
φ(n). ■

Report Problem 1.3.6
Calculate the discriminant DK for K = Q(ζn).

Since ζ2m = −ζm for odd m, we have Q(ζ2m) = Q(ζm); so we may and do assume n ̸≡ 2 (mod 4).
We first treat prime powers.

Proposition 1.3.7
Let p be a prime, k ≥ 1, ζ = ζpk , K = Q(ζ), N = φ(pk) and π = 1− ζ. Then

(i) pOK = (π)N , and (π) is a prime ideal with residue degree 1; in particular p is totally
ramified in K;

(ii) OK = Z[ζ];

(iii) |DK | = p p
k−1(kp−k−1).

Proof. (i) We have Φpk(x) =
∑p−1
j=0 x

jpk−1 , so p = Φpk(1) =
∏
a∈(Z/pk)×(1 − ζa). For p ∤ a the

quotient 1−ζa

1−ζ = 1 + ζ + · · · + ζa−1 is integral, and so is its inverse 1−ζ
1−ζa = 1−(ζa)b

1−ζa where ab ≡ 1
(mod pk). Hence 1 − ζa = π · (unit) and pOK = πNOK . Write πOK =

∏
j q

cj

j ; then pOK =∏
j q

Ncj

j , and Proposition 1.1.2 together with [K : Q] = N (Theorem 1.3.5) gives
∑
j Ncjfj = N .

So there is one q = πOK , with c = f = 1.
(iii) for Z[ζ]. We compute d := disc(1, ζ, . . . , ζN−1) = ±NK/Q(Φ′

pk(ζ)). Differentiating (xpk−1 −
1)Φpk(x) = xp

k − 1 and setting x = ζ yields (ζpk−1 − 1)Φ′
pk(ζ) = pkζp

k−1. Now η = ζp
k−1 is a

primitive p-th root of unity, NQ(η)/Q(1−η) = Φp(1) = p and [K : Q(η)] = pk−1, so |NK/Q(η−1)| =
pp

k−1 . Together with N(pk) = pkN and |N(ζ)| = 1:

|d| = pkN−pk−1 = p p
k−1(kp−k−1).

(ii) Note Z[ζ] = Z[π], and d = [OK : Z[π]]2DK , so the index m is a power of p. Suppose p | m.
Then there is x ∈ OK \ Z[π] with px ∈ Z[π]; write px =

∑N−1
j=0 ajπ

j with aj ∈ Z, not all divisible
by p. Let i be minimal with p ∤ ai and put y =

∑
j≥i ajπ

j = px −
∑
j<i ajπ

j ∈ pOK . Let v be
the valuation of q = (π), so v(π) = 1, v(p) = N , and v(a) = 0 for integers a prime to p. Then
v(aiπi) = i and v(ajπj) ≥ j > i for j > i, so v(y) = i < N , contradicting y ∈ pOK . Hence m = 1,
OK = Z[ζ] and |DK | = |d|. ■
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Lemma 1.3.8 (Coprime discriminants)
Let K,L be number fields with [KL : Q] = [K : Q][L : Q] and gcd(DK , DL) = 1. Then

OKL = OKOL and DKL = D
[L:Q]
K D

[K:Q]
L .

Proof. Let m = [K : Q], ℓ = [L : Q], and let α1, . . . , αm and β1, . . . , βℓ be integral bases of
K and L. By the degree assumption, {αiβj} is a Q-basis of KL. Let α ∈ OKL and write
α =

∑
i,j

mij

r αiβj with mij , r ∈ Z.
Since [KL : L] = m, there are exactly m embeddings τ1, . . . , τm of KL into C fixing L; their
restrictions to K are distinct (as KL = L(K)), hence are all the embeddings σ1, . . . , σm of K.
Put xi =

∑
j
mij

r βj ∈ L. Then τk(α) =
∑
i σk(αi)xi for k = 1, . . . ,m. By Cramer’s rule xi = γi/δ,

where δ = det(σk(αi)) satisfies δ2 = DK and γi is an algebraic integer (a determinant of algebraic
integers). Thus DKxi = δγi is an algebraic integer lying in L, i.e. DKxi ∈ OL, which means
DKmij/r ∈ Z for all i, j. By symmetry DLmij/r ∈ Z, and since gcd(DK , DL) = 1 we get
mij/r ∈ Z. Hence α ∈ OKOL.
For the discriminant, the mℓ embeddings of KL are exactly the pairs (σk, ρl) of embeddings of
K and L. With respect to the basis αiβj , the matrix (σkρl(αiβj)) is the Kronecker product
A⊗B of A = (σk(αi)) and B = (ρl(βj)), and det(A⊗B) = det(A)ℓ det(B)m. Squaring gives the
formula. ■

Theorem 1.3.9 (Solution of Report problem 2)
Let n > 2 with n ̸≡ 2 (mod 4) and K = Q(ζn). Then OK = Z[ζn] and

DK = (−1)φ(n)/2 nφ(n)∏
p|n p

φ(n)/(p−1) .

Proof. Absolute value. Let n =
∏
i p
ki
i . Rewriting Proposition 1.3.7(iii), |DQ(ζ

pk )| = p
φ(pk)(k− 1

p−1 ).
We induct on the number of prime factors of n. Write n = pkn′ with p ∤ n′, K1 = Q(ζpk),
K2 = Q(ζn′). Then K1K2 = Q(ζn) (since ζpkζn′ is a primitive n-th root of unity), [K1K2 : Q] =
φ(n) = φ(pk)φ(n′) by Theorem 1.3.5, and by induction DK2 is divisible only by primes dividing
n′, so gcd(DK1 , DK2) = 1. Lemma 1.3.8 gives OK = Z[ζpk ]Z[ζn′ ] = Z[ζn] and

|DK | =
∏
i

|DQ(ζ
p

ki
i

)|φ(n)/φ(pki
i ) =

∏
i

p
φ(n)

(
ki− 1

pi−1

)
i = nφ(n)∏

p|n p
φ(n)/(p−1) .

Sign. For any number field, signDK = (−1)r2 , where r2 is the number of pairs of complex
embeddings: indeed DK = δ2 with δ = det(σk(ωi)), and complex conjugation permutes the
columns by r2 transpositions, so δ̄ = (−1)r2δ, i.e. δ is real or purely imaginary according to the
parity of r2. For n > 2, Q(ζn) has no real embedding, so r2 = φ(n)/2. ■

Example 1.3.10. DQ(ζ3) = −3, DQ(ζ4) = −4, DQ(ζ5) = 53, DQ(ζ8) = 28, DQ(ζ12) = 124

24 · 32 = 144.

Theorem 1.3.11 (Example 2 of the lecture)
Let n ̸≡ 2 (mod 4), K = Q(ζn), and let p be a prime. Then

(a) (p) is ramified iff (p) | DK iff p | n;

(b) if p ∤ n, let f be the order of p̄ in (Z/nZ)×. Then pOK = P1 · · ·Pr with r = φ(n)/f
distinct primes, each of residue degree f . In particular
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• (p) is totally decomposed iff p ≡ 1 (mod n);
• (p) is inert iff (Z/nZ)× is a cyclic group generated by p̄.

Correction. For n ≡ 2 (mod 4) statement (a) is false for p = 2: e.g. Q(ζ6) = Q(ζ3) and 2
is unramified there. Hence the assumption n ̸≡ 2 (mod 4).

Proof. (a) By Theorem 1.3.9, the exponent of p in DK is φ(n)
(
k − 1

p−1
)

where pk∥n; for k ≥ 1
this is positive unless pk = 2, which is excluded. So the primes dividing DK are exactly those
dividing n, and Theorem 1.2.2 applies.
(b) Since OK = Z[ζn], Proposition 1.1.5 applies to Φn. As p ∤ n, xn − 1 is separable over Fp,
hence so is Φ̄n: so e = 1. The roots of xn − 1 in Fp form a cyclic group of order n, and since
xn − 1 =

∏
d|n Φ̄d is separable, the roots of Φ̄n are exactly the elements ξ of exact order n. For

such ξ, [Fp(ξ) : Fp] is the least f with ξp
f = ξ, i.e. with pf ≡ 1 (mod n). So every irreducible

factor of Φ̄n has degree f , and there are φ(n)/f of them. The two special cases correspond to
f = 1 and f = φ(n). ■

Remark 1.3.12. The above two examples (Q(
√
m) and Q(ζn)) are both abelian extensions of

Q. In these examples the law of decomposition of prime ideals of Z in OK is controlled by a
congruence (modulus) condition on p — for Q(

√
m) this follows from quadratic reciprocity, since

whether m̄ is a square mod p depends only on p modulo 4|m|. These are typical examples of the
conclusion of class field theory.

Notes. An extension L/K is called abelian if it is Galois and Gal(L/K) is an abelian group.
Q(ζn)/Q is abelian by Proposition 1.3.3, and Q(

√
m)/Q is abelian because its Galois group

has order 2. “Controlled by a modulus condition” means: there is an integer N such that, for
p ∤ N , the decomposition type of p (here: the residue degree f) depends only on p mod N .

1.4 The Hilbert class field

Another corollary of global class field theory is as follows.

Definition 1.4.1 (Hilbert class field)
Let K be a number field. Let HK be the largest abelian extension of K such that every prime
of K is unramified in HK . We call HK the maximal unramified abelian extension of K, or
the Hilbert class field of K.

Notes. Here “every prime” includes the infinite primes: a real embedding of K must stay
real in HK . If one only asks the finite primes to be unramified one obtains the (in general
larger) narrow Hilbert class field, whose Galois group is the narrow class group. “Largest”
means: inside a fixed algebraic closure K, HK is the compositum of all abelian extensions
of K in which every prime is unramified. This makes sense because a compositum of such
extensions is again abelian and unramified. That HK is finite over K is part of class field
theory.
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Theorem 1.4.2 (Class field theory)
Gal(HK/K) ∼= Cl(K). In particular [HK : K] = hK is the class number.

Notes. No proof was given in the lecture; this is a consequence of the Artin reciprocity law.
The isomorphism is described explicitly in Theorem 1.5.8 below.

Example 1.4.3. For K = Q(
√
−5) one has hK = 2 and HK = K(i) = Q(

√
−5,
√
−1). Indeed

K(i) = K(
√

5). The only primes ramified in L = Q(
√
−5, i) over Q are 2 and 5. Each of them is

unramified in one of the three quadratic subfields (2 in Q(
√

5), 5 in Q(i)), so its ramification index
in L/Q is 2, which is already attained in K/Q. Hence L/K is unramified at all finite primes, and
K has no real places. Since [L : K] = 2 = hK , Theorem 1.4.2 gives L = HK .

1.5 Decomposition and inertia groups; Frobenius elements

Let K be a number field and L/K a Galois extension. (Here L does not necessarily have to be a
finite extension; OL denotes the integral closure of OK in L.)

Definition 1.5.1 (Decomposition group)
In the above setting, choose a prime ideal 0 ̸= p ⊂ OK and a prime p̃ ⊂ OL with p̃∩OK = p.
We define a subgroup Dp̃ ⊂ Gal(L/K) by

Dp̃ = { g ∈ Gal(L/K) | g(p̃) = p̃ }.

We call Dp̃ the decomposition subgroup at p̃ (or at p).

Notes. Some precisions for infinite L/K. (a) OL =
⋃
L′ OL′ , the union over the finite

subextensions L′/K. (b) A prime p̃ of OL above p always exists. The sets of primes of OL′

above p are finite, nonempty and form an inverse system, so its inverse limit is nonempty. A
compatible family (PL′)L′ then gives p̃ =

⋃
L′ PL′ . (c) Gal(L/K) carries the Krull topology,

in which the subgroups Gal(L/L′), L′/K finite Galois, form a basis of open neighbourhoods of
1. Dp̃ is a closed subgroup, being the intersection of the preimages of the Dp̃∩L′ ⊆ Gal(L′/K).
For finite L/K all of this is trivial and the topology is discrete.

Proposition 1.5.2
Let L/K be finite Galois with group G. Then G acts transitively on the set of primes of OL
above p, and Dgp̃ = g Dp̃ g

−1 for all g ∈ G.

Proof. Clearly g maps primes above p to primes above p. Suppose P′ lies above p but P′ ̸= gp̃
for all g. By the Chinese remainder theorem there is x ∈ OL with x ∈ P′ and x ≡ 1 (mod gp̃)
for all g ∈ G. Then NL/K(x) =

∏
g g(x) ∈ P′ ∩OK = p ⊆ p̃, so g(x) ∈ p̃ for some g, i.e. x ∈ g−1p̃,

contradicting x ≡ 1 (mod g−1p̃).
For the second claim: h(gp̃) = gp̃ ⇐⇒ g−1hg ∈ Dp̃. ■

Caution! For a given p, the ideal p̃ ⊂ OL with p̃ ∩ OK = p is not unique. If we denote by
D′

p̃ the decomposition subgroup defined with another p̃′ with p̃′ ∩ OK = p, then D′
p̃ can be

different from Dp̃, but Dp̃ ∼ D′
p̃ (conjugate) in Gal(L/K) by Proposition 1.5.2. In this sense
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Dp is not really “well defined”, but rather “well defined modulo conjugation”. (For infinite
L/K transitivity still holds: apply the finite case to every finite Galois subextension and use
a compactness argument.)

Let kp = OK/p be the residue field; it is a finite field. Similarly let kp̃ = OL/p̃ be the residue field
of p̃ ⊂ OL. Then kp̃ is an algebraic extension of kp, and it is Galois (every algebraic extension of
a finite field is normal and separable).

Correction. In my notes I wrote “the residue field (not a finite field)”. In fact kp is always
a finite field; only kp̃ can be infinite (when L/K is infinite).

For any g ∈ Dp̃ and x̄ ∈ kp̃, g(x̄) is defined by g(x) mod p̃, where x ∈ OL is a lift of x̄. This is
well defined because g(p̃) = p̃, and it fixes kp. Thus we have a natural homomorphism

Dp̃ −→ Gal(kp̃/kp). (1.2)

Proposition 1.5.3
The homomorphism (1.2) is surjective.

Proof. First let L/K be finite with group G; write P = p̃, k = kp, ℓ = kP (a finite field). Choose
θ̄ ∈ ℓ generating ℓ×, so ℓ = k(θ̄) and θ̄ ̸= 0. For g /∈ DP we have g−1P ̸= P, so by the Chinese
remainder theorem there is θ ∈ OL with θ ≡ θ̄ (mod P) and θ ∈ g−1P for all g /∈ DP, i.e.
g(θ) ∈ P for g /∈ DP.
Let F (x) =

∏
g∈G(x − gθ) ∈ OK [x]. Its reduction F̄ =

∏
g(x − gθ) has coefficients in k and

F̄ (θ̄) = 0. Given τ̄ ∈ Gal(ℓ/k), τ̄(θ̄) is also a root of F̄ , so τ̄(θ̄) = gθ for some g ∈ G. If g /∈ DP

then gθ = 0, impossible since θ̄ ̸= 0. So g ∈ DP and its image ḡ satisfies ḡ(θ̄) = gθ = τ̄(θ̄),
whence ḡ = τ̄ .
For infinite L/K: Dp̃ = lim←−Dp̃∩L′ and Gal(kp̃/kp) = lim←−Gal(kp̃∩L′/kp) over the finite Galois
subextensions L′/K, and an inverse limit of surjections of finite sets is surjective. ■

Definition 1.5.4 (Inertia group)
We define a subgroup Ip̃ ⊂ Dp̃ to be the kernel of Dp̃ → Gal(kp̃/kp), and call Ip̃ the inertia
subgroup at p̃.

Similarly toDp̃, Ip̃ ⊂ Gal(L/K) is not necessarily well defined but “well defined up to conjugation”
(Igp̃ = gIp̃g

−1). By definition and Proposition 1.5.3,

Dp̃/Ip̃ ∼= Gal(kp̃/kp).

Proposition 1.5.5
Let L/K be finite Galois of degree n, and pOL =

∏r
i=1 P

ei
i . Then all ei are equal to some e,

all fi are equal to some f , n = ref , and

|DPi | = ef, |IPi | = e.

In particular, p is unramified in L iff IP is trivial.

Proof. Applying g ∈ G to pOL =
∏

Pei
i permutes the factors, and g induces k(P) ∼= k(gP);

by transitivity (Proposition 1.5.2) all ei and all fi agree, so n = ref by Proposition 1.1.2. By
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the orbit–stabiliser theorem |DP| = n/r = ef . Since |Gal(k(P)/k(p))| = f , surjectivity gives
|IP| = ef/f = e. ■

Let p be the prime number with (p) = p ∩ Z. Then kp is a finite field of characteristic p. We
denote by q (a power of p) the cardinality of kp.

Proposition 1.5.6
Gal(kp̃/kp) is (topologically) generated by

Frobp : kp̃ → kp̃, x 7→ xq.

Proof. x 7→ xq is a field homomorphism (characteristic p), injective, and fixes kp because xq = x
for all x ∈ Fq. If ℓ/kp is finite of degree f , then ℓ = Fqf and the fixed field of ⟨Frob⟩ consists of
the roots of xq−x, i.e. is kp; by Galois theory Gal(ℓ/kp) = ⟨Frob⟩ is cyclic of order f . For infinite
kp̃, the Galois group is the inverse limit of these finite cyclic groups, and the image of ⟨Frob⟩ in
each of them is everything, so ⟨Frob⟩ is dense. ■

Frobp is called the Frobenius element (of the residue extension).

Notes. A topological group G is topologically generated by an element g if the subgroup
⟨g⟩ = {gn | n ∈ Z} is dense in G. If kp̃ is finite (e.g. L/K finite), this just means that
Gal(kp̃/kp) is cyclic, generated by Frobp. In my handwritten notes the sentence reads “x is
called the Frobenius element”; what is meant is the map x 7→ xq.

Let us suppose that p is unramified in L. Then Ip̃ is the trivial subgroup of Dp̃, so Dp̃
∼= Gal(kp̃/kp)

and Frobp has a unique lift Frobp̃ ∈ Dp̃ ⊂ Gal(L/K), characterised by

Frobp̃(x) ≡ xq (mod p̃) for all x ∈ OL.

It is also called the Frobenius element at p̃.

Proposition 1.5.7
Frobgp̃ = g Frobp̃ g

−1. Hence Frobp ∈ Gal(L/K) is well defined up to conjugation, and if
L/K is an abelian extension, Frobp ∈ Gal(L/K) is well defined.

Proof. h = g Frobp̃ g
−1 lies in gDp̃g

−1 = Dgp̃, and for x ∈ OL, h(x) = g
(
Frobp̃(g−1x)

)
≡

g
(
(g−1x)q

)
= xq (mod gp̃). By uniqueness of the lift, h = Frobgp̃. As all primes above p are

of the form gp̃, the remaining claims follow. ■

Theorem 1.5.8 (Artin map for the Hilbert class field)
The isomorphism Cl(K) ∼−−→ Gal(HK/K) of Theorem 1.4.2 sends [p] 7→ Frobp.

Notes. This makes sense because HK/K is abelian and unramified, so Frobp is defined for
every p. A pleasant consequence: a prime p of K is principal if and only if Frobp = 1, if and
only if p splits completely in HK .
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Chapter 2

p-adic Numbers and p-adic Fields

From now on, we will consider a lot of topological groups, rings and fields.

2.1 Topological groups

Definition 2.1.1
A group G equipped with a topology with which the maps

G×G→ G, (x, y) 7→ xy and G→ G, x 7→ x−1

are continuous is called a topological group. Topological rings and topological fields are defined
in the same way (addition, multiplication, negation continuous; for fields also x 7→ x−1 on
K×).

Correction. In my notes the second map was written x 7→ x; it is the inversion x 7→ x−1.

Example 2.1.2. Every group with the discrete topology; (R,+), (C×, ·); profinite groups such
as Gal(L/K) for infinite Galois L/K (Krull topology); and, as we shall see, Qp, Zp and Q×

p .

2.2 The p-adic absolute value and Qp

Definition 2.2.1 (p-adic norm and distance)
Let p be a prime number. The map | · |p : Q→ R≥0,

|x|p =

p
−n, x = pn

b

a
(a, b ∈ Z prime to p),

0, x = 0,

is called the p-adic norm. Furthermore, dp(x, y) = |x − y|p for x, y ∈ Q is called the p-adic
distance. This defines the p-adic topology on Q.

We write vp(x) = n for the exponent above (vp(0) =∞), so |x|p = p−vp(x).

Proposition 2.2.2
For x, y ∈ Q: (i) |x|p = 0 ⇐⇒ x = 0; (ii) |xy|p = |x|p|y|p; (iii) |x + y|p ≤ max(|x|p, |y|p),
with equality if |x|p ̸= |y|p. In particular dp is a metric (even an ultrametric).

Proof. (i), (ii) follow from vp(xy) = vp(x) + vp(y) (unique factorisation). For (iii) let n =
min(vp(x), vp(y)); then x = pnx′, y = pny′ with x′, y′ having no p in their denominators, so
x+y = pn(x′ +y′) with vp(x′ +y′) ≥ 0. If, say, vp(x) < vp(y), write x′ = a/b and y′ = pkc/d with
k ≥ 1 and a, b, d prime to p; then x′ + y′ = (ad+ pkbc)/(bd) has numerator ≡ ad ̸≡ 0 (mod p), so
vp(x+ y) = n and equality holds. The triangle inequality for dp follows from (iii). ■
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We denote by Qp (respectively Zp) the completion of Q (resp. of Z) with respect to the p-adic
topology. The absolute value extends by continuity to Qp, and all properties of Proposition 2.2.2
persist. Moreover |Q×

p |p = pZ: if x = lim xn ̸= 0, then |x− xn| < |x| for large n, and so |xn| = |x|
by (iii). Since Z is a subset of the complete space Qp, its completion Zp is its closure Z ⊆ Qp.

Notes. Precisely: Qp is the set of Cauchy sequences in (Q, dp) modulo the null sequences.
With termwise operations it is a field containing Q (via constant sequences) as a dense
subfield, and | lim xn|p := lim |xn|p is well defined. “The p-adic topology” always means the
metric topology defined by dp.

Proposition 2.2.3 (i) Zp = {x ∈ Qp | |x|p ≤ 1}.

(ii) Zp is a discrete valuation ring with unit group Z×
p = {|x|p = 1}; its only maximal ideal

is {x ∈ Zp | |x|p < 1} = pZp, and every nonzero ideal is pkZp. Moreover Qp = FracZp =
Zp[1/p].

(iii) Zp/pnZp ∼= Z/pnZ, and Zp ∼= lim←−n Z/p
nZ as topological rings.

Correction. In my notes the maximal ideal was written as {x ∈ Zp | |x|p ≤ 1}; this is all of
Zp. The correct description is {|x|p < 1} (cf. the analogous statement for OK below, which
I wrote correctly).

Proof. (i) The closed unit ball B = {|x|p ≤ 1} is closed and contains Z, so Zp = Z ⊆ B.
Conversely let x ∈ B and k ≥ 1. Choose y ∈ Q with |x − y|p ≤ p−k; then |y|p ≤ 1, so y = a/b
with p ∤ b. Choose c ∈ Z with bc ≡ a (mod pk); then |y − c|p = |a − bc|p/|b|p ≤ p−k, hence
|x− c|p ≤ p−k. So x ∈ Z.
(ii) B is a ring by the ultrametric inequality. If |x|p = 1 then |x−1|p = 1, so x ∈ Z×

p ; conversely
units have absolute value 1. Every nonzero x ∈ Qp can be written x = pnu with n = vp(x)
and |u|p = 1. Hence the nonzero ideals of Zp are the pkZp, so Zp is a DVR with maximal ideal
pZp = {|x|p < 1}, and Qp = Zp[1/p].
(iii) The map Z → Zp/pnZp is surjective since Z is dense and pnZp is open, and its kernel
is Z ∩ pnZp = pnZ. The resulting map Zp → lim←−Z/pnZ is injective since

⋂
n p

nZp = 0, and
surjective: a compatible sequence (cn) with cn ∈ Z is Cauchy, and its limit maps to (cn). Both
sides carry the topology whose basic neighbourhoods of 0 are pnZp, so it is a homeomorphism. ■

2.3 p-adic fields

Definition 2.3.1
A finite extension of Qp is called a p-adic field.

Notes. We fix an algebraic closure Qp and regard p-adic fields as subfields of it. Warning
on notation: for a p-adic field K, OK denotes the valuation ring {x ∈ K | |x|p ≤ 1} (defined
below), which is the integral closure of Zp in K (Proposition 2.3.6). For a number field
it denotes the ring of integers. The two notions are analogous, and the context always
determines which one is meant.

To extend | · |p to p-adic fields we need Hensel’s lemma. We state it for a complete discrete
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valuation ring O with uniformiser π and residue field κ = O/πO; bars denote reduction modulo
π. A polynomial in O[x] is primitive if its reduction is nonzero.

Theorem 2.3.2 (Hensel’s lemma)
Let f ∈ O[x] be primitive, and suppose f̄ = ḡ h̄ in κ[x] with ḡ, h̄ coprime. Then f = gh with
g, h ∈ O[x], deg g = deg ḡ, and g, h reducing to ḡ, h̄.

Proof. Let d = deg f and m = deg ḡ; then deg h̄ = deg f̄ −m ≤ d −m. Choose lifts g0, h0 with
deg g0 = m (so the leading coefficient of g0 is a unit) and deg h0 ≤ d−m, and choose a, b ∈ O[x]
with ag0 + bh0 ≡ 1 (mod π).
Suppose we have gj , hj with gj ≡ g0, hj ≡ h0 (mod π), deg gj = m with unit leading coefficient,
deg hj ≤ d − m, and f ≡ gjhj (mod πj+1) (true for j = 0). Write f − gjhj = πj+1F with
F ∈ O[x], degF ≤ d. Divide bF = Q0g0 + P with degP < m (possible since g0 has unit leading
coefficient), and let Q ∈ O[x] be obtained from aF + h0Q0 by deleting the coefficients divisible
by π. Then

g0Q+ h0P ≡ g0(aF + h0Q0) + h0P = (ag0 + bh0)F ≡ F (mod π),

and comparing degrees modulo π (using deg ḡ0 = m, deg h0P < d) gives degQ ≤ d − m. Put
gj+1 = gj + πj+1P , hj+1 = hj + πj+1Q. Then

f − gj+1hj+1 = πj+1(F − gjQ− hjP )− π2j+2PQ ≡ πj+1(F − g0Q− h0P ) ≡ 0 (mod πj+2).

The coefficients of gj and hj form Cauchy sequences; by completeness they converge to g, h ∈ O[x]
with f = gh, deg g = m and the right reductions. ■

Corollary 2.3.3
Let F be the fraction field of O with absolute value | · |, and f = anx

n + · · · + a0 ∈ F [x]
irreducible with a0an ̸= 0. Then maxi |ai| = max(|a0|, |an|). In particular, if f is monic
irreducible and a0 ∈ O, then f ∈ O[x].

Proof. Multiply f by a constant so that maxi |ai| = 1, i.e. f ∈ O[x] primitive. Let r be the
smallest index with |ar| = 1. If 0 < r < n, then f̄ = xr · (ār + ār+1x + · · · ) with coprime
factors (the second does not vanish at 0), and Hensel’s lemma gives f = gh with deg g = r and
deg h = n− r ≥ 1, contradicting irreducibility. Hence r = 0 or r = n, i.e. |a0| = 1 or |an| = 1. ■

Lemma 2.3.4 (Equivalence of norms)
Let F be a complete valued field and V a finite-dimensional F -vector space with basis
e1, . . . , en. Every norm ∥ · ∥ on V is equivalent to |

∑
ciei|∞ = maxi |ci|. In particular V

is complete for ∥ · ∥.

Proof. Clearly ∥x∥ ≤ (
∑
i ∥ei∥) |x|∞. We show |x|∞ ≤ C∥x∥ by induction on n; n = 1 is

clear. If no such C exists, there are x(k) with ∥x(k)∥ < 1
k |x

(k)|∞. Dividing by a coordinate of
maximal absolute value and passing to a subsequence we may assume x(k) = ei + y(k) with y(k)

in W = span(ej : j ̸= i) and ∥x(k)∥ → 0. Then (y(k)) is ∥ · ∥-Cauchy in W ; by induction ∥ · ∥ is
equivalent to | · |∞ on W , so W is complete and y(k) → y ∈ W . Then ei + y = 0, contradicting
linear independence. ■

We can show that the p-adic norm | · |p : Qp → R≥0 is uniquely extended to every p-adic field:
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Theorem 2.3.5
Let K/Qp be a finite extension of degree n. Then | · |p extends in a unique way to an absolute
value on K, namely

|x|p =
∣∣NK/Qp

(x)
∣∣1/[K:Qp]
p

(NK/Qp
(x) ∈ Qp).

Moreover K is complete with respect to it.

Proof. Existence. Write |x| := |N(x)|1/np . It is multiplicative, |x| = 0 ⇐⇒ x = 0, and for a ∈ Qp

we get |a| = |an|1/np = |a|p. For the ultrametric inequality it suffices to show |x| ≤ 1⇒ |1+x| ≤ 1
(then for 0 ̸= |x| ≤ |y| we get |x + y| = |y| |1 + x/y| ≤ |y|). Let f = xd + · · · + a0 be the
minimal polynomial of x over Qp; then N(x) =

(
(−1)da0

)n/d, so |x| ≤ 1 ⇐⇒ a0 ∈ Zp, and by
Corollary 2.3.3 this means f ∈ Zp[x]. The minimal polynomial of 1 + x is f(X − 1) ∈ Zp[X], so
N(1 + x) ∈ Zp and |1 + x| ≤ 1.
Uniqueness. Let | · |1, | · |2 be two extensions. They are norms on the Qp-vector space K, so by
Lemma 2.3.4 there are c, C > 0 with c|x|1 ≤ |x|2 ≤ C|x|1. Applying this to xm and taking m-th
roots, c1/m|x|1 ≤ |x|2 ≤ C1/m|x|1; letting m→∞ gives |x|1 = |x|2.
Completeness follows from Lemma 2.3.4 since Qp is complete. ■

We define OK ⊂ K by OK = {x ∈ K | |x|p ≤ 1}.

Proposition 2.3.6
Let K/Qp be finite of degree n.

(i) OK is the integral closure of Zp in K.

(ii) OK is a DVR and K is the field of fractions of OK .

(iii) The unique maximal ideal of OK is mK = {x ∈ OK | |x|p < 1}, and the residue field
κ = OK/mK is a finite field of characteristic p.

(iv) OK is a free Zp-module of rank n. If π is a uniformiser, pOK = πeOK and f = [κ : Fp],
then ef = n.

Proof. (i) In the proof of Theorem 2.3.5 we saw |x| ≤ 1 ⇐⇒ the minimal polynomial of x lies in
Zp[x]; such x are integral. Conversely, if x is integral over Zp, all conjugates of x are integral, so
the coefficients of its minimal polynomial are integral over Zp and lie in Qp, hence in Zp (a DVR
is integrally closed).
(ii)–(iii) OK is a ring by the ultrametric inequality, with units {|x| = 1}. The value group
|K×| ⊆ p

1
n
Z is a nontrivial discrete subgroup of R>0, hence cyclic, generated by |π| for some π

with |π| < 1 maximal. Every x ̸= 0 is x = πku with k ∈ Z, |u| = 1. Hence the nonzero ideals of
OK are the πkOK , OK is a DVR with maximal ideal πOK = {|x| < 1}, and K = OK [1/π] is its
fraction field. κ is a quotient of OK/pOK , which is finite by (iv).
(iv) Choose a Qp-basis ω1, . . . , ωn of K in OK . By Lemma 2.3.4 there is C with max |ci| ≤
C|
∑
ciωi|, so OK ⊆ p−N⊕Zpωi for suitable N . As a submodule of a finitely generated free

module over the PID Zp which spans K, OK is free of rank n. Thus |OK/pOK | = pn, while the
filtration by πjOK shows |OK/πeOK | = |κ|e = pef . ■
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Notes. Terminology used from now on. A generator π of mK is called a uniformiser. The
normalised valuation vK : K× → Z is defined by x ∈ πvK(x)O×

K , so that vK(π) = 1 and
vK(p) = e (the ramification index of K/Qp). f = [κ : Fp] is the residue degree, q = |κ| = pf ,
and |x|p = p−vK(x)/e. Some texts use the normalised absolute value ∥x∥K = q−vK(x) =
|x|[K:Qp]

p instead; it does not extend | · |p unless K = Qp.

2.4 The structure of Q×p and quadratic extensions

Lecture of 27 April 2026. Last time we explained p-adic fields. Throughout this section
K is a p-adic field of degree n, OK ,mK , π, κ, e are as in Proposition 2.3.6, q = |κ|, U = O×

K

and U (k) = 1 + mk
K (k ≥ 1). For K = Qp: U = Z×

p , U (1) = 1 + pZp.

Theorem 2.4.1 (The structure of Q×
p )

We have the decomposition
Q×
p = pZ × Z×

p , pZ ∼= Z.

Moreover, for p ̸= 2,

Z×
p
∼= Z/(p− 1)Z× (1 + pZp), 1 + pZp

∼−−−→
log

pZp ∼= Zp,

where log(1 + x) =
∑
n≥1(−1)n+1 xn

n . Hence

Q×
p
∼= Z× Z/(p− 1)Z× Zp (p ̸= 2).

Notes. The equality Q×
p = pZ×Z×

p is an internal direct product: the multiplication map pZ×
Z×
p → Q×

p is an isomorphism of topological groups (pZ being discrete). The decomposition
Z×
p = µp−1 × (1 + pZp) below is canonical. The isomorphisms µp−1 ∼= Z/(p − 1)Z and

pZp ∼= Zp, however, depend on choices (a generator of µp−1, division by p). So “∼=” here
means an abstract isomorphism of topological groups.

Notes. In the lecture the decomposition of Z×
p was motivated via Zp = lim←−Z/pnZ and the

corresponding decomposition (Z/pnZ)× ∼= Z/(p−1)Z× (1 +pZ/pnZ) at finite level (the first
factor being multiplicative, i.e. an “additive group” only up to isomorphism). Below we give
a proof directly on Zp, which also works for any p-adic field.

The first decomposition is immediate: x = pvp(x) · u with u ∈ Z×
p uniquely, by Proposition 2.2.3.

The rest follows from the general results below.

Lemma 2.4.2 (Teichmüller lifts)
The group µq−1 of (q− 1)-th roots of unity is contained in K, and reduction maps it isomor-
phically onto κ×. Consequently

K× = πZ × µq−1 × U (1).

Proof. Over κ = Fq, xq−1 − 1 =
∏
a∈κ×(x− a) with pairwise coprime factors. Applying Hensel’s

lemma (Theorem 2.3.2) repeatedly, xq−1−1 splits into linear factors over OK , with roots reducing
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to the distinct elements of κ×. So the reduction map µq−1 → κ× is bijective. The reduction
U → κ× is surjective with kernel U (1), and µq−1 is a section, so U = µq−1 × U (1); finally
K× = πZ × U as in the proof of Proposition 2.3.6. ■

To treat U (1) we need to manipulate power series. Recall that in a complete non-archimedean
field a family (ai)i∈I (I countable) is summable if for every ε > 0 only finitely many |ai| ≥ ε; then∑
i∈I ai converges in any order to the same value, and may be computed by first summing over

the blocks of any partition of I (the partial sums over finite sets containing {|ai| ≥ ε} differ by
less than ε). Also, |n|p ≥ 1/n for all n ≥ 1, since pvp(n) ≤ n.

Proposition 2.4.3 (The p-adic logarithm) (i) log(1 + x) =
∑
n≥1(−1)n+1xn/n converges

for x ∈ mK , and log : U (1) → K is a homomorphism: log(uv) = log u+ log v.

(ii) If k > e/(p−1), then log restricts to an isomorphism of topological groups U (k) ∼−−→ mk
K

with | log u| = |u− 1|.

Proof. (i) For |x| < 1 we have |xn/n| ≤ n|x|n → 0, so the series converges. Let x, y ∈ mK ,
ρ = max(|x|, |y|) < 1 and z = x+ y + xy, so (1 + x)(1 + y) = 1 + z. Expanding

∑
n(−1)n+1zn/n

by the multinomial theorem gives terms c xayb/n with c ∈ Z and a + b ≥ n, of absolute value
≤ nρn; for each n there are finitely many, so the family is summable. Regrouping it by monomials
xayb gives the coefficients of the formal power series log(1 + X + Y + XY ) ∈ Q[[X,Y ]], which
equals log(1 + X) + log(1 + Y ) (both vanish at 0 and have the same partial derivatives, e.g.
∂X = 1

1+X ). Hence log(1 + z) = log(1 + x) + log(1 + y).
(ii) Let v be the normalised valuation of K, so v(p) = e. If v(x) ≥ k and n ≥ 2, then, using
vp(n) ≤ n−1

p−1 (as pvp(n) ≤ n and ps − 1 ≥ s(p− 1)),

v
(xn
n

)
− v(x) = (n− 1)v(x)− e vp(n) > (n− 1) e

p− 1 − e vp(n) ≥ 0.

Hence for x ∈ mj
K , j ≥ k: log(1 + x) ≡ x (mod mj+1

K ). Consequently log maps U (j) into mj
K and

induces isomorphisms U (j)/U (j+1) → mj
K/m

j+1
K (both ∼= κ via 1 + x 7→ x), and | log u| = |u− 1|.

Injectivity: if u ̸= 1 then log u ̸= 0. Surjectivity: given a ∈ mk
K , put a0 = a, u0 = 1 + a0, and

inductively aj+1 = a−log(u0 · · ·uj) ∈ mk+j+1
K , uj+1 = 1+aj+1. The product u =

∏
j uj converges,

and since log is an isometry on U (k) (as | log u− log u′| = | log(u/u′)| = |u/u′ − 1| = |u− u′|), we
get log u = lim log(u0 · · ·uj) = a. ■

Proof of Theorem 2.4.1. Apply Lemma 2.4.2 with K = Qp (π = p, q = p) to get Z×
p = µp−1 ×

(1 + pZp) with µp−1 ∼= F×
p
∼= Z/(p − 1)Z (cyclic). For p ̸= 2 we have e = 1 < p − 1, so

Proposition 2.4.3(ii) with k = 1 gives 1+pZp ∼= pZp, and pZp ∼= Zp via multiplication by p−1. ■

Notes. For p = 2 the same argument gives Z×
2 = {±1}× (1 + 4Z2) and 1 + 4Z2 ∼= 4Z2 ∼= Z2

(take k = 2 > e/(p− 1) = 1), so Q×
2
∼= Z× Z/2Z× Z2.

Hence, we have Q×
p
∼= Z× Z/(p− 1)Z× Zp.

Corollary 2.4.4
Assume p ̸= 2. Then Q×

p /(Q×
p )2 ∼= Z/2Z × Z/2Z, with representatives 1, u, p, pu, where

u ∈ Z×
p \ (Z×

p )2.
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Proof. Divide each factor of Z× Z/(p− 1)Z× Zp by its subgroup of doubles: Z/2Z for the first
factor, (Z/(p − 1)Z)/2 = Z/2Z since p − 1 is even, and Zp/2Zp = {0} since 2 ∈ Z×

p if p ̸= 2.
For the representatives: since 1 + pZp ∼= Zp is 2-divisible, a unit u is a square iff its Teichmüller
component is a square iff ū ∈ (F×

p )2. ■

Proposition 2.4.5
Let F be a field of characteristic ̸= 2. Then a 7→ F (

√
a) is a bijection between

(
F×/(F×)2) \

{1} and the set of quadratic extensions of F (inside a fixed algebraic closure; equivalently,
up to F -isomorphism).

Proof. If E = F (α) with α2 + bα + c = 0, then (2α + b)2 = b2 − 4c =: a, so E = F (
√
a) with

a a non-square: the map is surjective. If F (
√
a) = F (

√
b) = E, let σ be the nontrivial element

of Gal(E/F ); then σ(
√
a) = −

√
a, σ(

√
b) = −

√
b, so

√
a/
√
b ∈ F and a/b ∈ (F×)2. Conversely

F (
√
a) only depends on the square class of a. Two quadratic extensions are normal, so they are

F -isomorphic iff they are equal inside F̄ . ■

Thus we have proved that the number of quadratic extensions of Qp (modulo isomorphism) is 3
when p ̸= 2, namely

Qp(
√
p), Qp(

√
u), Qp(

√
pu), u ∈ Z×

p \ (Z×
p )2.

Correction. The third field was written Q(√pu) in my notes; it should be Qp(
√
pu).

Report Problem 2.4.6
Determine the number of quadratic extensions of an arbitrary p-adic field.

Theorem 2.4.7 (Solution)
Let K be a p-adic field with [K : Qp] = n. Then

K× ∼= Z× Z/(q − 1)Z× Z/paZ× Zn
p ,

where pa is the number of p-power roots of unity in K. Consequently

#{quadratic extensions of K} = |K×/(K×)2| − 1 =
{

3, p ̸= 2,
2n+2 − 1, p = 2.

For example, Q2 has exactly 7 quadratic extensions.

Proof. By Lemma 2.4.2 it remains to determine U (1).
U (1) is a Zp-module. For u = 1 + x ∈ U (1), |up − 1| ≤ max(|p||x|, |x|p) ≤ c|x| with c =
max(|p|, |x|p−1) < 1, and iterating shows upm → 1. Hence for a ∈ Zp and integers am → a, the
limit ua = lim uam exists, making U (1) a topological Zp-module; log(ua) = a log u by continuity.
Structure. Fix k > e/(p − 1). By Proposition 2.4.3(ii) and Proposition 2.3.6(iv), U (k) ∼= mk

K =
πkOK ∼= OK ∼= Znp as Zp-modules. Since |U (j)/U (j+1)| = q, the index [U (1) : U (k)] is finite, so
U (1) is a finitely generated Zp-module of rank n. By the structure theorem over the PID Zp,
U (1) ∼= T × Znp with T the (finite) torsion subgroup. T is a finite subgroup of K×, hence cyclic,
of p-power order (torsion of a Zp-module). Every p-power root of unity ζ lies in U (1) (as ζ̄pa = 1
in characteristic p forces ζ̄ = 1), so T = µpa(K).
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Counting squares. Dividing each factor by squares: the factor Z gives Z/2Z; (Z/(q − 1)Z)/2 is
Z/2Z if p is odd and 0 if p = 2; (Z/paZ)/2 is 0 if p is odd and Z/2Z if p = 2 (then −1 ∈ T , so
a ≥ 1); and Znp/2Znp is 0 if p is odd and (Z/2Z)n if p = 2. So |K×/(K×)2| = 4 for p odd and 2n+2

for p = 2, and Proposition 2.4.5 finishes the proof. ■
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Chapter 3

Zeta Functions of Number Fields

Let K be a number field, that is, K is a finite extension of Q, with n = [K : Q].

3.1 The norm of an ideal

Definition 3.1.1
For any nonzero ideal a ⊂ OK we define the norm N(a) ∈ Z to be

N(a) = #OK/a.

This is finite: a contains some integer m ̸= 0 (e.g. the norm of a nonzero element of a), and
|OK/mOK | = mn since OK ∼= Zn.

Lemma 3.1.2
For nonzero ideals a, b ⊆ OK we have N(ab) = N(a)N(b). In particular N(P) = |k(P)| =
pf(P|p) and N

(∏
Pai
i

)
=
∏
N(Pi)ai .

Proof. By unique factorisation it suffices to show N(aP) = N(a)N(P) for a prime P. We have
|OK/aP| = |OK/a| · |a/aP|. The quotient a/aP is a vector space over OK/P; it is nonzero
(aP ̸= a by unique factorisation), and it has no proper nonzero subspaces: an ideal b with
aP ⊊ b ⊊ a would give P ⊊ a−1b ⊊ OK , contradicting maximality of P. So dimOK/P a/aP = 1
and |a/aP| = N(P). ■

Recall that a fractional ideal of K is a nonzero finitely generated OK-submodule a ⊂ K. Choosing
0 ̸= d ∈ Z with da ⊆ OK we can write a = a1a

−1
2 with integral ideals a1 = da and a2 = dOK ; we

also write a = a1/a2.

Definition 3.1.3
For any fractional ideal a of K we define the norm N(a) ∈ Q to be

N(a) = N(a1)
N(a2) ,

where a1, a2 ⊆ OK are integral ideals (a2 nonzero) such that a = a1/a2.

Proposition 3.1.4
This definition is well defined, and N is a homomorphism from the group of fractional ideals
to Q×

>0 extending the norm of integral ideals.

Proof. If a1a
−1
2 = b1b

−1
2 then a1b2 = b1a2, so by Lemma 3.1.2 N(a1)N(b2) = N(b1)N(a2),

i.e. N(a1)/N(a2) = N(b1)/N(b2). For integral a take a2 = OK . Multiplicativity follows from
(a1a

−1
2 )(b1b

−1
2 ) = (a1b1)(a2b2)−1 and Lemma 3.1.2. ■
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3.2 The Dedekind zeta function

Definition 3.2.1
We define the Dedekind zeta function ζK(s) by the following Dirichlet series:

ζK(s) =
∑

a⊆OK
a̸=0

1
N(a)s , s ∈ C, Re(s) > 1.

Notes. The sum runs over all nonzero integral ideals a ⊆ OK (not over fractional ideals),
and N(a)s := exp(s logN(a)) with the real logarithm of the positive integer N(a). Since the
series converges absolutely for Re(s) > 1 (Proposition 3.2.2), its value does not depend on
how the countably many ideals are ordered.

Proposition 3.2.2
This series is absolutely convergent in {s ∈ C | Re(s) > 1}. More precisely, for σ > 1,

∑
a̸=0

1
N(a)σ ≤ ζ(σ)n,

and the convergence is uniform on Re(s) ≥ 1 + δ for every δ > 0; hence ζK is holomorphic
there.

Proof. Let σ = Re(s) > 1; then |N(a)−s| = N(a)−σ, so it suffices to bound the partial sums
S(X) =

∑
N(a)≤X N(a)−σ of a series with positive terms.

Every prime P lies over a unique rational prime p, there are at most n primes over a given p
(Proposition 1.1.2), and N(P) = pf ≥ p. If N(a) ≤ X, then every prime factor P of a has
N(P) ≤ N(a) ≤ X. Expanding the finite product of geometric series below and using unique
factorisation and Lemma 3.1.2, each ideal whose prime factors all have norm ≤ X appears exactly
once, so

S(X) ≤
∏

N(P)≤X

(
1−N(P)−σ

)−1
≤
∏
p≤X

(
1− p−σ

)−n
≤
(∑
m≥1

m−σ
)n

= ζ(σ)n <∞.

For Re(s) ≥ 1 + δ the terms are bounded by N(a)−1−δ, a convergent series independent of s; by
the Weierstrass M -test the convergence is uniform, and a uniform limit of holomorphic functions
is holomorphic. ■

Remark 3.2.3. When K = Q, we have that ζQ(s) coincides with the Riemann zeta function
ζ(s): the nonzero ideals of Z are mZ with m ≥ 1 unique, and N(mZ) = m.

3.3 The Gamma function

Definition 3.3.1
Let Γ(s) be the Gamma function

Γ(s) =
∫ ∞

0
e−zzs−1 dz for Re(s) > 0.
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The integral converges absolutely and locally uniformly on Re(s) > 0, so Γ is holomorphic there
(here zs−1 = e(s−1) log z with the real logarithm of z > 0). We have the following properties of
Γ(s).

Proposition 3.3.2 (1) Γ(s+ 1) = sΓ(s). In particular, for any positive integer n, Γ(n) =
(n− 1)!.

(2) Γ(s) is meromorphically continued to the whole C-plane. Its poles are exactly the points
s = −n with n = 0, 1, 2, . . . ; they are simple, and

Ress=−n Γ(s) = (−1)n

n! .

(3) Γ(s)Γ(1 − s) = π

sin πs . Consequently Γ(s) has no zeros, 1/Γ(s) is an entire function
with simple zeros exactly at 0,−1,−2, . . . , and Γ(1

2) =
√
π.

Correction. My notes say that Γ has a simple pole “at the negative integer n” with residue
(−1)n/n! at s = n, and no zeros nor poles on C \ {−1,−2,−3, . . . }. The point s = 0 is also
a pole, and the residue (−1)n/n! is taken at s = −n for n ≥ 0.

Proof. (1) Integration by parts gives Γ(s+1) =
[
−e−zzs

]∞
0 +s

∫∞
0 e−zzs−1 dz = sΓ(s) for Re(s) >

0, and Γ(1) =
∫∞

0 e−zdz = 1.
(2) Iterating (1), Γ(s) = Γ(s + N + 1)/

(
s(s + 1) · · · (s + N)

)
for Re(s) > 0. The right-hand side

is meromorphic on Re(s) > −N − 1 with simple poles at 0,−1, . . . ,−N , and these continuations
agree for different N . At s = −n (0 ≤ n ≤ N) the residue is

Γ(N − n+ 1)∏
0≤j≤N, j ̸=n(j − n) = (N − n)!

(−1)nn! (N − n)! = (−1)n

n! .

(3) For real 0 < s < 1, Fubini’s theorem and the substitution y = xt give

Γ(s)Γ(1− s) =
∫ ∞

0

∫ ∞

0
e−x−yxs−1y−s dy dx =

∫ ∞

0
t−s

∫ ∞

0
e−x(1+t) dx dt =

∫ ∞

0

t−s

1 + t
dt.

With t = eu and a = 1 − s ∈ (0, 1) this is I(a) =
∫∞

−∞
eau

1+eu du. Integrate f(z) = eaz/(1 + ez)
over the boundary of the rectangle [−T, T ] × [0, 2π]. The only pole inside is z = πi, with
residue eπia/eπi = −eπia; the vertical sides contribute O(e−aT + e−(1−a)T )→ 0; and the top side
contributes −e2πiaI(a). Hence (1 − e2πia)I(a) = −2πieπia, i.e. I(a) = π/ sin(πa) = π/ sin(πs).
Both sides of the identity are meromorphic on C, so it holds everywhere.
If Γ(s0) = 0, then since π/ sin(πs0) ̸= 0, s0 must be a pole of Γ(1− s), i.e. s0 ∈ {1, 2, 3, . . . }; but
Γ(n) = (n − 1)! ̸= 0. So Γ has no zeros, and the statements about 1/Γ follow from (2). Finally
Γ(1

2)2 = π and Γ(1
2) > 0. ■

3.4 Euler product and functional equation

For a number field K we write r1(K) for the number of real embeddings and r2(K) for the
number of pairs of complex conjugate embeddings, so [K : Q] = r1(K) + 2r2(K). We also have
the following properties of ζK(s).
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Proposition 3.4.1 (1) ζK(s) has the Euler product expansion

ζK(s) =
∏

p⊂OK
prime ideals

(
1− 1

N(p)s
)−1

on {s ∈ C | Re(s) > 1};

the product converges absolutely, so in particular ζK(s) ̸= 0 there.

(2) (Hecke) By defining

ΛK(s) = As Γ(s)r2(K) Γ
(
s
2
)r1(K)

ζK(s), A = |DK |1/2 2−r2(K) π−[K:Q]/2,

we have the functional equation ΛK(s) = ΛK(1 − s), and ζK(s) is meromorphically
continued to the C-plane, holomorphic except for a simple pole at s = 1.

Correction. In my notes A = |DK | 2−r2(K)π−[K:Q]/2; the discriminant must enter as |DK |1/2.
(With |DK | the two sides of the functional equation would differ by the factor |DK |s−1/2.)

Notes. “ζK is meromorphically continued to C” means: there is a meromorphic function on
C which agrees with the series on Re(s) > 1. By the identity theorem such a continuation
is unique, so values like ζK(0) or ζK(−1) are meaningful even though the defining series
diverges there.

Proof of (1). Let σ = Re(s) > 1. Every factor satisfies |N(p)−s| ≤ 2−σ < 1, and
∑

p |N(p)−s| ≤
[K : Q]

∑
p p

−σ < ∞ (at most [K : Q] primes lie over each p, and N(p) ≥ p), so the product
converges absolutely; as no factor vanishes, neither does the product. For X > 0, multiplying
out the finitely many absolutely convergent geometric series and using unique factorisation and
Lemma 3.1.2, ∏

N(p)≤X

(
1−N(p)−s)−1 =

∑
a∈SX

N(a)−s,

where SX is the set of nonzero ideals all of whose prime factors have norm ≤ X. Since SX contains
every a with N(a) ≤ X, the difference from ζK(s) is bounded by

∑
N(a)>X N(a)−σ, which tends

to 0 by Proposition 3.2.2. ■

Notes. Part (2) was stated without proof in the lecture. A complete proof is given below
for K = Q (Theorem 4.5.2, with χ = 1). For abelian fields it follows from the factorisation
of ζK into Dirichlet L-functions (Theorem 5.1.1) together with the conductor–discriminant
formula [16, Thm. 3.11]. For general K see Hecke’s proof in [11, Ch. VII, §5] or Tate’s thesis.
Independently of (2), the next section shows that ζK continues to Re(s) > 1− 1

[K:Q] with a
simple pole at s = 1.

3.5 The analytic class number formula

We fix notation. Let n = [K : Q], r1 = r1(K), r2 = r2(K), hK = # Cl(K), and let wK be
the number of roots of unity in K. Let σ1, . . . , σr1 be the real embeddings and σr1+1, . . . , σr1+r2

representatives of the pairs of complex embeddings, and let

j : K → KR := Rr1 × Cr2 , α 7→ (σ1(α), . . . , σr1+r2(α))
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be the Minkowski embedding. We identify C = R2 and give KR ∼= Rn Lebesgue measure. For x ∈
KR put N(x) =

∏
k≤r1 xk

∏
k>r1 |xk|

2, so that N(j(α)) = NK/Q(α), and on K×
R = (R×)r1×(C×)r2

define
ℓ(x) =

(
log |x1|, . . . , log |xr1 |, 2 log |xr1+1|, . . . , 2 log |xr1+r2 |

)
∈ Rr1+r2 ,

whose coordinates sum to log |N(x)|. By Dirichlet’s unit theorem, O×
K = µ(K)×⟨ε1, . . . , εr⟩ with

r = r1 + r2 − 1 and the εi of infinite order. The regulator RK is the absolute value of any r × r
minor of the (r + 1) × r matrix with columns ℓ(j(εi)); it does not depend on the deleted row
because the columns sum to zero (RK = 1 if r = 0).

Notes. The regulator does not depend on the choices made. Another basis of the free
part differs by a matrix in GLr(Z), which changes the minor by ±1. Replacing a complex
embedding by its conjugate does not change |σ(x)|. Multiplying the εi by roots of unity does
not change ℓ. The factor 2 in front of log |xk| for complex places is part of the definition:
without it the formula of Theorem 3.5.1 would change by a power of 2.

Theorem 3.5.1 (Dirichlet’s analytic class number formula)
ζK(s) has a simple pole at s = 1, and its residue is given by

lim
s→1

(s− 1) ζK(s) = 2r1(K)(2π)r2(K)

wK |DK |1/2 # Cl(K)RK ,

where wK is the number of roots of unity in K and RK is the regulator. More precisely,
ζK(s) extends meromorphically to Re(s) > 1− 1

n with only this pole.

The proof uses four auxiliary facts.

Lemma 3.5.2 (Minkowski)
For a nonzero ideal b ⊆ OK , j(b) is a lattice in KR of covolume 2−r2N(b)|DK |1/2.

This is standard from a first course; see [11, Ch. I, Prop. 5.2].

Lemma 3.5.3 (Lattice points)
Let Λ ⊂ Rn be a lattice and Y ⊂ Rn a bounded set whose boundary is covered by the images
of finitely many Lipschitz maps [0, 1]n−1 → Rn. Then for t ≥ 1,

#(Λ ∩ tY ) = vol(Y )
covol(Λ) t

n +O(tn−1).

Proof. Let P be a fundamental parallelotope of Λ of diameter d, and tile Rn by the cells λ+ P .
Let It be the number of cells contained in tY and Bt the number of cells meeting ∂(tY ) = t ∂Y .
Both #(Λ ∩ tY ) and vol(tY )/ covol(Λ) lie between It and It + Bt, so they differ by at most Bt.
Subdivide [0, 1]n−1 into ⌈t⌉n−1 cubes of side ≤ 1/t. If φ is one of the Lipschitz maps (constant
L), each subcube has image under tφ of diameter ≤ L

√
n− 1, which meets a bounded number c

of cells. Hence Bt ≤ (#maps) · c · ⌈t⌉n−1 = O(tn−1). ■

Lemma 3.5.4
Let (am)m≥1 be complex numbers with A(t) =

∑
m≤t am = κt + O(t1−δ) for some κ ∈ C

and 0 < δ ≤ 1. Then
∑
m amm

−s converges for Re(s) > 1, and
∑
m amm

−s − κ ζ(s) extends
holomorphically to Re(s) > 1− δ.
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Proof. Put bm = am − κ and B(t) =
∑
m≤t bm = A(t) − κ⌊t⌋ = O(t1−δ). By partial summation,∑

m≤X bmm
−s = B(X)X−s + s

∫X
1 B(t)t−s−1 dt. For Re(s) > 1− δ the first term tends to 0, and

the integral converges absolutely and locally uniformly, so
∑
m bmm

−s is holomorphic there. ■

Lemma 3.5.5
ζ(s) − 1

s−1 extends holomorphically to Re(s) > 0. In particular ζ(s) has a simple pole at
s = 1 with residue 1.

Proof. For Re(s) > 1, ζ(s)− 1
s−1 =

∑
m≥1

∫m+1
m (m−s−x−s) dx, and |m−s−x−s| =

∣∣s ∫ xm u−s−1du
∣∣ ≤

|s|m−σ−1 for m ≤ x ≤ m+ 1. So the series converges locally uniformly on σ = Re(s) > 0. ■

Proof of Theorem 3.5.1. Step 1: splitting by ideal classes. For an ideal class C put ζC(s) =∑
a∈C N(a)−s (sum over integral a), so ζK =

∑
C∈Cl(K) ζC . We show that

#{a ∈ C integral | N(a) ≤ t} = κ t+O(t1−1/n), κ = 2r1(2π)r2RK
wK |DK |1/2 . (3.1)

Then by Lemmas 3.5.4 and 3.5.5, every ζC(s)− κ
s−1 is holomorphic on Re(s) > 1− 1

n , and summing
over the hK classes proves the theorem.
Step 2: reduction to counting elements. Fix an integral ideal b in the class C−1. For integral
a ∈ C, the ideal ab is principal, ab = (α) with α ∈ b \ {0}, and conversely (α)b−1 is integral iff
α ∈ b. As N(a) = |N(α)|/N(b), the left side of (3.1) is the number of α ∈ b \ {0} modulo units
with |N(α)| ≤ tN(b).
Step 3: a fundamental domain. Let w0 = (1, . . . , 1, 2, . . . , 2) ∈ Rr+1 (r1 ones and r2 twos), so the
coordinates of w0 sum to n. Every u ∈ Rr+1 can be written uniquely as u =

∑r
i=1 ci ℓ(j(εi)) +

cw0/n, with c equal to the sum of the coordinates of u. Let

F =
{
x ∈ K×

R

∣∣∣ ℓ(x) =
∑
i

ci ℓ(j(εi)) + c w0
n with 0 ≤ ci < 1

}
, F (T ) = {x ∈ F | |N(x)| ≤ T}.

Since ℓ(j(ε)x) = ℓ(j(ε))+ ℓ(x), every orbit of ⟨ε1, . . . , εr⟩ on K×
R meets F exactly once; and µ(K)

acts freely on F (it does not change ℓ, and ζx = x forces ζ = 1). So each O×
K-orbit in j(b \ 0)

meets F in exactly wK points. Moreover F is a cone (ℓ(λx) = ℓ(x) + (log λ)w0 for λ > 0), hence
F (T ) = T 1/nF (1). Therefore the count in (3.1) equals 1

wK
#
(
j(b) ∩ (tN(b))1/nF (1)

)
.

Step 4: counting. F (1) is bounded (on it c ≤ 0 and the ci are bounded, so all log |xk| are bounded
above), and its boundary is Lipschitz parametrisable [11, Ch. VII, §5]. By Lemmas 3.5.2 and 3.5.3,

#
(
j(b) ∩ (tN(b))1/nF (1)

)
= volF (1) · tN(b)

2−r2N(b)|DK |1/2 +O(t1−1/n).

Step 5: the volume. Write the real coordinates as xk = ±ρk and the complex ones as xk = ρke
iθk ,

so the measure is
∏
k≤r1 dρk

∏
k>r1 ρk dρk dθk. The conditions defining F (1) only involve the ρk,

so the signs and angles contribute 2r1(2π)r2 . Substituting uk = log ρk (k ≤ r1) and uk = 2 log ρk
(k > r1), we have dρk = eukduk and ρk dρk = 1

2e
ukduk, hence

volF (1) = 2r1(2π)r22−r2

∫
S
eu1+···+ur+1 du, S =

{∑
i

ciℓ(j(εi)) + cw0
n

∣∣∣ 0 ≤ ci < 1, c ≤ 0
}
.

In the coordinates (c1, . . . , cr, c) the exponent is c, and the Jacobian is∣∣det
(
ℓ(j(ε1)), . . . , ℓ(j(εr)), w0/n

)∣∣ = RK :
replacing one row by the sum of all rows produces the row (0, . . . , 0, 1), and expanding along it
leaves an r × r minor of the unit matrix. Thus volF (1) = 2r1πr2RK

∫ 0
−∞ ec dc = 2r1πr2RK , and

combining Steps 2–5 gives (3.1). ■
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Corollary 3.5.6
Assume Proposition 3.4.1(2). Then ζK(s) has a zero of order r1(K)+ r2(K)−1 at s = 0, and
the first nonzero coefficient of its Taylor expansion at s = 0 is given by # Cl(K) and RK :

ζK(s) = −# Cl(K)RK
wK

s r1(K)+r2(K)−1 +O
(
s r1(K)+r2(K)).

Correction. In my notes the order of vanishing was written as r2(K); it is r1(K)+r2(K)−1,
the rank of the unit group. (For K = Q: ζ(0) = −1

2 ̸= 0, and indeed r1 + r2 − 1 = 0.)

Proof. Let ρ be the residue in Theorem 3.5.1. Near s = 0 we have 1− s near 1, so ΛK(1− s) =
A1−sΓ(1 − s)r2Γ(1−s

2 )r1ζK(1 − s) ∼ Aπr1/2 · ρ
−s , using Γ(1) = 1 and Γ(1

2) =
√
π. On the other

side, Γ(s) ∼ 1
s and Γ( s2) ∼ 2

s , so ΛK(s) ∼ 2r1s−r1−r2ζK(s). The functional equation gives

ζK(s) ∼ −Aπ
r1/2ρ

2r1
sr1+r2−1 = −|DK |1/22−r2π−n/2πr1/2

2r1
· 2r1(2π)r2hKRK

wK |DK |1/2 sr1+r2−1

= −hKRK
wK

sr1+r2−1,

since π−n/2+r1/2+r2 = 1. ■

3.6 Values at negative integers

Further properties of ζK(s) are in the following.

Proposition 3.6.1 (1) For any negative integer n, ζK(n) ∈ Q.

(2) For any even negative integer n, ζK(n) = 0.

(3) For any odd negative integer n, ζK(n) ̸= 0 ⇐⇒ r2(K) = 0.
More precisely, for m ≥ 1 the order of vanishing of ζK at s = −m is r1(K) + r2(K) if m is
even and r2(K) if m is odd.

Proof of (2), (3). Assume Proposition 3.4.1(2) and let m ≥ 1. Then ΛK(−m) = ΛK(1 + m) is
finite and nonzero, since Γ has no zeros or poles at 1+m

2 , 1 +m and ζK(1 +m) ̸= 0 by the Euler
product. On the other hand, by Proposition 3.3.2, Γ(s) has a simple pole at s = −m, and Γ( s2)
has a simple pole at s = −m iff m is even. So the Gamma factors of ΛK have a pole of order
r2 + r1 · [m even] at −m, which ζK must compensate by a zero of exactly that order. Since
r1 + r2 ≥ 1, this gives (2); for odd m the order is r2, giving (3). ■

Notes. Statement (1) is the theorem of Siegel and Klingen; for fields with r2(K) > 0 it is
trivial by (2) and (3), so its content concerns totally real fields. We prove it for all abelian
number fields in Corollary 5.1.2, where ζK(1−m) is expressed through generalised Bernoulli
numbers. For K = Q: ζ(1−m) = −Bm/m (Corollary 4.4.5).
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Chapter 4

Dirichlet L-functions

Throughout we fix an embedding Q ⊂ C (and later also an embedding Q ⊂ Qp), and regard
algebraic numbers as complex numbers when convenient.

4.1 Dirichlet characters

Definition 4.1.1
Let N be a positive integer. A map χ : Z→ Q is called a Dirichlet character of modulus N if

(1) χ(ab) = χ(a)χ(b) for any a, b ∈ Z;

(2) if a ≡ b (mod N), then χ(a) = χ(b);

(3) χ(a) ̸= 0 ⇐⇒ (a,N) = 1.

Correction. In my notes the definition only says “a map χ : Z → Q is called a Dirichlet
character of modulus N”, and (1)–(3) appear afterwards as a proposition. Properties (1)–(3)
are really part of the definition.

Proposition 4.1.2
We have a bijection{
Dirichlet characters χ : Z→ Q of modulus N

}
←→

{
homomorphisms χ : (Z/NZ)× → Q×}

,

where a homomorphism corresponds to a 7→ χ(ā) for (a,N) = 1 and a 7→ 0 otherwise. In
particular the values of χ are 0 or roots of unity, and χ(−1) = ±1.

Proof. By (2) and (3), χ induces a map (Z/NZ)× → Q×, which is a homomorphism by (1);
conversely the extension by zero of a homomorphism satisfies (1)–(3) (note that ab is prime to N
iff both a and b are). Values on (Z/NZ)× have order dividing φ(N), and χ(−1)2 = χ(1) = 1. ■

If χ is a Dirichlet character, we have χ(−1) = +1 or χ(−1) = −1. In the first case χ is called an
even Dirichlet character, in the second an odd one.
If χ is a Dirichlet character with modulus N and M is a multiple of N , then χ induces a Dirichlet
character χM of modulus M : χM (a) = χ(a) if (a,M) = 1 and χM (a) = 0 otherwise (i.e. χM
corresponds to (Z/MZ)× → (Z/NZ)× χ−→ Q×). When χ is a Dirichlet character with modulus
N , sometimes χ might be induced from another Dirichlet character χ′ with modulus N ′ where
N ′ | N . If χ is not induced from any Dirichlet character whose modulus is < N , then χ is called
a primitive character.

Proposition 4.1.3
For a Dirichlet character χ of modulus N , there exist a unique N0 | N and a unique primitive
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Dirichlet character χ0 of modulus N0 such that χ is induced from χ0.

This χ0 is called the primitive Dirichlet character associated to χ, and N0 is called the conductor
of χ. The trivial character 1 is the one of conductor 1 (1(n) = 1 for all n); we call χ nontrivial
if its conductor is > 1.

Correction. My notes say that χ0 has modulus N ; it has modulus N0.

Notes. Two conventions to keep in mind. (a) In these notes χ0 always denotes the primitive
character associated to χ. Many books instead write χ0 for the principal character modulo
N , which we denote 1N : 1N (a) = 1 if (a,N) = 1 and 0 otherwise. (b) “Trivial” refers to the
conductor. 1N is induced from 1, so it counts as trivial, although 1N ̸= 1 as functions on Z
when N > 1. Their L-functions differ by finitely many Euler factors, see (4.1).

Proof. Say that d | N is a period of χ if χ(a) = 1 for all a with (a,N) = 1 and a ≡ 1 (mod d);
this means exactly that χ is induced from a character of modulus d (as (Z/NZ)× → (Z/dZ)× is
surjective with kernel {a ≡ 1 mod d}).
Claim: if d1, d2 are periods, so is g = gcd(d1, d2). Let (a,N) = 1, a ≡ 1 (mod g). By the
Chinese remainder theorem there is x with x ≡ 1 (mod d1) and x ≡ a (mod d2), unique modulo
lcm(d1, d2). Such an x is prime to every prime dividing d1d2, and adding a suitable multiple of
lcm(d1, d2) we can make it prime to the remaining primes dividing N as well. Then χ(x) = 1,
and ax−1 ≡ 1 (mod d2) in (Z/NZ)× gives χ(a) = χ(x)χ(ax−1) = 1.
Hence there is a smallest period N0, dividing all others, and χ is induced from a character χ0 of
modulus N0, which is primitive by minimality. If χ is induced from a primitive χ′ of modulus N ′,
then N ′ is a period, so N0 | N ′, so χ′ is induced from a character of modulus N0, and primitivity
forces N ′ = N0. Finally χ′ = χ0: every a prime to N0 is congruent mod N0 to some a′ prime to
N , and χ′(a) = χ(a′) = χ0(a). ■

4.2 Gauss sums

Definition 4.2.1
Let χ be a Dirichlet character of modulus N and ζN = e2πi/N . The Gauss sum of χ is
G(χ) =

∑N
a=1 χ(a)ζaN .

Notes. G(χ) depends on the choice of the primitive N -th root of unity: with ζbN instead of
ζN , (b,N) = 1, the sum becomes χ̄(b)G(χ). We always take ζN = e2πi/N ∈ C. For N > 1
the term a = N vanishes, so this agrees with the sum

∑N−1
a=1 in my handwritten notes.

Lemma 4.2.2
Let χ be primitive of conductor N . Then

(i)
∑N
a=1 χ(a)ζanN = χ̄(n)G(χ) for every n ∈ Z;

(ii) G(χ)G(χ̄) = χ(−1)N and |G(χ)|2 = N .

Proof. (i) If (n,N) = 1, substitute a 7→ an−1. If d = (n,N) > 1, put N ′ = N/d; then ζanN only
depends on a mod N ′. Since χ is primitive, N ′ is not a period (proof of Proposition 4.1.3), so there
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is c prime to N with c ≡ 1 (mod N ′) and χ(c) ̸= 1. Since (c − 1)n ≡ 0 (mod N), substituting
a 7→ ca gives S =

∑
a χ(ca)ζcanN = χ(c)S for the sum S in question, so S = 0 = χ̄(n)G(χ).

(ii) Taking absolute values squared in (i) and summing over n mod N :

φ(N)|G(χ)|2 =
∑
a,b

χ(a)χ̄(b)
∑
n

ζ
(a−b)n
N = Nφ(N),

so |G(χ)|2 = N . Also G(χ) =
∑
a χ̄(a)ζ−a

N = χ(−1)G(χ̄), whence G(χ)G(χ̄) = χ(−1)|G(χ)|2 =
χ(−1)N . ■

4.3 Dirichlet L-functions

Definition 4.3.1 (Dirichlet series)
Let χ be a Dirichlet character of modulus N . We define

L(χ, s) =
∞∑
n=1

χ(n)
ns

, s ∈ C, Re(s) > 1.

This series is called a Dirichlet series (or the Dirichlet L-function of χ). In my notes it is
denoted ζ(χ, s).

Notes. Here ns := es logn with the real logarithm, and χ(n) ∈ Q ⊂ C via the fixed embed-
ding. In general, “Dirichlet series” means any series

∑
n ann

−s; the L-function is the special
case an = χ(n).

The above series is absolutely convergent on Re(s) > 1, since |χ(n)| ≤ 1. If χ = 1 is the trivial
Dirichlet character, 1(n) = 1 for all n, then L(1, s) = ζ(s) is the Riemann zeta function. If χ of
modulus N is induced from χ0, comparing Euler products (below) gives

L(χ, s) = L(χ0, s)
∏
p|N

(
1− χ0(p)p−s). (4.1)

We have the following properties of L(χ, s).

Proposition 4.3.2 (1) L(χ, s) has the Euler product L(χ, s) =
∏
p prime

(
1−χ(p)p−s)−1 on

Re(s) > 1.

(2) L(χ, s) is meromorphically continued to the C-plane.

(3) If χ is a nontrivial Dirichlet character (conductor > 1), then L(χ, s) is holomorphic on
the C-plane, and L(χ, 1) ̸= 0.

(4) Let χ be primitive of conductor Nχ and δχ =
{

1, χ odd,
0, χ even.

Define

Λ(χ, s) =
(Nχ

π

) s+δχ
2 Γ

(s+ δχ
2

)
L(χ, s).

Then we have the functional equation

Λ(χ, s) = W (χ) Λ(χ̄, 1− s), W (χ) = G(χ)
iδχ
√
Nχ

, |W (χ)| = 1.
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Correction. In my notes the functional equation reads Λ(χ, s) = wχΛ(χ, 1 − s) with
Λ(χ, s) = Nχπ

− s+δχ
2 Γ( s+δχ

2 )L(χ, s), and wχ annotated as “the number of roots of unity
in K”. Three corrections: the conductor enters as N s/2

χ (up to a constant), the right-hand
side involves χ̄, and W (χ) is the root number G(χ)/(iδχ

√
Nχ), a complex number of absolute

value 1. It has nothing to do with roots of unity in a field. Also χ must be primitive.

Proof of (1). χ is completely multiplicative and |χ(p)p−s| < 1, so the argument of Proposi-
tion 3.4.1(1), with unique factorisation in Z, applies verbatim. Formula (4.1) follows since
χ(p) = χ0(p) for p ∤ N and χ(p) = 0 for p | N . ■

Part (2) and the holomorphy in (3) are proved in Theorem 4.4.4, the non-vanishing in Theo-
rem 4.7.2, and (4) in Theorem 4.5.2.

4.4 Generalised Bernoulli numbers and values at negative inte-
gers

Lecture of 18 May 2026. The values of L(χ, s) at integers can be expressed by generalised
Bernoulli numbers.

Recall the usual Bernoulli numbers: z

ez − 1 =
∑∞
n=0Bn

zn

n! for |z| < 2π, so B0 = 1, B1 = −1
2 ,

B2 = 1
6 , B4 = − 1

30 , and Bn = 0 for odd n ≥ 3 (because z
ez−1 + z

2 is even).

Definition 4.4.1
Let χ be a Dirichlet character with modulus N . We define the generalised Bernoulli numbers
Bn,χ ∈ Q by

Fχ(t) :=
N∑
a=1

χ(a) t eat

eNt − 1 =
∞∑
n=0

Bn,χ
tn

n! ,

i.e. Bn,χ/n! is the n-th coefficient of the left-hand side.

Correction. In my notes the denominator is written eNt instead of eNt − 1, and the sum
starts at n = 1. Also, the example “for χ = 1, Bn,1 = Bn” needs care: with N = 1 we get
F1(t) = tet

et−1 = −t
e−t−1 , so Bn,1 = (−1)nBn. This agrees with Bn except for B1,1 = +1

2 .

Since Fχ has coefficients in Q(χ) (the field generated by the values of χ), we have Bn,χ ∈ Q(χ),
and σ(Bn,χ) = Bn,σ◦χ for σ ∈ Gal(Q/Q). Two simple facts are used below:

B0,χ = 1
N

N∑
a=1

χ(a), B1,χ = 1
N

N∑
a=1

χ(a) a if
∑
a χ(a) = 0,

obtained from teat

eNt−1 = 1
N

(
1− Nt

2 + · · ·
)
(1 + at+ · · · ).

Lemma 4.4.2 (Parity)
If N > 1, then Bn,χ = 0 whenever χ(−1) ̸= (−1)n.

31

https://github.com/Peanut2Butter9


Moh Hasbi Alfarizi
github.com/Peanut2Butter9

Lecture Notes on
Advanced Topics in Algebra E & F

Proof. Substituting b = N − a and using χ(N) = 0, Fχ(−t) =
∑
a χ(a) t e(N−a)t

eNt−1 = χ(−1)Fχ(t).
Compare coefficients. ■

Lemma 4.4.3 (Mellin transforms)
Let φ : (0,∞) → C be smooth with φ(t) = O(e−ct) as t → ∞ for some c > 0, and suppose
φ(t) = a−1

t + g(t) where g extends to a C∞ function on [0,∞). Then

Φ(s) = 1
Γ(s)

∫ ∞

0
φ(t) ts−1 dt (Re(s) > 1)

extends meromorphically to C, holomorphic except for at most a simple pole at s = 1 with
residue a−1, and Φ(−k) = (−1)kg(k)(0) for all integers k ≥ 0.

Proof. Split
∫∞

0 =
∫ 1

0 +
∫∞

1 . The second integral is entire in s. Next,
∫ 1

0 a−1t
s−2dt = a−1

s−1 . For
M ≥ 1 write g(t) =

∑
j<M

g(j)(0)
j! tj +RM (t) with RM (t) = O(tM ) on [0, 1]; then

∫ 1

0
g(t)ts−1dt =

∑
j<M

g(j)(0)
j! (s+ j) +

∫ 1

0
RM (t)ts−1dt,

the last term being holomorphic on Re(s) > −M . Multiply by 1/Γ(s), which is entire with simple
zeros at 0,−1,−2, . . . (Proposition 3.3.2); near s = −k we have 1/Γ(s) = (−1)kk! (s+k)+O((s+
k)2) by the residue computation. So all poles at s = 0,−1, . . . cancel, the only possible pole
is at s = 1 with residue a−1/Γ(1) = a−1, and at s = −k only the term j = k survives, giving
(−1)kk! · g

(k)(0)
k! . ■

Theorem 4.4.4
Let χ be a Dirichlet character of modulus N . Then L(χ, s) continues meromorphically to C.
It is holomorphic except for a simple pole at s = 1 with residue B0,χ, which is φ(N)/N if χ
is induced from 1 and 0 otherwise. Moreover

L(χ, 1− n) = −Bn,χ
n

for all integers n ≥ 1.

In particular L(χ, 1− n) ∈ Q(χ), and for N > 1 it vanishes unless χ(−1) = (−1)n.

Proof. For Re(s) > 1, using
∫∞

0 e−ntts−1dt = Γ(s)n−s and absolute convergence,

Γ(s)L(χ, s) =
∫ ∞

0
φχ(t)ts−1dt, φχ(t) =

∑
n≥1

χ(n)e−nt =
N∑
a=1

χ(a)e−at

1− e−Nt .

Now tφχ(t) =
∑
a χ(a) (−t)ea(−t)

eN(−t)−1 = Fχ(−t), so

φχ(t) = B0,χ
t

+ g(t), g(t) =
∑
n≥1

(−1)nBn,χ
tn−1

n! , g(k)(0) = (−1)k+1Bk+1,χ
k + 1 .

Lemma 4.4.3 gives the continuation, the pole and L(χ,−k) = (−1)k · (−1)k+1Bk+1,χ

k+1 = −Bk+1,χ

k+1 .
The last assertion is Lemma 4.4.2. ■
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Corollary 4.4.5
ζ(0) = −1

2 and ζ(1 − n) = −Bn
n

for n ≥ 2. In particular ζ(1 − n) = 0 for odd n ≥ 3 and
ζ(1− n) ∈ Q× for even n ≥ 2.

Proof. Take χ = 1 (N = 1): ζ(1 − n) = −Bn,1/n = −(−1)nBn/n, and Bn = 0 for odd n ≥ 3,
while B1,1 = 1

2 . For even n, Bn ̸= 0 by Corollary 4.6.1 below. ■

4.5 The functional equation

We use the Poisson summation formula
∑
n∈Z f(n) =

∑
n∈Z f̂(n) for Schwartz functions, where

f̂(y) =
∫
R f(x)e−2πixydx, and the Fourier transforms

ê−πux2(y) = u−1/2e−πy2/u, ̂x e−πux2(y) = −i y u−3/2e−πy2/u (u > 0),

the second obtained by differentiating the first in y.

Lemma 4.5.1 (Theta transformation)
Let χ be primitive of conductor N and δ = δχ. Put θ(χ, t) =

∑
n∈Z χ(n)nδe−πn2t/N for t > 0.

Then
θ(χ, 1/t) = W (χ) tδ+

1
2 θ(χ̄, t).

Proof. By Lemma 4.2.2(i) applied to χ̄, χ(n) = G(χ̄)−1∑N
a=1 χ̄(a)e2πian/N for all n. Apply

Poisson summation to fa(x) = xδe−πx2t/Ne2πiax/N , i.e. to the Gaussian with u = t/N shifted by
a/N in frequency. For δ = 0 we get

∑
n fa(n) = (N/t)1/2∑

y∈Z e
−π(Ny−a)2/(Nt). Multiplying by

χ̄(a), summing over a and writing m = Ny − a (so χ̄(a) = χ̄(−m)), we find

θ(χ, t) = χ(−1)
G(χ̄)

(N
t

)1/2
θ(χ̄, 1/t) = G(χ)√

N
t−1/2 θ(χ̄, 1/t),

using χ(−1)/G(χ̄) = G(χ)/N (Lemma 4.2.2(ii)). For δ = 1 the same computation with the
second Fourier transform gives θ(χ, t) = −iχ(−1)

G(χ̄) N1/2t−3/2θ(χ̄, 1/t) = G(χ)
i
√
N
t−3/2θ(χ̄, 1/t), since

χ(−1) = −1. In both cases θ(χ, t) = W (χ)t−δ−
1
2 θ(χ̄, 1/t); now replace t by 1/t. ■

Theorem 4.5.2
Proposition 4.3.2(4) holds. For χ = 1 it reads: the function Λ(s) = π−s/2Γ( s2)ζ(s) satisfies
Λ(s) = Λ(1− s), and it is holomorphic except for simple poles at s = 0, 1.

Proof. Case N > 1. Then χ(0) = 0 and χ(−n)(−n)δ = χ(n)nδ, so θ(χ, t) = 2
∑
n≥1 χ(n)nδe−πn2t/N

decays exponentially as t → ∞. Since
∫∞

0 e−πn2t/N t
s+δ

2 dt
t = (N/π)

s+δ
2 n−s−δΓ( s+δ2 ), we get for

Re(s) > 1

2Λ(χ, s) =
∫ ∞

0
θ(χ, t) t

s+δ
2
dt

t
=
∫ ∞

1
θ(χ, t)t

s+δ
2
dt

t
+W (χ)

∫ ∞

1
θ(χ̄, t)t

1−s+δ
2

dt

t
,

where we substituted t 7→ 1/t in
∫ 1

0 and used Lemma 4.5.1. The right-hand side is entire.
Doing the same for χ̄ at 1 − s and using W (χ)W (χ̄) = G(χ)G(χ̄)

(−1)δN
= 1 (Lemma 4.2.2(ii)) gives

W (χ)Λ(χ̄, 1− s) = Λ(χ, s). Finally |W (χ)| = |G(χ)|/
√
N = 1.
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Case χ = 1. Here θ(t) =
∑
n∈Z e

−πn2t = 1 + 2ω(t) satisfies θ(1/t) = t1/2θ(t) (the same Poisson
computation with N = 1). Hence ω(1/t) = t1/2ω(t) + t1/2−1

2 , and for Re(s) > 1

Λ(s) =
∫ ∞

0
ω(t)ts/2dt

t
=
∫ ∞

1
ω(t)

(
ts/2 + t(1−s)/2)dt

t
− 1
s
− 1

1− s,

because
∫∞

1
t1/2−1

2 t−s/2 dt
t = 1

s−1 −
1
s . The right-hand side is meromorphic on C with simple poles

at 0, 1 and symmetric under s↔ 1− s. ■

4.6 Special values at s = 1 and at even positive integers

Corollary 4.6.1 (Euler)
For any even positive integer n,

ζ(n) = (−1)
n
2 −1 Bn

2 · n! (2π)n = − Bn2n! (2πi)
n.

By the functional equation this is equivalent to ζ(1 − n) = −Bn/n. In particular Bn ̸= 0,
and (−1)n/2−1Bn > 0.

Proof. Write n = 2m. Theorem 4.5.2 with s = n gives ζ(n) = πn− 1
2

Γ( 1
2 −m)

Γ(m) ζ(1 − n). From
Proposition 3.3.2, Γ(m) = (m−1)! and Γ(1

2−m) = (−4)mm!
(2m)!

√
π (induction using Γ(s) = Γ(s+1)/s).

With ζ(1− n) = −Bn/n (Theorem 4.4.4):

ζ(n) = π2m (−4)mm!
(2m)! (m− 1)! ·

−B2m
2m = −(−4π2)mB2m

2 (2m)! = −(2πi)nBn
2n! .

Since ζ(n) > 0, Bn ̸= 0 and has sign (−1)m−1. ■

Recall that if the conductor of χ is nontrivial, then L(χ, s) is holomorphic at s = 1 (Theo-
rem 4.4.4), and L(χ, 1) ̸= 0 (Theorem 4.7.2 below).

Proposition 4.6.2
Let χ be a primitive Dirichlet character whose conductor N is nontrivial. Then

L(χ, 1) =


π
√
−1G(χ)
N

B1,χ−1 , χ odd,

−G(χ)
N

N∑
a=1

χ−1(a) log
∣∣1− ζaN ∣∣, χ even,

where G(χ) =
∑N
a=1 χ(a)ζaN is the Gauss sum and χ−1 = χ̄.

Proof. Since χ is nontrivial, the partial sums
∑
n≤X χ(n) are bounded, so by partial summation

the series
∑
χ(n)n−s converges locally uniformly on Re(s) > 0 and equals L(χ, s) there; in

particular L(χ, 1) =
∑
n≥1 χ(n)/n. By Lemma 4.2.2(i) for χ̄, χ(n) = G(χ̄)−1∑

a χ̄(a)ζanN , so

L(χ, 1) = 1
G(χ̄)

N−1∑
a=1

χ̄(a)
∑
n≥1

ζanN
n

= −χ(−1)G(χ)
N

N−1∑
a=1

χ̄(a) log(1− ζaN ),
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using
∑
n≥1 z

n/n = − log(1 − z) for |z| = 1, z ̸= 1 (principal branch; Abel’s theorem) and
1/G(χ̄) = χ(−1)G(χ)/N . For 0 < a < N , 1 − ζaN = 2 sin(πaN )ei(

πa
N

− π
2 ), so log(1 − ζaN ) =

log |1− ζaN |+ πi
(
a
N −

1
2
)
.

If χ is even, the pairing a↔ N − a shows
∑
a χ̄(a)( aN −

1
2) = 0, which leaves the stated formula.

If χ is odd, the same pairing shows
∑
a χ̄(a) log |1 − ζaN | = 0; also

∑
a χ̄(a) = 0, so L(χ, 1) =

− (−1)G(χ)
N πi

∑
a χ̄(a) aN = πiG(χ)

N B1,χ̄. ■

4.7 Non-vanishing of L(χ, 1)

Lemma 4.7.1 (Landau)
Let D(s) =

∑
m≥1 amm

−s with am ≥ 0, and let σc ∈ R be its abscissa of convergence. Then
D does not extend holomorphically to any neighbourhood of s = σc.

Proof. Suppose D extends holomorphically to a disc around σc. Then it is holomorphic on a
disc |s − σ1| < 1 + ε with σ1 = σc + 1 (for ε small, the part of this disc with Re(s) ≤ σc lies in
a small neighbourhood of σc). Its Taylor series at σ1 therefore converges at σ = σc − ε

2 . Since
D(k)(σ1) =

∑
m am(− logm)km−σ1 ,

D(σ) =
∑
k≥0

(σ1 − σ)k

k!
∑
m

am(logm)km−σ1 =
∑
m

amm
−σ1e(σ1−σ) logm =

∑
m

amm
−σ,

where the interchange is allowed because all terms are ≥ 0. So the Dirichlet series converges at
σ < σc, a contradiction. ■

Theorem 4.7.2
If χ is a nontrivial Dirichlet character, then L(χ, 1) ̸= 0.

Proof. By (4.1) we may assume χ is a character of modulus N (not necessarily primitive), and it
suffices to show L(χ, 1) ̸= 0 for all nontrivial characters mod N . Let F (s) =

∏
χ mod N L(χ, s), the

product over all φ(N) characters of modulus N . For p ∤ N let fp be the order of p in (Z/NZ)×.
As χ runs over the characters of the finite abelian group (Z/NZ)×, χ(p) runs over the fp-th roots
of unity, each exactly φ(N)/fp times. Hence

F (s) =
∏
p∤N

(
1− p−fps

)−φ(N)/fp (Re(s) > 1),

a Dirichlet series with non-negative coefficients. Since fp | φ(N), its coefficients dominate those
of
∑

(m,N)=1m
−φ(N)s, which diverges at s = 1/φ(N).

If L(χ, 1) = 0 for some χ ̸= 1N , this zero cancels the simple pole of L(1N , s) at s = 1, and
F is entire by Theorem 4.4.4. The Dirichlet series of F converges (to F ) on Re(s) > σc, and
σc ≥ 1/φ(N) is finite. This contradicts Lemma 4.7.1. ■
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Chapter 5

Class Numbers of Cyclotomic and Quadratic Fields

5.1 Zeta functions of abelian fields

Recall that Gal(Q(ζN )/Q) ∼= (Z/NZ)×, σa(ζN ) = ζaN (Theorem 1.3.5). Hence every subfield
K ⊆ Q(ζN ) corresponds to a subgroup HK = Gal(Q(ζN )/K), and we let X(K) be the group
of Dirichlet characters of modulus N which are trivial on HK ; it is identified with the character
group of Gal(K/Q). For χ ∈ X(K) we write χ0 for the associated primitive character.

Theorem 5.1.1
For every subfield K ⊆ Q(ζN ),

ζK(s) =
∏

χ∈X(K)
L(χ0, s).

In particular, it is known that ζQ(ζN )(s) =
∏
χ L(χ0, s), the product over all Dirichlet charac-

ters χ of modulus N .

Correction. In the lecture the formula was written ζQ(ζN )(s) =
∏
χ ζ(χ, s) over characters

of modulus N . This is true only if each L-function is replaced by that of the associated
primitive character; with imprimitive characters, Euler factors at primes dividing N are lost.

Proof. Both sides are Euler products, so we compare the factors at a prime p. Write N =
pkM with p ∤ M , G = Gal(Q(ζN )/Q) = (Z/NZ)×, and fix a prime P of Q(ζN ) above p with
decomposition and inertia groups D ⊇ I.
(a) I = {a ∈ G | a ≡ 1 mod M} and D/I is generated by the class of p in G/I = (Z/MZ)×.
The field Q(ζM ) is unramified at p (Theorem 1.3.11), so I ⊆ Gal(Q(ζN )/Q(ζM )), which is the
subgroup {a ≡ 1 mod M} of order φ(pk). Conversely |I| = e(P|p) ≥ φ(pk), because p is totally
ramified in Q(ζpk) ⊆ Q(ζN ) (Proposition 1.3.7). Hence equality. D/I ⊆ G/I = Gal(Q(ζM )/Q)
is generated by the Frobenius, which on Q(ζM ) is σp, as σp(

∑
ciζ

i
M ) =

∑
ciζ

pi
M ≡ (

∑
ciζ

i
M )p

(mod p).
(b) Passage to K. Let H = HK , GK = G/H, p = P∩K. The decomposition and inertia groups
of p in K/Q are DK = DH/H and IK = IH/H. Indeed, an element of GK fixing p lifts to
g ∈ G with gP above p; by transitivity of H on the primes above p (Proposition 1.5.2), some
hg fixes P. If moreover it acts trivially on k(p), then ḡ ∈ Gal(k(P)/k(p)), which is the image of
D ∩H by Proposition 1.5.3, so adjusting by an element of D ∩H we land in I. With eK = |IK |,
fK = |DK/IK |, rK = [GK : DK ], the Euler factor of ζK at p is (1−p−fKs)−rK (Proposition 1.5.5).
(c) The L-side. Let χ ∈ X(K). Then χ0(p) ̸= 0 iff the conductor of χ is prime to p, iff χ factors
through (Z/MZ)×, iff χ is trivial on I (equivalently on IK). In that case χ0(p) = χ(p̃) for any
p̃ ∈ G with p̃ ≡ p (mod M), i.e. χ0(p) = χ(Frobp) with Frobp ∈ GK/IK of order fK . Thus the
factor at p of the right-hand side is

∏
ψ(1 − ψ(Frobp)p−s)−1 over the characters ψ of GK/IK ,

and as ψ(Frobp) runs over the fK-th roots of unity, each |GK/IK |/fK = rK times, this equals
(1− p−fKs)−rK . ■
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Corollary 5.1.2
Let K ⊆ Q(ζN ). Then ζK(s) continues meromorphically to C, and for every integer n ≥ 1

ζK(1− n) =
∏

χ∈X(K)

(
−Bn,χ0

n

)
∈ Q.

Proof. The first statement and the formula follow from Theorems 5.1.1 and 4.4.4. For σ ∈
Gal(Q/Q), χ 7→ σ ◦ χ permutes X(K) and σ(Bn,χ0) = Bn,(σ◦χ)0 , so the product is fixed by every
σ, hence rational. ■

Comparing residues at s = 1 (Theorem 3.5.1) with Theorem 5.1.1, and using lims→1(s−1)ζ(s) =
1, we get

2r1(2π)r2 hKRK
wK |DK |1/2 =

∏
χ∈X(K), χ ̸=1

L(1, χ0) (5.1)

(L(1, χ0) is our L(χ0, 1)). Combined with Proposition 4.6.2, this gives us a more explicit class
number formula.

5.2 The class number formula for Q(ζp)

Let p be an odd prime. Fix embeddings Q ⊂ C and ιp : Q ⊂ Qp.

Definition 5.2.1 (Teichmüller character)
The Teichmüller character is the Dirichlet character ω of modulus p such that ιp(ω(a)) ∈ Zp
is the unique (p− 1)-st root of unity congruent to a modulo p (Lemma 2.4.2), for p ∤ a.

Notes. (1) ω is defined on (Z/pZ)× ∼= Z/(p − 1)Z, and it is injective there, so it has order
p − 1. (2) Hence ω0 = 1, ω1, ω2, . . . , ωp−2 give the set of all Dirichlet characters modulo p.
Every ωi with i ̸≡ 0 is primitive of conductor p, and ωi is odd iff i is odd, since ω(−1) = −1.

Theorem 5.2.2
Let p ̸= 2 be a prime and K = Q(ζp). Then r1(K) = 0, r2(K) = p−1

2 , wK = 2p, |DK | = pp−2,
and

2r1(K)(2π)r2(K)

wK |DK |1/2 # Cl(K)RK = (π
√
−1)

p−1
2

pp−2

(p−2∏
i=1

G(ωi)
)

(−1)
p−3

2

×
∏
i odd

B1,ω−i

∏
i even
i ̸=0

(p−1∑
a=1

ω−i(a) log |1− ζap |
)
,

where i runs over 1 ≤ i ≤ p − 2, and
∣∣∏

iG(ωi)
∣∣ = p

p−2
2 . In particular, up to a complex

number of absolute value 1, the right-hand side equals

(π
√
−1)

p−1
2

pp−2 p
p−2

2
∏
i odd

B1,ω−i

∏
i even̸=0

(p−1∑
a=1

ω−i(a) log |1− ζap |
)
,

which is the form given in the lecture.
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Correction. Three slips in my notes: (i) the left-hand side has |DK |1/2, not |DK |; (ii) the
parities are swapped: B1,ω−i occurs for odd i (by Lemma 4.4.2, B1,χ = 0 for even χ), and
the logarithmic sums for even i ̸= 0; (iii) as corrected in red in my notes, wK = 2p (the
roots of unity in Q(ζp) are ±ζkp ). The lecture formula holds up to the unimodular factor
(−1)

p−3
2
∏
iG(ωi)/p

p−2
2 .

Proof. K is totally imaginary of degree p − 1. Its roots of unity form µ2p: if ζm ∈ K, then
Q(ζm) ⊆ K is unramified outside p and has degree ≤ p−1, which forces m | 2p (Theorem 1.3.11).
Finally |DK | = pp−2 by Proposition 1.3.7. By (5.1) the left side equals

∏p−2
i=1 L(1, ωi). By

Proposition 4.6.2, L(1, ωi) = πiG(ωi)
p B1,ω−i for odd i (there are p−1

2 of them) and L(1, ωi) =
−G(ωi)

p

∑
a ω

−i(a) log |1 − ζap | for even i ̸= 0 (there are p−3
2 ). Multiplying gives the formula, and

|G(ωi)| = √p by Lemma 4.2.2. ■

5.3 Kummer’s criterion

Let K = Q(ζp) and K+ = Q(ζp + ζ−1
p ) its maximal real subfield. One has hK+ | hK [16,

Thm. 4.14], and h−
K := hK/hK+ is called the relative class number.

Theorem 5.3.1 (Relative class number formula)
h−
K = 2p

∏
i odd

(
−1

2B1,ω−i

)
, the product over odd i with 1 ≤ i ≤ p− 2.

Proof sketch. Apply (5.1) to K and to K+ (which has r1 = p−1
2 , w = 2, |DK+ | = p

p−3
2 and

X(K+) = {ωi : i even}) and divide: the quotient of the left sides involves RK/RK+ , which
equals 2

p−3
2 [16, Prop. 4.16], and the quotient of the right sides is

∏
i odd L(1, ωi). Inserting

Proposition 4.6.2 and |
∏
i oddG(ωi)| = p

p−1
4 gives h−

K = 2p
∏
i odd |12B1,ω−i |. The sign is fixed by

a separate argument [16, Thm. 4.17]. ■

From now on we regard the values of ω as elements of Zp via ιp, so that B1,ω−i = 1
p

∑p−1
a=1 ω

−i(a) a ∈
Qp.

Notes. Since ω takes values in µp−1, its values can be read in C (for L-values and Gauss sums)
and in Zp (for congruences), compatibly via the fixed embeddings Q ⊂ C and ιp : Q ⊂ Qp.
For x ∈ Q(µp−1) we write “p | x” if ιp(x) ∈ pZp. For a p-integral rational number such as
Bm (m ≤ p − 3) this means that p divides its numerator. Individual values depend on ιp,
but ω itself was defined through ιp, so all statements are consistent.

Corollary 5.3.2
p | h−

K ⇐⇒ p |
∏
B1,ω−i (in Zp), the product over odd i with 3 ≤ i ≤ p − 2. (Recall: ωi is

odd ⇐⇒ i is odd.)

Correction. My notes write “p | # Cl(Q(ζp)) ⇐⇒ p |
∏
i evenB1,ω−i”. The product is over

odd i, excluding i = 1. Also the precise statement is about h−; that p | h ⇐⇒ p | h− is a
further theorem of Kummer (see below).
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Proof. Write a = ω(a)⟨a⟩ with ⟨a⟩ ∈ 1 + pZp (Theorem 2.4.1). For i = 1: pB1,ω−1 =
∑
a⟨a⟩ ≡

p − 1 ≡ −1 (mod p), so −pB1,ω−1 is a unit. For odd i ≥ 3: pB1,ω−i ≡
∑
a ω

1−i(a) = 0 (mod p),
since ω1−i ̸= 1; so B1,ω−i ∈ Zp. Hence h−

K = (−pB1,ω−1) ·
∏
i≥3(−1

2B1,ω−i) is a unit times the
product in question. ■

By the definition of Bn,ωi , we have the following lemma.

Lemma 5.3.3
For odd i with 3 ≤ i ≤ p− 2, put m = p− i (even, 2 ≤ m ≤ p− 3). Then

B1,ω−i ≡
Bm
m

(mod p).

Correction. My notes have B1,ω−i ≡ Bp−1−i (mod p). For odd i the index p− 1− i is odd,
and then Bp−1−i = 0. The correct index is p− i, and there is a factor 1/(p− i).

Proof. Note ω−i = ωm−1 since ωp−1 = 1, and ωm−1(a) a = ωm(a)⟨a⟩. Write ⟨a⟩ = 1 + xa with
xa ∈ pZp. Since m ̸≡ 0 (mod p− 1),

∑
a ω

m(a) = 0, and therefore

pB1,ωm−1 =
p−1∑
a=1

ωm(a)(1 + xa) =
∑
a

ωm(a)xa,

p−1∑
a=1

am =
∑
a

ωm(a)(1 + xa)m ≡ m
∑
a

ωm(a)xa (mod p2).

On the other hand, Faulhaber’s formula
∑p−1
a=0 a

m = 1
m+1

∑m
j=0

(m+1
j

)
Bjp

m+1−j together with
the von Staudt–Clausen theorem (pBj ∈ Zp for all j, [16, Thm. 5.10]) gives

∑p−1
a=1 a

m ≡ pBm
(mod p2) (the term j = m is pBm; the term j = m − 1 is 0 or p2B1; the others are divisible by
p2 because m+ 1 < p). Hence pB1,ωm−1 ≡ pBm/m (mod p2). ■

Hence, we have:

Theorem 5.3.4 (Kummer)
Let p be an odd prime. Then p | # Cl(Q(ζp)) if and only if one of B2, B4, . . . , Bp−3 is divisible
by p (i.e. p divides its numerator).

Correction. My notes list B1, B3, B5, . . . , Bp−1. The odd-index Bernoulli numbers
B3, B5, . . . vanish. The correct list is the even-index numbers B2, B4, . . . , Bp−3 (Bp−1 has p
in its denominator).

Proof. By Corollary 5.3.2 and Lemma 5.3.3 (note Bm ∈ Zp for m ≤ p − 3 and m is a unit),
p | h−

K iff p | Bm for some even 2 ≤ m ≤ p − 3. It remains to use Kummer’s theorem that
p | hK+ ⇒ p | h−

K [16, Thm. 5.34], so that p | hK ⇐⇒ p | h−
K . ■

A prime p with p ∤ # Cl(Q(ζp)) is called regular, otherwise irregular.

Remark 5.3.5. The smallest irregular prime, i.e. the smallest p such that p | # Cl(Q(ζp)), is
p = 37; indeed 37 divides the numerator of B32. The next ones are 59, 67, 101, 103, . . .
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Theorem 5.3.6 (Kummer)
If p ∤ # Cl(Q(ζp)), then Fermat’s Last Theorem is true for the exponent p: the equation
ap + bp = cp has no solutions in nonzero integers a, b, c.

Notes. No proof was given in the lecture; see [16, Ch. 9].

5.4 Eigenspaces of the class group; Herbrand–Ribet; Kronecker–
Weber

Note that ∆ = Gal(Q(ζp)/Q) ∼= (Z/pZ)× acts on Cl(Q(ζp)). Let

Cl(Q(ζp))[p] = {x ∈ Cl(Q(ζp)) | p · x = 0},

a finite-dimensional Fp-vector space with an action of ∆.

Proposition 5.4.1
Let A be a Zp[∆]-module (e.g. Cl(Q(ζp))[p] or the p-Sylow subgroup Cl(Q(ζp))[p∞]). Then
we have the decomposition

A =
p−2⊕
i=0

Aω
i
, Aω

i = {x ∈ A | σax = ωi(a)x for all a},

the part on which Gal(Q(ζp)/Q) acts by ωi. Moreover Aωi = εiA with the idempotents
εi = 1

p−1
∑p−1
a=1 ω

−i(a)σa ∈ Zp[∆].

Proof. Since p− 1 is invertible in Zp, εi ∈ Zp[∆]. Substituting a 7→ ab−1 gives σbεi = ωi(b)εi. By
orthogonality of characters (

∑
a ω

j(a) = (p − 1)[j ≡ 0]) we get εiεj = δijεi and
∑
i εi = σ1 = 1.

Hence A =
⊕
εiA, with εiA ⊆ Aω

i , and εix = x for x ∈ Aωi . ■

Since εi commutes with multiplication by p, Aωi ̸= 0 iff (A[p])ωi ̸= 0; so it does not matter
whether we use Cl[p] or Cl[p∞] below.

Theorem 5.4.2 (Herbrand–Ribet)
Let n be even with 2 ≤ n ≤ p− 3. Then

p | # Cl(Q(ζp))[p]ω
1−n ⇐⇒ p | Bn.

Correction. My notes state this for all n with 1 ≤ n ≤ p − 1. It should be even n with
2 ≤ n ≤ p − 3, i.e. ω1−n = ωi with i = p − n odd, 3 ≤ i ≤ p − 2. Note how this refines
Theorem 5.3.4: the Bernoulli number Bn “sees” exactly the ω1−n-part.

Notes. The direction ⇒ is due to Herbrand (1932), using Stickelberger’s theorem. The
direction⇐ is due to Ribet [12], who constructs the corresponding unramified extension using
modular forms (congruences between cusp forms and Eisenstein series). The same strategy,
generalised by Mazur and Wiles, proves the Iwasawa main conjecture; see Chapter 11. Proofs:
[16, §6.3, §15.2].
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Theorem 5.4.3 (Kronecker–Weber)
Let F be an abelian number field, i.e. F/Q is Galois and Gal(F/Q) is an abelian group. Then
there exists a positive integer N such that F ⊆ Q(ζN ).

Notes. No proof in the lecture; see [16, Ch. 14]. Combined with Theorem 5.1.1 and Corol-
lary 5.1.2, it shows that the zeta function of every abelian number field is a product of
Dirichlet L-functions, and that ζF (1− n) ∈ Q for all abelian F and n ≥ 1.

5.5 Quadratic fields

Lemma 5.5.1
Every quadratic field F is contained in Q(ζ|DF |).

Proof. For an odd prime ℓ let ηℓ be the Legendre symbol mod ℓ (the quadratic character) and
ℓ∗ = (−1)(ℓ−1)/2ℓ. By Lemma 4.2.2(ii), G(ηℓ)2 = ηℓ(−1)ℓ = ℓ∗, so

√
ℓ∗ ∈ Q(ζℓ). Also

√
−1 = ζ4,√

2 = ζ8 + ζ−1
8 and

√
−2 = ζ8 + ζ3

8 . Writing F = Q(
√
m) with m squarefree, a case check with

Lemma 1.3.1 shows that DF =
∏
ℓ|m odd ℓ

∗ times one of 1,−4, 8,−8 (according to m ≡ 1 (mod 4),
m ≡ 3 (mod 4), and m = 2m′ with m′ ≡ ±1 (mod 4)). Hence

√
DF ∈ Q(ζ|DF |). ■

Let F be a quadratic field. Composing (Z/|DF |Z)× ∼= Gal(Q(ζ|DF |)/Q) ↠ Gal(F/Q) ∼= {±1},
we have the following Dirichlet character χF : Z→ {0,±1} with modulus |DF |.

Proposition 5.5.2
For a prime ℓ,

χF (ℓ) =


1 if ℓ is unramified and decomposed in F/Q,
−1 if ℓ is unramified and not decomposed (inert) in F/Q,

0 if ℓ is ramified in F/Q.

Moreover χF is even iff F is real, and we have ζF (s) = ζ(s)L(χF , s).

Correction. In my notes the values 1 and −1 are interchanged (1 for “not decomposed”,
−1 for “decomposed”). With that convention the factorisation ζF = ζ · L(χF , ·) would fail.

Proof. If ℓ | DF , then ℓ ramifies (Proposition 1.3.2) and χF (ℓ) = 0 by definition. If ℓ ∤ DF , the
Frobenius of ℓ in Gal(Q(ζ|DF |)/Q) is σℓ (proof of Theorem 5.1.1(a)), and its restriction to F is
the Frobenius of ℓ in F/Q, as both are characterised by x 7→ xℓ modulo a prime above ℓ. It is
trivial iff the decomposition group is trivial, iff f = 1, iff ℓ splits. Also χF (−1) is the restriction
of complex conjugation σ−1 to F , which is trivial iff F is real. The factorisation is Theorem 5.1.1
with X(F ) = {1, χF }, using that χF is primitive of conductor |DF | [16, Thm. 3.11]. ■

In this case, we have an explicit class number formula.

Theorem 5.5.3
Let F be a quadratic field with discriminant DF , χ = χF .
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(a) If F is imaginary, then RF = 1 and

# Cl(F ) = wF |DF |1/2

2π L(χF , 1), L(χF , 1) = − π

|DF |3/2

|DF |∑
a=1

χF (a) a,

hence # Cl(F ) = − wF
2|DF |

|DF |∑
a=1

χF (a) a.

(b) If F is real with fundamental unit ε > 1, then RF = log ε, wF = 2, and

# Cl(F ) = D
1/2
F

2RF
L(χF , 1), L(χF , 1) = − 1

D
1/2
F

DF∑
a=1

χF (a) log
(
sin πa

DF

)
,

hence # Cl(F ) = − 1
2 log ε

DF −1∑
a=1

χF (a) log sin πa

DF
.

Correction. My notes give the single formula # Cl(F ) = wF |DF |1/2

2RF
L(χF , 1) for both cases.

From Theorem 3.5.1 the correct constants are wF |DF |1/2

2π (imaginary: r1 = 0, r2 = 1, RF = 1)

and D
1/2
F

2RF
(real: r1 = 2, r2 = 0, wF = 2). The factor π in L(χF , 1) for imaginary F , which I

marked with “?”, is correct.

Proof. By Proposition 5.5.2 and Theorem 3.5.1, L(χF , 1) is the residue of ζF at s = 1, which gives
the first formula in each case. For the values of L(χF , 1) apply Proposition 4.6.2 with N = |DF |,
χ̄ = χ, and Gauss’s evaluation of the sign of the quadratic Gauss sum: G(χF ) =

√
DF if DF > 0

and G(χF ) = i
√
|DF | if DF < 0 [3, Ch. 2 and 9]. (Lemma 4.2.2 alone gives G(χF )2 = DF , so

only this sign is extra input.) In the imaginary case, L = πi·i
√

|D|
|D| B1,χ with B1,χ = 1

|D|
∑
χ(a)a.

In the real case, use |1− ζaD| = 2 sin πa
D and

∑
a χ(a) = 0. ■

If F is an imaginary quadratic field, then we can calculate # Cl(F ) easily by hand.

Example 5.5.4. Let F = Q(
√
−5), so |DF | = 20. Thus χF is a Dirichlet character modulo 20,

and wF = 2. By Proposition 5.5.2 and Proposition 1.3.2, χF (ℓ) = 1 iff −5 is a nonzero square
mod ℓ: this holds for ℓ = 3, 7 (−5 ≡ 1 mod 3, −5 ≡ 32 mod 7) and fails for ℓ = 11, 13, 17, 19.
Hence χF (a) = 1 for a = 1, 3, 7, 9 and χF (a) = −1 for a = 11, 13, 17, 19, and

# Cl(F ) = − 2
2 · 20

(
1 + 3 + 7 + 9− 11− 13− 17− 19

)
= − 1

20 · (−40) = 2.

Correction. In my notes the minus sign in front is missing; without it the sum gives −2.

Example 5.5.5. For F = Q(
√

5): DF = 5, ε = 1+
√

5
2 , χF (1) = χF (4) = 1, χF (2) = χF (3) = −1,

and # Cl(F ) = − 1
2 log ε · 2 log sin 36◦

sin 72◦ = log(2 cos 36◦)
log ε = 1, since 2 cos 36◦ = ε.
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Chapter 6

Introduction to Iwasawa Theory

Throughout this chapter p is an odd prime. For a number field F we write Cl(F )[p∞] for the
p-Sylow subgroup of Cl(F ), i.e. the elements of p-power order.

6.1 Gauss’s conjecture and Iwasawa’s class number formula

Conjecture 6.1.1 (Gauss)
There are infinitely many real quadratic fields F such that Cl(F ) = {1}.

Notes. This is still open. For imaginary quadratic fields the opposite holds: by the work of
Heegner, Baker and Stark there are exactly nine with class number one. The conjecture is
mentioned as an illustration of how badly understood individual class groups are. Iwasawa’s
idea is to study class groups not one field at a time, but along a tower of fields, where they
behave regularly.

We fix a prime number p. We consider a family of cyclotomic fields Q(ζpn), n ≥ 1. The first
interesting result for Cl(Q(ζpn)) is the following theorem.

Theorem 6.1.2 (Iwasawa’s class number formula)
Let p be a prime number. Then there exist λp ∈ Z≥0, µp ∈ Z≥0 and νp ∈ Z such that

# Cl(Q(ζpn))[p∞] = pλpn+µppn+νp for n≫ 0.

Proof. Later, for an arbitrary Zp-extension, in Part II (Chapter 9). ■

Notes. (a) “n ≫ 0” means: for all n larger than some n0; the formula need not hold for
small n. (b) The invariants depend on p (and, in general, on the tower). Shifting the index
(Q(ζpn+1) instead of Q(ζpn)) only changes νp. (c) For the cyclotomic tower, Ferrero and
Washington proved µp = 0 [7].

6.2 The analytic side: the Kubota–Leopoldt p-adic zeta function

The analytic side of Iwasawa theory is a p-adic analogue of the zeta function. The guiding
dictionary is

holomorphic (meromorphic) ←→ “bounded” “analytic” functions on the
functions on C open unit disc in Qp around 1,

where the open unit disc around 1 is

U(1; 1) = {x ∈ Qp | |x− 1|p < 1} = 1 + mQp
,
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with mQp
the maximal ideal of the valuation ring of Qp.

Correction. On one page of my notes the disc is written with ≤ 1; it is the open disc
|x− 1|p < 1, as on the next page.

Notes. “Bounded analytic function on U(1; 1)” means a function of the form x 7→ G(x− 1)
with G(T ) =

∑
n≥0 cnT

n, where the cn lie in a finite extension E of Qp and supn |cn|p <∞.
Such series converge on U(1; 1), since |x − 1|p < 1 and the coefficients are bounded. Up to
scaling, they are exactly the elements of OE [[T ]], and Chapter 8 studies this ring in detail.
By the p-adic Weierstrass preparation theorem (Corollary 8.3.5), a nonzero such function
has only finitely many zeros in U(1; 1). So the “number of zeros” below is meaningful, and
such a function is determined by its values on any subset of U(1; 1) with an accumulation
point in U(1; 1).

Lecture of 25 May 2026: a brief review of the Iwasawa main conjecture for ideal
class groups.

Theorem 6.2.1 (Kubota–Leopoldt)
Let p be an odd prime. For every odd i with 3 ≤ i ≤ p − 2 there exists a unique bounded
p-adic analytic function ζ

(i)
p on U(1; 1) such that

ζ(i)
p

(
(1 + p)1−r) =

(
1− pr−1) ζ(1− r)

for every positive integer r with r ≡ 1− i (mod p− 1).

Correction. My notes state this “for all 0 < i < p − 1”. For even i the integers r ≡ 1 − i
are odd, so ζ(1− r) = 0 for r ≥ 3 (Corollary 4.4.5) and the function is identically zero. For
i = 1 the right-hand side has p in the denominator (r ≡ 0 mod p− 1, von Staudt–Clausen),
and ζ

(1)
p is only meromorphic, with a simple pole at x = 1 + p (the p-adic analogue of the

pole of ζ(s) at s = 1). So the interesting cases are the odd i with 3 ≤ i ≤ p− 2.

Notes. Note: if i is odd, then r is even, so 1− r is an odd negative integer, and ζ(1− r) =
−Br/r ∈ Q× (Corollaries 4.4.5 and 4.6.1). Since Q ⊂ Qp and Q ⊂ C, these rational numbers
can be read both complex-analytically and p-adically: this is the bridge between the two
worlds. The factor 1−pr−1 is the Euler factor at p of ζ(s) evaluated at s = 1−r; it has to be
removed to obtain a p-adically continuous family. Uniqueness: as r runs through r0+(p−1)pk,
k → ∞, the points (1 + p)1−r converge to (1 + p)1−r0 ∈ U(1; 1), so the interpolation points
accumulate, and the preceding note applies. In modern notation ζ(i)

p
(
(1 + p)s

)
= Lp(s, ω1−i)

is a branch of the Kubota–Leopoldt p-adic L-function. Its construction is the subject of
Chapter 10.

6.3 The algebraic side and the Iwasawa main conjecture

Let An = Cl(Q(ζpn))[p∞] and
V =

(
lim←−
n

An
)
⊗Zp Qp.

Each An carries an action of Gal(Q(ζpn)/Q).
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Notes. The inverse limit is taken with respect to the norm maps An+1 → An, induced
by NQ(ζpn+1 )/Q(ζpn ) on ideals (equivalently, via class field theory, by restriction between the
Galois groups of the maximal unramified abelian p-extensions). The norm commutes with
the Galois action, so the actions are compatible. Each An is a finite abelian p-group, hence
a Zp-module, and lim←−An is a compact Zp-module.

V is a Qp-vector space on which

Gal(Q(ζp∞)/Q) = lim←−
n

Gal(Q(ζpn)/Q) ∼= lim←−
n

(Z/pnZ)× ∼= Z×
p = µp−1 × (1 + pZp)

acts naturally, where Q(ζp∞) =
⋃
nQ(ζpn) (see §7.1), and µp−1 ∼= (Z/pZ)× by Lemma 2.4.2.

Correction. In my notes Gal(Q(ζp∞)/Q) is identified with (Z/pnZ)×; it is the inverse limit,
Z×
p .

Proposition 6.3.1 (Iwasawa)
The vector space V is finite dimensional.

Notes. This follows from the structure theory of modules over the Iwasawa algebra (Chap-
ter 8 and Part II): lim←−An is a finitely generated torsion Zp[[Γ]]-module, and dimQp V = λp
is the λ-invariant of Theorem 6.1.2.

Since Gal(Q(ζp)/Q) ∼= (Z/pZ)× ∼= µp−1 acts on V through the factor µp−1 ⊂ Z×
p , Proposition 5.4.1

gives

V ∼=
p−2⊕
i=0

V ωi
,

with ω the Teichmüller character. The group

Γ := Gal(Q(ζp∞)/Q(ζp)) ∼= 1 + pZp

acts on each V ωi , because Gal(Q(ζp∞)/Q) is abelian.

Correction. My notes write Gal(Q(ζp∞)/Q(ζp)) ∼= 1 + Zp; it is 1 + pZp, the kernel of
Z×
p → (Z/pZ)×.

We choose a topological generator γ ∈ Γ, i.e. the subgroup ⟨γ⟩ = {γn | n ∈ Z} is dense in Γ (for
example the element corresponding to 1 + p, see Proposition 8.1.3). We denote by p(i)(x) the
characteristic polynomial

p(i)(x) = det
(
1− γx

∣∣ V ωi)
.

Notes. This is the “reversed” characteristic polynomial: a polynomial in x with constant
term 1 and degree dimQp V

ωi , whose zeros are the inverses of the eigenvalues of γ on V ωi (in
Qp). The eigenvalues are ≡ 1 modulo mQp

, because γpn → 1, so the zeros lie in U(1; 1). The
same convention appears in the Weil conjectures (Remark below).

Theorem 6.3.2 (Mazur–Wiles; Iwasawa main conjecture)
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For every odd i ∈ Z with 3 ≤ i ≤ p− 2,

#
{
zeros of ζ(i)

p in U(1; 1)
}

= #
{
zeros of p(i)},

where zeros are counted with multiplicity.

Correction. My notes have the range “0 < i < p − i”; it should be 0 < i < p − 1 (and, as
explained above, the statement is meaningful for odd i ≥ 3).

Notes. This counting statement is the form given in the lecture. The main conjecture proper
(proved by Mazur and Wiles [10]) is the finer statement that the characteristic power series
of the ωi-part of lim←−An and the power series attached to ζ

(i)
p generate the same ideal of

Zp[[T ]]. The counting statement follows from it by Corollary 8.3.5. The precise formulations
are given in Part II (Chapter 11).

Remark 6.3.3. (1) According to the philosophy of the analogy between function fields of one
variable over finite fields and number fields, the Iwasawa main conjecture is an analogue
of the Weil conjecture for the congruence zeta function of curves over a finite field. For a
smooth projective curve C/Fq one has Z(C, t) = P (t)

(1−t)(1−qt) with P (t) = det(1 − Frob t |
Vℓ(JacC)). Here the tower Fq ⊂ Fq2 ⊂ · · · corresponds to the cyclotomic tower, Frob to γ,
and the Tate module of the Jacobian to V .

(2) The proof of Mazur–Wiles uses the theory of modular curves, modular forms, and arithmetic
geometry (generalising Ribet’s method for the Herbrand–Ribet theorem).

(3) There is another proof by Karl Rubin [13], using the theory of Euler systems of cyclotomic
units (due to Kolyvagin and Thaine).
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Chapter 7

Zp-extensions

For simplicity, we assume that the prime p is > 2.

7.1 Definition and the cyclotomic Zp-extension

Definition 7.1.1
Let K be a number field. If L is a Galois extension of K such that Gal(L/K) ∼= Zp, then we
say L is a Zp-extension of K.

Notes. Here L/K is in general infinite, Gal(L/K) carries the Krull topology, and “∼=” means
an isomorphism of topological groups, with Zp carrying the p-adic topology.

Lemma 7.1.2
The closed subgroups of Zp are 0 and pnZp (n ≥ 0). The open subgroups are exactly the
pnZp with n ≥ 0, and Zp/pnZp ∼= Z/pnZ. Consequently a Zp-extension L/K has exactly one
intermediate field Kn with [Kn : K] = pn for each n ≥ 0, these are all the intermediate fields
other than L, and L =

⋃
nKn.

Proof. Let H ̸= 0 be a closed subgroup and n = min{vp(x) | x ∈ H}. Then H ⊆ pnZp. Pick
x = pnu ∈ H with u ∈ Z×

p . Since H is a closed subgroup, it contains the closure of Zx, which
is Zpx = pnZp (as Z is dense in Zp and multiplication is continuous). So H = pnZp. Open
subgroups are closed and nonzero; conversely pnZp is open. The rest follows from infinite Galois
theory (closed subgroups ↔ intermediate fields) and Proposition 2.2.3(iii). ■

Correction. My notes say “the only open subgroups of Zp are {pnZp}n∈Z≥1”; n = 0 (the
whole group) must be included.

Q(ζp∞) =
⋃
nQ(ζpn) is a Galois extension of Q. By the report problem (Theorem 1.3.5),

Gal(Q(ζpn)/Q) ∼−−→ (Z/pnZ)×, Gal(Q(ζp∞)/Q) ∼−−→ lim←−
n

(Z/pnZ)× ∼= Z×
p .

The second isomorphism is the cyclotomic character χcyc: σ(ζ) = ζχcyc(σ) for every p-power root
of unity ζ.

Notes. The Galois group of a union of a tower of finite Galois extensions is the inverse limit
of the finite Galois groups (this is how the Krull topology arises), and the isomorphisms for
the different n are compatible with the reductions (Z/pn+1Z)× → (Z/pnZ)×.

We have a decomposition (as multiplicative groups)

Z×
p

∼−−→ µp−1 × (1 + pZp), µp−1 ∼= (Z/pZ)×,
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where µp−1 is a closed (finite) subgroup, and

log : 1 + pZp
∼−−→ pZp ∼= Zp

from a multiplicative group to an additive group (Theorem 2.4.1).

Correction. My notes write 1 + pZp
log−−→ pZ; the target is pZp.

Let Q∞ = Q(ζp∞)µp−1 be the fixed field of the closed subgroup of Gal(Q(ζp∞)/Q) corresponding
to µp−1:

Q(ζp∞)

Q Q∞

Z×
p µp−1

According to Galois theory for infinite algebraic extensions, Q∞ is a Galois extension of Q such
that

Gal(Q∞/Q) ∼= Z×
p /µp−1 ∼= 1 + pZp ∼= Zp.

So Q∞/Q is a Zp-extension. Its n-th layer Qn is the unique subfield of Q(ζpn+1) of degree pn over
Q.
Let K be a number field. We define Kcyc

∞ = KQ∞.

Proposition 7.1.3
Kcyc

∞ /K is a Zp-extension.

Proof. Kcyc
∞ = KQ∞ is Galois over K, and restriction gives an isomorphism of topological groups

Gal(KQ∞/K) ∼= Gal(Q∞/K ∩Q∞). (This is the usual theorem on translations of Galois exten-
sions; it holds for infinite ones as well, since a continuous bijection between compact Hausdorff
groups is a homeomorphism.) K ∩ Q∞ is a finite extension of Q, so Gal(Q∞/K ∩ Q∞) is an
open subgroup of Gal(Q∞/Q) ∼= Zp. By Lemma 7.1.2 it is pnZp for some n, and pnZp

∼−→ Zp,
x 7→ p−nx. Hence Kcyc

∞ /K is a Zp-extension. ■

Definition 7.1.4
We call Kcyc

∞ the cyclotomic Zp-extension of K.

7.2 How many Zp-extensions? Leopoldt’s conjecture

Questions. (1) Are there any Zp-extensions of a number field other than the cyclotomic
Zp-extension? (2) “How many” Zp-extensions do we have for a given number field? Class
field theory partially answers these.

Lemma 7.2.1
Let K(1)

∞ , . . . ,K
(d)
∞ be Zp-extensions of a number field K. Then their composite K(1)

∞ · · ·K(d)
∞

is a Galois extension of K, and its Galois group is isomorphic to a free Zp-module of finite
rank ≤ d.

Proof. A composite of Galois extensions is Galois. Restriction gives a continuous injective ho-
momorphism Gal(K(1)

∞ · · ·K(d)
∞ /K) ↪→

∏
i Gal(K(i)

∞ /K) ∼= Zdp, whose image H is compact, hence
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closed. A closed subgroup of Zdp is stable under multiplication by Z, hence by continuity under
Zp; so H is a Zp-submodule of the free module Zdp over the PID Zp, hence free of rank ≤ d. ■

For a number field K, we denote by K̃∞ the composite of all Zp-extensions of K.

Theorem 7.2.2
Let K be a number field. Then Gal(K̃∞/K) ∼= Zρp is a free Zp-module of finite rank, and we
have

r2(K) + 1 ≤ ρ = rankZp Gal(K̃∞/K) ≤ [K : Q].

Proof sketch. (Omitted in the lecture: a corollary of class field theory.) Let M be the maximal
abelian pro-p extension of K unramified outside p. Every Zp-extension is contained in M (Theo-
rem 7.3.1(1)), so Gal(K̃∞/K) is the maximal torsion-free quotient of Gal(M/K), and both have
the same Zp-rank. Let U1 =

∏
v|p U

(1)
v (principal units of the completions at the primes above

p); by Theorem 2.4.7 it has Zp-rank
∑
v[Kv : Qp] = [K : Q]. Let E1 be the closure of the image

of the global units congruent to 1. Class field theory gives Gal(M/H) ∼= U1/E1, where H is the
p-Hilbert class field, and [H : K] <∞. So

rank Gal(M/K) = [K : Q]− rankZp E1.

Since rankZp E1 ≤ r1 + r2− 1 (see below), the rank is ≥ [K : Q]− (r1 + r2− 1) = r2 + 1; trivially
it is ≤ [K : Q]. See [16, §13.1]. ■

Conjecture 7.2.3 (Leopoldt)
rankZp Gal(K̃∞/K) = r2(K) + 1.

Correction. In my notes: “Gal(K̃∞/K) ∼= r2(K) + 1”. What is meant is the rank (equiva-
lently Gal(K̃∞/K) ∼= Zr2(K)+1

p ).

By Dirichlet’s unit theorem, rankZO×
K = r1(K)+r2(K)−1. We consider the image of the (finitely

generated abelian) group O×
K under

O×
K −→ lim←−

n

(
OK/pnOK

)× ∼= (OK ⊗Z Zp)× ∼=
∏
v|p
O×
Kv
.

Let O×
K be the closure of the image of O×

K in (OK ⊗Z Zp)×.

Correction. My notes call O×
K a “finite dim. abelian group”; it is a finitely generated abelian

group (infinite in general).

Proposition 7.2.4
A priori, rankZp O×

K ≤ r1(K) + r2(K)− 1, and

Leopoldt’s conjecture for K and p ⇐⇒ rankZp O×
K = r1(K) + r2(K)− 1.

Proof. U1 is open of finite index in (OK ⊗ Zp)× and is a Zp-module (as in the proof of Theo-
rem 2.4.7). E1 = O×

K ∩ U1 has finite index in O×
K , so it is free of rank r = r1 + r2 − 1 modulo

torsion, say generated by ε1, . . . , εr and torsion. The Zp-span
∑

Zpεi is compact (a continuous
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image of Zrp), contains E1, and is contained in its closure; so it equals E1, which has rank ≤ r.
Since O×

K contains E1 with finite index, it has the same rank. The equivalence follows from the
rank formula in the proof of Theorem 7.2.2. ■

Notes. The rank of O×
K can be smaller than r only if there is a nontrivial Zp-linear relation∏

εai
i = 1 with ai ∈ Zp not all in Q-proportion to an integral relation. Equivalently, the p-adic

regulator (the determinant of p-adic logarithms of units) vanishes. So Leopoldt’s conjecture
is a conjecture on p-adic transcendental numbers. By this translation and a p-adic version
of Baker’s theorem on linear forms in logarithms, Brumer [2] proved Leopoldt’s conjecture
when K is a finite abelian extension of Q or of an imaginary quadratic field.

Correction. My notes say “a finite abelian extension of Q of a finite abelian extension of
an imaginary quadratic field”; it should be “or”.

Example 7.2.5. In particular:

(1) If K is a real quadratic field, then r2(K) + 1 = 1, and Leopoldt’s conjecture holds (K/Q is
abelian). Hence Gal(K̃∞/K) ∼= Zp, and K does not have a Zp-extension other than Kcyc

∞ .

(2) If K is an imaginary quadratic field, then r2(K)+1 = 2 = [K : Q], so rankZp Gal(K̃∞/K) =
2 unconditionally. Since Z2

p has infinitely many quotients isomorphic to Zp, K has infinitely
many Zp-extensions, e.g. the cyclotomic one and the anticyclotomic one (on which complex
conjugation acts by −1).

Notes. My notes write “rankZp(K̃∞)”; this means the rank of Gal(K̃∞/K). In (1), the claim
that there is no other Zp-extension uses that any Zp-extension is a quotient of Gal(K̃∞/K) ∼=
Zp, hence equal to K̃∞.

7.3 Ramification in Zp-extensions

Theorem 7.3.1
Let K be a number field and let K∞ be a Zp-extension of K.

(1) Let λ be a prime ideal of OK with λ ∤ p. Then K∞/K is unramified at λ.

(2) There is at least one prime p ⊂ OK above p (i.e. dividing pOK) which is ramified in
K∞/K.

Correction. My notes have “a prime p ⊂ OK divisible by (p)”; it should be a prime dividing
(p), i.e. p ⊇ pOK .

Notes. “K∞/K is unramified at λ” means that λ is unramified in every finite layer Kn/K,
equivalently that the inertia group Iλ ⊆ Gal(K∞/K) is trivial. Since Gal(K∞/K) is abelian,
Iλ does not depend on the choice of a prime above λ. The infinite places are automatically
unramified: their decomposition groups have order ≤ 2, and Zp (p odd) has no element of
order 2.
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Proof. (The lecture omitted the proof: it is also a corollary of class field theory and the compat-
ibility of global and local class field theory.)
(1) Suppose I = Iλ ̸= 0; then I = pmZp for some m (Lemma 7.1.2). For n > m, the inertia group
of λ in Kn/K is the image of I in Zp/pnZp, cyclic of order pn−m. As the residue characteristic
ℓ of λ is different from p, this ramification is tame. For a tamely ramified Galois extension of
local fields, the inertia group embeds into the multiplicative group of the residue field of the top
field, via σ 7→ σ(Π)/Π mod Π ([14, Ch. IV, §2]). Moreover the Frobenius acts on it by x 7→ xq,
q = N(λ). In an abelian extension this action is trivial, so the order of the inertia group divides
q − 1. Hence pn−m | q − 1 for all n > m, which is absurd.
(2) If no prime above p ramifies, then by (1) and the preceding note every Kn/K is an abelian
extension of degree pn, unramified at all primes, finite and infinite. By Definition 1.4.1 and
Theorem 1.4.2, Kn ⊆ HK , so pn ≤ hK for all n, a contradiction. ■
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Chapter 8

The Iwasawa Algebra

Recall that for any Zp-extension K∞/K, Γ = Gal(K∞/K) acts on K∞ and on Cl(K∞)[p∞], which
is a Zp-module and a Γ-module. Hence it is important to recall the general theory of Γ-modules.

Notes. Here Cl(K∞)[p∞] := lim−→n
Cl(Kn)[p∞] (direct limit along the maps induced by ex-

tension of ideals). In practice one mostly works with the inverse limit X = lim←−n Cl(Kn)[p∞]
along norm maps, as in §6.3. The two are related by Pontryagin duality and class field theory
(Part II).

8.1 Complete group algebras

Lecture of 8 June 2026.

Throughout, K is a finite extension of Qp, O ⊂ K is the ring of integers of K, ϖ is a uniformiser,
and Fq = O/ϖO. Note that O is a complete discrete valuation ring whose residue field is finite
(Proposition 2.3.6). Let G be a profinite group.

Correction. My notes say “G: a profinite ring”; it is a profinite group.

Notes. A profinite group is a topological group isomorphic to an inverse limit of finite
(discrete) groups; equivalently, a compact Hausdorff totally disconnected group. Galois
groups with the Krull topology, Zp and Z×

p are examples. Note that if U ⊆ G is an open
normal subgroup, then G/U is a finite group: the cosets of U form an open cover of the
compact group G by disjoint sets.

Definition 8.1.1
We define the complete group algebra O[[G]] to be

O[[G]] := lim←−
U⊴G

open normal

O[G/U ],

where O[G/U ] is the (usual) group algebra of the finite group G/U over O, and for U ′ ⊆ U
the transition map O[G/U ′]→ O[G/U ] is induced by G/U ′ ↠ G/U .

Notes. Each O[G/U ] ∼= O|G/U | (as O-modules) carries the ϖ-adic topology, and O[[G]] the
inverse limit topology. It is compact. G embeds into O[[G]]× via g 7→ (gU)U , and the group
algebra O[G] is dense in O[[G]].

If G is an abelian profinite group, then O[[G]] is a commutative O-algebra.
From now on, we restrict ourselves to the case where G is isomorphic to 1 + pZp ⊂ Z×

p ; we set
Γ = G with a fixed isomorphism κ : Γ ∼−→ 1 + pZp.
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Definition 8.1.2
Classically, ΛO := O[[Γ]] is called the Iwasawa algebra; for O = Zp we write Λ = Zp[[Γ]].

Proposition 8.1.3 (1) Γ is a topologically cyclic profinite group: there exists γ ∈ Γ, called
a topological generator, with Γ = ⟨γ⟩ (closure). For example κ(γ) = 1 + p works:
(1 + p)Z = 1 + pZp.

(2) (1 + pZp)p
n = 1 + pn+1Zp.

(3) A subgroup U ⊆ Γ is open (normal) iff U = Γpn for some n ∈ Z≥0, and Γn := Γ/Γpn ∼=
(1 + pZp)/(1 + pn+1Zp) ∼= Z/pnZ, generated by the image of γ.

Correction. My notes write (1 + p)Z = 1 + pZ (it is 1 + pZp), the range n ∈ Z≥1 in (3)
(it should include n = 0), and “Γpn ∼= (1 + pZ)/(1 + pZp)p

n ∼= Z/pnZ”. The last one is the
quotient Γ/Γpn .

Proof. By Proposition 2.4.3 (p odd, e = 1), log : 1+pkZp → pkZp is an isomorphism for all k ≥ 1,
transforming x 7→ xp

n into y 7→ pny. Hence (2): log
(
(1 + pZp)p

n) = pn+1Zp = log(1 + pn+1Zp).
Since vp(log(1 + p)) = 1, log(1 + p) generates pZp as a Zp-module, and Z log(1 + p) is dense in
pZp; this gives (1). Under Γ ∼= pZp ∼= Zp, (3) is Lemma 7.1.2; all subgroups are normal since Γ is
abelian. ■

Hence
O[[Γ]] = lim←−

n

O[Γn], Γn = Γ/Γpn ∼= Z/pnZ.

Example 8.1.4. Let Γ = Gal(Q(ζp∞)/Q(ζp)) ∼= 1 + pZp. Then Γ/Γpn = Gal(Q(ζpn+1)/Q(ζp))
acts on Cl(Q(ζpn+1))[p∞], which is therefore a Zp[Γ/Γp

n ]-module. The norm maps are compatible
with these actions. Hence X = lim←−n Cl(Q(ζpn))[p∞] is naturally regarded as a Zp[[Γ]]-module:
(λn)n ∈ lim←−Zp[Γn] acts on (xn)n by (λnxn)n.

8.2 The power series ring O[[T ]]

In general, for a domain R and a prime ideal P ⊂ R, the maximum of the lengths n of chains of
prime ideals of R

P = P0 ⊋ P1 ⊋ · · · ⊋ Pn

is called the height of P , htP . The supremum of htP over all prime ideals P ⊂ R is called the
Krull dimension of R.

Notes. For a domain the chain can always be extended to end at Pn = (0), so htP = 1
means: P ̸= 0 and there is no prime strictly between 0 and P . Heights may in general be
infinite; for Noetherian rings they are finite (Krull’s principal ideal theorem).

Proposition 8.2.1 (1) (Report problem.) Let f(T ) =
∑
n≥0 anT

n ∈ O[[T ]]. Then f(T ) ∈
O[[T ]]× ⇐⇒ a0 ∈ O×.

(2) O[[T ]] is a local ring with maximal ideal m = (ϖ,T ), and O[[T ]]/ϖO[[T ]] ∼= Fq[[T ]].

(3) The m-adic topology on O[[T ]] coincides with the topology of coefficientwise conver-
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gence; O[[T ]] is compact and complete, and
⋂
N mN = 0.

(4) O[[T ]] is a complete local Noetherian ring of Krull dimension 2, and htm = 2.

Proof. (1) If fg = 1, then a0b0 = 1. Conversely, if a0 ∈ O×, define b0 = a−1
0 and recursively

bn = −a−1
0
∑n
i=1 aibn−i; then g =

∑
bnT

n satisfies fg = 1.
(2) By (1) the non-units are exactly the f with a0 ∈ ϖO, i.e. f ∈ (ϖ,T ); these form an ideal, so
O[[T ]] is local with maximal ideal (ϖ,T ). Reduction of coefficients gives O[[T ]]/ϖ ∼= Fq[[T ]].
(3) Let UN = {f : ai ∈ ϖNO for i < N}; these form a basis of neighbourhoods of 0 for the
coefficientwise topology. An element of m2N is a sum of terms ϖaT bh with a + b = 2N , so
its coefficient of T i is divisible by ϖ2N−i; hence m2N ⊆ UN . Conversely, an element of UN is∑
i<N aiT

i+TN (· · · ) ∈ mN . So the topologies agree. O[[T ]] ∼=
∏
i≥0O with the product topology

is compact (Tychonoff) and complete, and
⋂
N mN ⊆

⋂
N UN = 0.

(4) Noetherianity is the power series version of Hilbert’s basis theorem, and dimR[[T ]] = dimR+1
for Noetherian R [9, Thm. 3.3 and Thm. 15.4]; here dimO = 1. The chain m ⊋ (ϖ) ⊋ 0 (primes,
since O[[T ]]/m = Fq and O[[T ]]/(ϖ) = Fq[[T ]] are domains) shows htm ≥ 2, hence = 2. ■

Definition 8.2.2
A polynomial F (T ) =

∑n
i=0 aiT

i ∈ O[T ] of degree n is called a distinguished polynomial if
an = 1 and an−1, . . . , a1, a0 ∈ (ϖ), i.e. it is monic and all coefficients other than the leading
one are non-units.

Remark 8.2.3. If F (T ) is a distinguished polynomial of degree n ≥ 1, then F (T ) is a non-unit
of O[[T ]] (its constant term lies in (ϖ)).

Correction. In my notes the definition says “all coefficients other than a0 are non-unit”,
which should read “other than the leading coefficient an”. In the remark one needs n ≥ 1:
the constant polynomial 1 is distinguished of degree 0 and is a unit.

Let F (T ) ∈ O[T ] be monic of degree n. Then

F (T ) =
n∏
i=1

(T − αi) ∈ O[T ],

where O is the ring of integers of Qp (the valuation ring {|x|p ≤ 1}), since the roots of a monic
polynomial over O are integral over O.

Proposition 8.2.4 (Report problem)
A monic F (T ) ∈ O[T ] is distinguished ⇐⇒ α1, . . . , αn are all non-units of O, i.e. |αi|p < 1
for all i.

Notes. In my notes the roots carry a bar, ᾱi. Since αi already lies in O, the bar is not
needed. Read with the bar meaning “reduction modulo mO”, the condition becomes ᾱi = 0,
which is equivalent.

Proof. The coefficients are an−k = (−1)kek(α1, . . . , αn), with ek the elementary symmetric poly-
nomials. If all |αi|p < 1, then |ek|p < 1 for k ≥ 1 by the ultrametric inequality, so an−k ∈ O∩mO =
ϖO. Conversely, if F is distinguished, then reducing modulo mO gives

∏
i(T − ᾱi) = F̄ = Tn in

Fp[T ], so all ᾱi = 0, i.e. |αi|p < 1. ■
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8.3 The p-adic Weierstrass preparation theorem

For f =
∑
aiT

i ∈ O[[T ]] with f ̸≡ 0 (mod ϖ), let λ(f) = min{i | ai ∈ O×} (the Weierstrass
degree).

Theorem 8.3.1 (Division theorem)
Let g ∈ O[[T ]] with g ̸≡ 0 (mod ϖ) and n = λ(g). Then every f ∈ O[[T ]] can be written
uniquely as f = qg + r with q ∈ O[[T ]] and r ∈ O[T ] of degree < n.

Proof. Let τ(
∑
biT

i) =
∑
i≥n biT

i−n; τ is O-linear, τ(Tnh) = h, and τ(h) = 0 iff h is a polynomial
of degree < n. Write g = ϖQ+Tnu with Q ∈ O[T ] of degree < n (the first n coefficients of g are
divisible by ϖ) and u = τ(g) ∈ O[[T ]]× (its constant term an is a unit). Then f = qg + r with
deg r < n iff τ(f) = τ(qg) = qu+ϖτ(qQ). Putting h = qu, this reads

(1 +ϖS)(h) = τ(f), S(h) := τ(hu−1Q).

S is O-linear with S(O[[T ]]) ⊆ O[[T ]], so
∑
k≥0(−ϖS)kτ(f) converges coefficientwise and solves

the equation. If (1 + ϖS)h = 0 with h ̸= 0, let k be maximal with ϖk | h; then h = −ϖS(h) is
divisible by ϖk+1, a contradiction. So h, hence q = hu−1 and r = f − qg, are unique. ■

Theorem 8.3.2 (p-adic Weierstrass preparation theorem)
Let F (T ) ∈ O[[T ]], F ̸= 0. Then there exist a unique m ∈ Z≥0, a unique U(T ) ∈ O[[T ]]×
and a unique distinguished polynomial P (T ) such that

F (T ) = ϖm U(T )P (T ).

Moreover degP = λ(ϖ−mF ).

Correction. The statement in my notes omits F ̸= 0 (for F = 0 there is no such decompo-
sition).

Proof. Let m be the largest integer such that ϖm divides all coefficients of F (it exists since
F ̸= 0), and g = ϖ−mF , n = λ(g). Divide Tn by g (Theorem 8.3.1): Tn = qg + r, deg r < n.
Reducing mod ϖ, ḡ = Tnū with ū ∈ Fq[[T ]]×, so r̄ = Tn(1− q̄ū) has degree < n and is divisible
by Tn. Hence r̄ = 0 and q̄ū = 1, so q is a unit and r ∈ ϖO[T ]. Then P := Tn− r is distinguished
of degree n, and P = qg, i.e. F = ϖmq−1P .
Uniqueness: if F = ϖmUP , then ϖm is the exact power dividing F , because UP ̸≡ 0 mod ϖ
(Ū P̄ = ŪT degP ). Comparing reductions gives degP = λ(g). Then Tn = U−1g + (Tn − P ) is
a division of Tn by g with remainder Tn − P of degree < n, so P , and then U , are unique by
Theorem 8.3.1. ■

Remark 8.3.3 (Remarks from the lecture). The lecture omitted the proof but gave several
remarks, which amount to another proof. How to determine m: if some coefficient ai of F is
a unit, then m = 0; in general m is the largest nonnegative integer such that ϖm divides all
coefficients of F . Put F ′(T ) = ϖ−mF (T ) =

∑
i≥0 a

′
iT

i ∈ O[[T ]]; by definition some a′
i is a

unit, and let n be the minimum of such i. Since O[[T ]] = lim←−k(O/ϖ
k)[[T ]], one constructs the

decomposition modulo ϖk for each k. For k = 1, F ′
1(T ) = ā′

nT
n + ā′

n+1T
n+1 + · · · = TnU1(T )

with U1 ∈ Fq[[T ]]×, and P1(T ) = Tn. Then one lifts this decomposition inductively to F ′
k = PkUk

in (O/ϖk)[[T ]] such that F ′
k, Pk, Uk reduce modulo ϖk−1 to F ′

k−1, Pk−1, Uk−1. (In my notes the
sum defining F ′ starts at 1, and the lifting index is n instead of k; both are slips.)
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Definition 8.3.4
For 0 ̸= F ∈ O[[T ]] as in Theorem 8.3.2, we put µ(F ) = m and λ(F ) = degP .

Corollary 8.3.5
A nonzero F ∈ O[[T ]] has exactly λ(F ) zeros (with multiplicity) in the open unit disc {t ∈
Qp | |t|p < 1}. Equivalently, x 7→ F (x− 1) has λ(F ) zeros in U(1; 1).

Proof. For |t|p < 1 all three factors converge. ϖm ̸= 0. For a unit U =
∑
uiT

i we have
|u0|p = 1 > |

∑
i≥1 uit

i|p, so |U(t)|p = 1 and U has no zeros. The zeros of P all lie in the open
disc by Proposition 8.2.4, and there are degP = λ(F ) of them. ■

Proposition 8.3.6
Let P ⊂ O[[T ]] be a prime ideal of height one. Then P is either ϖO[[T ]] or F (T )O[[T ]],
where F (T ) is an irreducible distinguished polynomial.

Proof. (The proof was omitted in the lecture.) Pick 0 ̸= f ∈ P and write f = ϖmUP (The-
orem 8.3.2). Factor P =

∏
Pj into monic irreducible factors in O[T ]; each Pj is distinguished

by Proposition 8.2.4, since its roots are among those of P . Since P is prime and U /∈ P, either
ϖ ∈ P or some Pj ∈ P.
(ϖ) is prime because O[[T ]]/(ϖ) = Fq[[T ]] is a domain. For an irreducible distinguished F ,
Theorem 8.3.1 gives O[[T ]]/(F ) ∼= O[T ]/(F ). This is a domain because O[T ] is a UFD and F is
irreducible, so (F ) is prime. In either case we have a nonzero prime contained in P, which equals
P since htP = 1. ■

Notes. The picture drawn in my notes is the poset of primes of O[[T ]]. At the bottom is
(0). In the middle are the height-one primes (ϖ) and (F ), for F irreducible distinguished,
e.g. (F1), (F2). At the top is m = (ϖ,T ), of height two.

Notes. Another remark in my notes (partly in Japanese) says that in the end O will be
the ring of integers of a finite extension of K. I understand it as follows: in applications
O is enlarged to contain the values of the characters involved, e.g. Zp[ψ] in Part II. The
Weierstrass preparation theorem and Corollary 8.3.5 hold for any such O.

8.4 The Iwasawa–Serre isomorphism

Theorem 8.4.1 (Iwasawa–Serre)
Let γ be a topological generator of Γ. Then there exists a unique (non-canonical) isomorphism
of topological O-algebras

O[[Γ]] ∼−−→ O[[T ]], γ 7−→ 1 + T.

Notes. “Non-canonical” means that the isomorphism depends on the choice of γ. “Unique”
means that, once γ is fixed, there is only one continuous O-algebra isomorphism with γ 7→
1 + T . Another choice γ′ = γa, a ∈ Z×

p , changes it by the automorphism 1 + T 7→ (1 + T )a
of O[[T ]].
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For n ≥ 0 let ωn(T ) = (1 + T )pn − 1 and ωn(γ) = γp
n − 1.

Lemma 8.4.2 (i) ωn is a distinguished polynomial of degree pn, ωn | ωn+1, and ωn ∈ mn+1.

(ii) O[[Γ]]/(ωn(γ)) ∼= O[Γn] ∼= O[T ]/(ωn(T )), with γ ↔ 1 + T .

Correction. My notes write O[[Γ]]/(ωn(γ)) ∼= Z/pnZ. The correct statement is
O[[Γ]]/(ωn(γ)) ∼= O[Γn], the group algebra of Γn ∼= Z/pnZ.

Proof. (i) ωn ≡ T p
n (mod p) (Frobenius), so it is distinguished. We have ωn+1 = ωnνn with

νn =
∑p−1
j=0(1 + T )jpn . Modulo p, νn ≡ (1+T pn )p−1

T pn ≡ T (p−1)pn , so νn ∈ (p, T ) = m. Since
ω0 = T ∈ m, induction gives ωn ∈ mn+1.
(ii) The second isomorphism: O[Γn] = O[X]/(Xpn − 1) for the cyclic group Γn generated by
X = γ̄, and substitute X = 1 + T . For the first one, the kernel of O[[Γ]] → O[Γn] contains
ωn(γ). Conversely, O[[Γ]] = lim←−kO[Γk], and for k ≥ n the kernel of O[Γk]→ O[Γn] is ωn(γ)O[Γk]
(by the same identification with O[T ]/(ωk) → O[T ]/(ωn), ωn | ωk). Passing to the limit, using
compactness to lift compatible families of preimages, gives the claim. ■

Proof of Theorem 8.4.1. (The lecture sketched exactly this argument.) Consider in O[T ] the two
families of ideals

Im,n = (ϖm, Tn), Jm,n = (ϖm, ωn(T )) (m,n ≥ 1).

On the one hand, O[[T ]] = lim←−nO[T ]/(Tn) = lim←−m,nO[T ]/(ϖm, Tn). On the other hand, by
Lemma 8.4.2(ii), O[T ]/Jm,n ∼= (O/ϖm)[Γn], so

lim←−
m,n

O[T ]/Jm,n ∼= lim←−
n

lim←−
m

(O/ϖm)[Γn] = lim←−
n

O[Γn] = O[[Γ]],

with 1 + T 7→ γ. If we show that the two families are cofinal in each other, then the two inverse
limits are canonically isomorphic (as topological rings), and we are done. We can check that:

(1) for each (m,n) we can find (m′, n′) with Jm′,n′ ⊆ Im,n, i.e. a surjection O[T ]/Jm′,n′ ↠
O[T ]/Im,n. Indeed, take m′ = m and n′ with n′ +1 ≥ m+n: then ωn′ ∈ mn′+1 ⊆ (ϖm, Tn),
since every monomial ϖaT b with a+ b ≥ m+ n lies in (ϖm, Tn);

(2) for each (m′, n′) we can find (m,n) with Im,n ⊆ Jm′,n′ , i.e. a surjection O[T ]/Im,n ↠

O[T ]/Jm′,n′ . Indeed, T pn′
≡ ωn′ (mod ϖ) gives T pn′

∈ (ϖ,ωn′), hence T pn′
m′ ∈ (ϖ,ωn′)m′ ⊆

(ϖm′
, ωn′); take m = m′, n = pn

′
m′.

The resulting isomorphism sends γ to 1+T . Uniqueness: a continuous O-algebra homomorphism
on O[[Γ]] is determined by the image of γ, because O[⟨γ⟩] is dense in O[[Γ]]. ■
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8.5 Measures on Γ: the Iwasawa algebra from the analytic point
of view

Definition 8.5.1
A measure µ on Γ with values in O is an O-linear function

µ :
{
O-valued locally constant functions on Γ

}
−→ O.

We write
∫

Γ u(g) dµ = µ(u) for any such measure µ and any locally constant function u on Γ.

Notes. Since Γ is compact, a locally constant function u : Γ→ O takes finitely many values
and factors through Γ/Γpn for some n. Thus u =

∑
j cj1gjΓpn , and µ is determined by the

values µ(gΓpn) := µ(1gΓpn ). These are finitely additive: µ(gΓpn) =
∑
h∈gΓpn/Γpn+1 µ(hΓpn+1).

Such a µ is automatically bounded: if u ∈ ϖk · {O-valued}, then µ(u) ∈ ϖkO.

If u(g) is a continuous O-valued function on Γ, not necessarily locally constant, then u(g) is
uniformly approximated by a sequence of locally constant functions ui(g) on Γ (e.g. ui = u mod
ϖi, lifted via fixed representatives; it is locally constant by uniform continuity on the compact
Γ). We can consider the integral ∫

Γ
u(g) dµ = lim

i→∞

∫
Γ
ui(g) dµ.

Notes. The limit exists and does not depend on the approximating sequence. Indeed, if
ui − uj ∈ ϖkO everywhere, then

∫
ui dµ−

∫
uj dµ ∈ ϖkO by the boundedness above, so the

integrals form a Cauchy sequence in the complete ring O.

We denote by Meas(Γ;O) the O-module of O-valued measures on Γ.

Notes. My handwritten notes for Part 1 end here. The following two results are the natural
continuation: they explain why measures are “the Iwasawa algebra from the analytic point
of view”. They are used in Part II, e.g. in the notation κ1−rϕ(Lp(ψ)).

Proposition 8.5.2
The map Meas(Γ;O)→ O[[Γ]],

µ 7−→
(∑
g∈Γn

µ(gΓpn) g
)
n≥0
∈ lim←−

n

O[Γn],

is an isomorphism of O-modules. The Dirac measure δg (u 7→ u(g)) corresponds to g ∈ Γ ⊂
O[[Γ]].

Proof. The components are compatible by finite additivity, so the map is well defined; it is clearly
O-linear. Conversely, a compatible family (

∑
g an,gg)n defines µ(1gΓpn ) = an,g consistently on all

locally constant functions. These constructions are mutually inverse. ■

Under this isomorphism, the multiplication of O[[Γ]] corresponds to convolution of measures.
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Proposition 8.5.3
Let χ : Γ→ O× be a continuous character, let µ ∈ Meas(Γ;O) = O[[Γ]], and let fµ ∈ O[[T ]]
be its image under Theorem 8.4.1. Then χ(γ)− 1 ∈ ϖO, and∫

Γ
χ(g) dµ = fµ

(
χ(γ)− 1

)
.

In particular, µ 7→
∫

Γ χdµ is the continuous O-algebra homomorphism O[[Γ]]→ O extending
χ.

Proof. Since γp
n → 1, also χ(γ)pn → 1. As F×

q has order prime to p, this forces χ(γ) ≡ 1
(mod ϖ). Put un = χ(γ)pn − 1 → 0. For y = γp

na ∈ Γpn , a ∈ Zp, we have χ(y) − 1 =
(1 +un)a− 1 =

∑
k≥1

(a
k

)
ukn ∈ unO. Hence, approximating χ on each coset gΓpn by its value χ(g)

at a representative, ∫
Γ
χdµ ≡

∑
g∈Γn

χ(g)µ(gΓpn) (mod unO).

The right-hand side is the image of the n-th component of µ under the ring homomorphism
O[Γn] → O/unO, g 7→ χ(g). So µ 7→

∫
χdµ is a ring homomorphism (a limit of compatible

ring homomorphisms, with
⋂
n unO = 0), continuous, and γ 7→ χ(γ). Also f 7→ f(χ(γ) − 1) is

a continuous ring homomorphism O[[T ]] → O (the series converges since χ(γ) − 1 ∈ ϖO) with
1 + T 7→ χ(γ). Two continuous O-algebra homomorphisms agreeing on γ ↔ 1 + T coincide, by
density of O[⟨γ⟩]. ■
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Chapter 9

Iwasawa’s Class Number Formula

Throughout Part II, p is an odd prime, Λ = Zp[[Γ]], and for a ring of integers O of a finite
extension of Qp we write ΛO = O[[Γ]]. We identify ΛO ∼= O[[T ]] via Theorem 8.4.1, after fixing
a topological generator γ.

9.1 The Iwasawa module X∞

Lecture of 29 June 2026.

Let us recall the following theorem (Theorem 6.1.2), now for an arbitrary Zp-extension.

Theorem 9.1.1 (Iwasawa’s class number formula)
Let K be a finite extension of Q and K∞/K a Zp-extension. Then there exist λ, µ ∈ Z≥0 and
ν ∈ Z such that

# Cl(Kn)[p∞] = pλn+µpn+ν for n≫ 0,

where Kn is the unique intermediate field in K∞/K with [Kn : K] = pn (Lemma 7.1.2).

Let L∞ be the maximal unramified abelian p-extension of K∞, and let

X∞ = Gal(L∞/K∞), Γ = Gal(K∞/K).

L∞

K∞

Kn

K

X∞

Notes. “Maximal unramified abelian p-extension” means: inside a fixed algebraic closure,
the compositum of all abelian extensions of K∞ of p-power degree that are unramified at all
primes. Equivalently, L∞ is the union of the maximal unramified abelian p-extensions of the
finite subfields Kn, composed with K∞. L∞ is Galois over K: any embedding of L∞ over
K maps K∞ to itself, and hence maps L∞ to a maximal unramified abelian p-extension of
K∞, i.e. to L∞. X∞ is an abelian pro-p group, hence a compact Zp-module.

By definition, we have the following exact sequence:

1 −→ X∞ −→ Gal(L∞/K) −→ Γ −→ 1.

Let x ∈ X∞ and g ∈ Γ. We define an action g · x = ĝxĝ−1, where ĝ ∈ Gal(L∞/K) is a lift of
g ∈ Γ.
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Lemma 9.1.2
This action is well defined. Hence X∞ is a compact Zp-module with a continuous action of
Γ, and therefore a compact Λ-module.

Proof. Let ĝ′ be another lift of g. Then there exists h ∈ X∞ with ĝ′ = ĝh. Thus

ĝ′xĝ′−1 = (ĝh)x(ĝh)−1 = ĝ hxh−1 ĝ−1 = ĝxĝ−1,

since X∞ is abelian. Continuity is clear. Since X∞ = lim←−U X∞/U over open Γ-stable subgroups
U , and on each finite p-groupX∞/U the action factors through some Γ/Γpn , the module structures
over the Zp[Γ/Γp

n ] assemble to a continuous Λ = lim←−Zp[Γ/Γp
n ]-module structure. ■

9.2 The key proposition

From now on, we agree to the following assumptions:

(a) there exists exactly one prime p of K above (p) (i.e. with p ∩ Z = pZ);

(b) K∞/K is totally ramified at p.

Example 9.2.1. The following satisfy (a) and (b):

(1) K∞/K = Q∞/Q;

(2) K∞/K = Q(ζp∞)/Q(ζp);

(3) K∞ = KQ∞, where K/Q is a quadratic extension such that (p) is inert or ramified in K.

Verification. (1), (2): p is totally ramified in every Q(ζpn) (Proposition 1.3.7), hence in every
subfield. (3): (p) has a unique prime p above it in K. Since [K ∩ Q∞ : Q] divides both 2 and
a power of p, K ∩ Q∞ = Q and [Kn : K] = pn. The ramification index of p in Kn = KQn is
divisible by pn (from Qn) and by e(p|p), and is at most [Kn : Q] = 2pn. If p is inert (e = 1,
f = 2), then f ≥ 2 in Kn forces e(Kn/Q) = pn. If p ramifies, e(Kn/Q) = 2pn. In both cases
e(Kn/K) = pn, so p is totally ramified. ■

Correction. My notes also list “(4) for p ̸= 2, K∞/K = Q∞K/K satisfies (a) and (b)”.
This is only true under a hypothesis like (3) on K; e.g. for a quadratic field in which p splits,
(a) fails.

Proposition 9.2.2
Under the assumptions (a) and (b), we have

X∞/(γp
n − 1)X∞ ∼= Cl(Kn)[p∞],

where γ is a fixed topological generator of Γ = Gal(K∞/K).

Correction. In the margin of my notes, Γ is annotated as Gal(K∞/K). This is indeed the
group here; it is not the group Gal(Q(ζp∞)/Q(ζp)) of Part I unless K = Q(ζp).
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What was used from “last week”. The lecture refers to “the theorem describing the
behaviour of #(M/ωn(γ)M) last week”. That lecture is not contained in my notes, so we
recall the two results needed ([16, §13.2]). A pseudo-isomorphism is a homomorphism of
Λ-modules with finite kernel and cokernel.

• Structure theorem. A finitely generated ΛO-module M is pseudo-isomorphic to ΛrO ⊕⊕
i ΛO/(ϖmi) ⊕

⊕
j ΛO/(F

nj

j ) with Fj irreducible distinguished polynomials (compare
Proposition 8.3.6). If M is torsion (r = 0), one defines µ(M) =

∑
mi, λ(M) =∑

nj degFj , and the characteristic ideal char(M) =
(
ϖµ(M)∏

j F
nj

j

)
.

• Growth. If M is a finitely generated torsion Λ-module with M/ωnM finite for all n, then
#M/ωnM = pλ(M)n+µ(M)pn+ν for n≫ 0.

Corollary 9.2.3
Under (a) and (b), X∞ is a finitely generated torsion Λ-module, and Theorem 9.1.1 holds
with λ = λ(X∞), µ = µ(X∞).

Proof. Since Cl(K)[p∞] is a finite abelian group, Proposition 9.2.2 with n = 0 shows that
X∞/TX∞ is finite, so X∞/mX∞ is finite (m = (p, T )). By the topological Nakayama lemma
for compact Λ-modules [16, Lemma 13.16], X∞ is finitely generated. If its rank r were ≥ 1,
then X∞/ωnX∞ would be infinite (Λ/ωn ∼= Zpn

p ). So X∞ is torsion, and the growth theorem
applies. ■

Notes. Without (a) and (b) Theorem 9.1.1 still holds: one replaces ωn by ωn/ωe and X∞
by a suitable submodule, for some e beyond which all ramified primes are totally ramified
[16, Thm. 13.13].

9.3 Proof of the key proposition

Below, we explain the proof of Proposition 9.2.2. For each n ≥ 0 let Ln be the maximal unramified
abelian p-extension of Kn, and let Gn = Gal(L∞/Kn).

L∞

K∞

Kn Ln

K

X∞
Gn

By (a) and (b), Kn has a unique prime pn above p, and pn is totally ramified in K∞/Kn. Let
In ⊆ Gn be the inertia subgroup of a prime of L∞ above pn.

Notes. Ln ⊆ L∞: LnK∞ is an unramified abelian p-extension of K∞. By unramified global
class field theory (Theorem 1.4.2, restricted to p-parts), Gal(Ln/Kn) ∼= Cl(Kn)[p∞]. Hence
it suffices to show that

X∞/(γp
n − 1)X∞ ∼= Gal(Ln/Kn).
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Lemma 9.3.1 (i) In∩X∞ = {1}, and the restriction In ↪→ Gn ↠ Gn/X∞ = Gal(K∞/Kn)
is an isomorphism. Hence Gn = In ⋉X∞.

(ii) Gal(Ln/Kn) ∼= Gn/In[Gn, Gn], where the bar denotes closure.

Proof. (i) In ∩ X∞ is the inertia group in L∞/K∞, which is trivial. The image of In in
Gal(K∞/Kn) is the inertia group of pn in K∞/Kn, which is everything by total ramification.
(ii) Ln is the largest subextension of L∞/Kn that is abelian over Kn and unramified at all
primes. Being abelian means being fixed by [Gn, Gn]. Primes not above p are unramified in
L∞/Kn (Theorem 7.3.1(1), and L∞/K∞ is unramified). The inertia groups of the primes of L∞
above pn are the conjugates of In; modulo [Gn, Gn] they all coincide with the image of In. Hence
Ln is the fixed field of In[Gn, Gn]. ■

Lemma 9.3.2
We have the following equality of subgroups of Gn:

(γpn − 1)X∞ = [Gn, Gn].

Proof. Write X∞ additively, with g · x = ĝxĝ−1. Fix a generator σ of In (a topological generator
lifting γpn , by Lemma 9.3.1(i)). Every element of Gn is σax with a ∈ Zp, x ∈ X∞. Put s = γp

na,
t = γp

nb (acting on X∞). A direct computation in the semidirect product gives

[σax, σby] = (s− 1) t · y − (t− 1) s · x (in X∞),

and s − 1 = (1 + ωn(γ))a − 1 lies in ωn(γ)Λ = (γpn − 1)Λ (binomial series), likewise t − 1. So
[Gn, Gn] ⊆ (γpn − 1)X∞. The latter is compact (a continuous image of X∞), hence closed, so it
also contains the closure. Conversely [σ, x] = (γpn − 1)x. ■

Notes. The lecture proves Lemma 9.3.2 with Galois theory. Put L′
n = L

(γpn −1)X∞
∞ and L′′

n =
L

[Gn,Gn]
∞ . Then L′

n is the largest intermediate field of L∞/K∞ on which γp
n acts trivially

(by conjugation), and L′′
n is the largest intermediate field of L∞/K∞ which is abelian over

Kn. These two descriptions coincide, so L′
n = L′′

n, and the lemma follows by Galois theory.
The computation above is the group-theoretic content of “these descriptions coincide”.

Proof of Proposition 9.2.2. By Lemma 9.3.1(ii) we have

Gal(Ln/Kn) ∼= Gn/In[Gn, Gn]. (1)

By Lemma 9.3.2 and Gn = InX∞,

Gn/In[Gn, Gn] = InX∞/In(γpn − 1)X∞ ∼= X∞/(γp
n − 1)X∞, (2)

where the last isomorphism is induced by X∞ → Gn. It is surjective since Gn = InX∞. Its kernel
is X∞ ∩ In(γpn − 1)X∞ = (γpn − 1)X∞, because In ∩X∞ = 1. Therefore (1) and (2) complete
the proof. ■
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Chapter 10

The Kubota–Leopoldt p-adic L-function

10.1 Statement and interpolation property

Analytic aspect of Iwasawa theory.

Let N be a positive integer with (N, p) = 1. Let

Γ = Gal(Q(ζNp∞)/Q(ζNp)) ∼= Gal(Q∞/Q), χcyc : Gal(Q(ζp∞)/Q) ∼−−→ Z×
p

(the cyclotomic character). Restricted to Γ, it gives the canonical isomorphism κ = κcyc : Γ ∼−→
1 + pZp ⊂ Q×

p , and χcyc = κcyc · ω, with ω the Teichmüller character.

Notes. Notation. For a Dirichlet character ψ, Zp[ψ] is the ring generated over Zp by the
values of ψ (via ιp); it is the ring of integers of Qp(ψ), a DVR. A finite character ϕ of
Γ is a continuous homomorphism ϕ : Γ → Q×

p of finite order. It factors through some
Γ/Γpn . Via Gal(Q(ζpn+1)/Q) ↠ Γ/Γpn , we regard ϕ as an even Dirichlet character of p-
power conductor. For λ ∈ ΛO and a continuous character χ : Γ → O×, we write χ(λ) :=∫

Γ χdλ (Proposition 8.5.3). In particular κ1−rϕ(λ) is the evaluation of λ at the character
g 7→ κ(g)1−rϕ(g); under γ ↔ 1 + T this is fλ(κ(γ)1−rϕ(γ)− 1).

Theorem 10.1.1 (Kubota–Leopoldt, Iwasawa, Coleman)
Let ψ be an even Dirichlet character of conductor Npe (e = 0 or 1), i.e. ψ(−1) = 1. Then
there exists a unique

Lp(ψ) ∈


Zp[ψ][[Γ]], ψ ̸= 1,

1
γ − κ(γ) Zp[[Γ]], ψ = 1,

such that, for every r ∈ Z≥1 and every finite character ϕ of Γ,

κ1−rϕ
(
Lp(ψ)

)
=
(
1− (ψω−rϕ−1)(p)

p1−r

)
L
(
ψω−rϕ−1, 1− r

)
, (⋆)

where L(η, s) is the Dirichlet L-function of the primitive character η (Chapter 4).

Notes. (a) Uniqueness follows from the “coincidence theorem” on the Iwasawa algebra, i.e.
from Corollary 8.3.5. If two candidates differ by δ, then for ψ ̸= 1, δ ∈ ΛO vanishes at the
infinitely many distinct points κ(γ)1−r−1 (r ≥ 1) of the open unit disc, so δ = 0. For ψ = 1

apply this to (γ−κ(γ))δ, and use that Λ is a domain. (b) The denominator γ−κ(γ) reflects
the pole of ζ(s): the character κ1−r sends it to κ(γ)1−r − κ(γ), which vanishes exactly at
r = 0, i.e. at “s = 1”. (c) With N = 1 and ψ = ω1−i (i odd), ϕ = 1 and r ≡ 1−i (mod p−1),
the right side of (⋆) is (1−pr−1)ζ(1−r). So ζ(i)

p (x) = fLp(ω1−i)(x−1) recovers Theorem 6.2.1
when κ(γ) = 1 + p.

Recall: let η be a Dirichlet character and L(η, s) the associated Dirichlet L-function, L(η, s) =∑
n≥1 η(n)n−s on Re(s) > 1. Then (Theorem 4.4.4, Proposition 4.3.2):
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• L(η, 1− r) = −1
rBr,η ∈ Q(η) for any r ∈ Z≥1;

• for primitive η ̸= 1, L(η, 1−r) ̸= 0 ⇐⇒ (−1)r = η(−1). (“⇐”: by the functional equation,
L(η, 1− r) is a nonzero multiple of L(η̄, r) ̸= 0; for η = 1: ζ(1− r) ̸= 0 ⇐⇒ r even.)

Correction. My notes then say “hence the RHS of (⋆) is nonzero for all r ≥ 1”. The L-value
is indeed nonzero: ϕ and ψ are even, so η = ψω−rϕ−1 satisfies η(−1) = (−1)r. But the Euler
factor 1 − η(p)pr−1 vanishes if r = 1 and η(p) = 1 (this can happen when η has conductor
prime to p: an “exceptional zero”). So the correct statement is: the RHS is nonzero except
possibly for r = 1 and η(p) = 1.

Notes. On the Euler factor. Write η = ψω−rϕ−1. If ϕ has order pn with n ≥ 1, then ϕ has
conductor pn+1 ≥ p2, while ψω−r has p-part of conductor ≤ p. So η has conductor divisible
by p2 and η(p) = 0: the Euler factor is 1. (My notes: “conductor of ηη′ divides lcm(N,N ′);
n ≥ 2⇒ the conductor of ψ−1ω−rϕ is divisible by pn ⇒ (ψ−1ω−rϕ)(p) = 0”.) For ϕ = 1 the
factor is 1− (ψω−r)(p)pr−1, which removes the Euler factor at p.

10.2 Generalised Bernoulli numbers modulo p-powers

Let us recall that we defined the generalised Bernoulli numbers Br,η by
M∑
i=1

η(i) z eiz

eMz − 1 =
∞∑
r=0

Br,η
zr

r!

for a character η of modulus M . If η is regarded as a character of modulus M (not necessarily
its conductor), we write B(M)

r,η for the resulting number. Then L(ηM , 1 − r) = −1
rB

(M)
r,η for the

imprimitive L-function (Theorem 4.4.4), so by (4.1)

B(M)
r,η = Br,η0

∏
ℓ|M

(
1− η0(ℓ)ℓr−1). (10.1)

Correction. In my notes the conductor of ψ is written under “eNz − 1”. The denominator
involves the modulus used in the sum, which must match the upper limit of summation.

Lemma 10.2.1 (Key fact)
Let qn = Npn+1 and let η be a Dirichlet character of modulus qn with η(−1) = (−1)r. Then,
in Zp[η],

B(qn)
r,η ≡

1
qn

qn∑
i=1

η(i) ir (mod pn).

Proof. With the Bernoulli polynomials zexz

ez−1 =
∑
r Br(x) zr

r! we get, substituting z 7→ qz, B(q)
r,η =

qr−1∑q
i=1 η(i)Br(i/q). With Br(x) =

∑
j

(r
j

)
Bjx

r−j :

B(q)
r,η = 1

q

∑
i

η(i)ir − r

2
∑
i

η(i)ir−1 +
∑
j≥2

(
r

j

)
Bj q

j−1∑
i

η(i)ir−j .

Pairing i ↔ q − i and using η(−1) = (−1)r shows
∑
i η(i)ir−1 ≡ 0 (mod q) (2 is a unit). For

j ≥ 2, pBj ∈ Zp (von Staudt–Clausen), so the j-th term lies in qj−1p−1Zp[η] ⊆ pnZp[η]. ■
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Notes. This is the precise form of the “Key fact” of the lecture, which is stated there modulo
“qn/p” (i.e. modulo pn, as N is a unit). The parity assumption is satisfied in all cases used
below. The motivation in the lecture: the power sums 1r + 2r + · · · + nr are described by
Bernoulli numbers (Faulhaber’s formula).

10.3 Stickelberger elements and the construction of Lp(ψ)

We denote by ⟨ ⟩ the projection Z×
p = µp−1 × (1 + pZp) ↠ 1 + pZp, so ⟨i⟩ = i ω−1(i). For i ∈ Z

with (i, p) = 1 we denote by γ(i) ∈ Γ the element κ−1(⟨i⟩), so κ(γ(i)) = ⟨i⟩ = iω−1(i). Let γn(i)
be its image under Γ ↠ Γn = Γ/Γpn ; it only depends on i mod pn+1.

Definition 10.3.1
We define the Stickelberger element Ξn(ψ) ∈ Qp(ψ)[Γn] by

Ξn(ψ) = − 1
qn

qn∑
i=1

(i,p)=1

⟨i⟩ψ(i) γn(i)−1.

Lemma 10.3.2
Let ψ be even of conductor Npe (e ≤ 1), and put c = 1 +Np. Then:

(1) (γn(c)− c) Ξn(ψ) ∈ Zp[ψ][Γn];

(2) if ψ ̸= 1, then Ξn(ψ) ∈ Zp[ψ][Γn];

(3) Ξn+1(ψ) is mapped to Ξn(ψ) by Qp(ψ)[Γn+1] ↠ Qp(ψ)[Γn]. That is, {Ξn(ψ)}n is a
projective system.

Proof. (The lecture omitted the proof.) Let q = qn.
A general identity. Let c ∈ Z with (c,Np) = 1. As j runs over 1 ≤ j ≤ q, (j, p) = 1, so does
the representative i ∈ [1, q] of cj mod q; write cj = i + qtj with tj ∈ Z. Then ψ(i) = ψ(c)ψ(j),
ω(i) = ω(c)ω(j), γn(i) = γn(c)γn(j) (as ⟨i⟩ ≡ ⟨c⟩⟨j⟩ mod pn+1), and ⟨i⟩ = ω−1(c)ω−1(j)(cj−qtj).
Substituting into Ξn and using c ω−1(c) = ⟨c⟩:

Ξn = ψ(c)⟨c⟩γn(c)−1Ξn + ψ(c)ω−1(c)γn(c)−1∑
j

(ψω−1)(j) tj γn(j)−1,

i.e.
(
γn(c)−ψ(c)⟨c⟩

)
Ξn = ψ(c)ω−1(c) Θn(c), Θn(c) :=

∑
j

(ψω−1)(j) tj γn(j)−1 ∈ Zp[ψ][Γn].

(10.2)
(1) For c = 1 +Np we have ψ(c) = 1 (as c ≡ 1 mod Np), ω(c) = 1 and ⟨c⟩ = c.
(2) Zp[ψ][Γn] ∼= Zp[ψ][T ]/(ωn) is local with maximal ideal (π, T ), and γn(c)− ψ(c)⟨c⟩ ≡ 1− ψ(c)
modulo it. If some value ψ(c) is a root of unity of order not a power of p (in particular if ψ ̸= 1

has order prime to p), then 1 − ψ(c) is a unit, and (10.2) shows Ξn ∈ Zp[ψ][Γn]. For ψ ̸= 1 of
p-power order a finer argument is needed; see [16, Thm. 7.10 and §12.2].
(3) Group the i mod qn+1 by their residue i mod qn: i′ = i + kqn, 0 ≤ k < p. Then ψ(i′) = ψ(i)
(the conductor of ψ divides qn), ω(i′) = ω(i) and γn(i′) = γn(i), while

∑
k⟨i+ kqn⟩ = ω−1(i)

(
pi+
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qn
p(p−1)

2
)
. Hence the image of Ξn+1 is

Ξn −
p− 1

2
∑
i

(ψω−1)(i) γn(i)−1.

Since ψ is even, ψω−1 is odd, while γn(−i) = γn(i) (⟨−i⟩ = ⟨i⟩). So the terms for i and qn − i
cancel, and the last sum is 0. ■

Notes. This is where the hypothesis ψ(−1) = 1 enters: it makes the Stickelberger elements
compatible.

By admitting this lemma, we define

Lp(ψ) = lim←−
n

Ξn(ψ) ∈


Zp[ψ][[Γ]], ψ ̸= 1,

1
γ(c)− c Zp[[Γ]], ψ = 1.

Precisely, Θ(c) := lim←−n(γn(c)− c)Ξn ∈ ΛO (compatible by (3)), and Lp(ψ) := Θ(c)/(γ(c)− c) in
the fraction field of ΛO. It lies in ΛO when ψ ̸= 1, by (2).

Notes. For N = 1 we have c = 1 + p. If γ is chosen with κ(γ) = 1 + p, then γ(c) = γ, so
the denominator γ(c)− c = γ − κ(γ) agrees with Theorem 10.1.1 (which my notes write as
κcyc(γ)− γ, the same up to sign).

10.4 The interpolation property

Proposition 10.4.1
The element Lp(ψ) satisfies (⋆). Hence Theorem 10.1.1 holds (for ψ ̸= 1 of p-power order
modulo the integrality quoted in Lemma 10.3.2(2)).

Correction. The sketch in my notes evaluates Ξn directly: “κ1−rϕ(Lp(ψ)) =
lim(κ1−r

n ϕ)Ξn ≡ − 1
rqn

∑
ψω−rϕ−1(i)ir”. A direct evaluation of Ξn gives

− 1
qn

∑
ψω−rϕ−1(i)ir, without the factor 1/r. Moreover, because of the denominator

1/qn, the congruence obtained this way only holds modulo a bounded power of p, so one
cannot pass to the limit. The factor 1/r appears through the regularised elements Θn(c), as
follows.

Proof. Fix r ≥ 1 and ϕ, put η = ψω−rϕ−1 (of modulus qn for n large), χ = κ1−rϕ and un =
χ(γ)pn−1→ 0. Let c = 1+Np. Since Θn(c) is integral, the ring homomorphism O[Γn]→ O/un,
g 7→ χ(g) (proof of Proposition 8.5.3), gives

χ
(
Θ(c)

)
≡
∑
j

(ψω−1)(j) tj χ(γ(j))−1 =
∑
j

η(j) tj jr−1 (mod un),

since χ(γ(j))−1 = ⟨j⟩r−1ϕ−1(j) and ω−1(j)⟨j⟩r−1 = ω−r(j)jr−1. Now compute
∑
j η(j)(cj)r in

two ways. Since j 7→ i is a permutation and η(j) = η(c)−1η(i),∑
j

η(j)(cj)r − η(c)−1∑
i

η(i)ir =
∑
j

η(j)
[
(i+ qtj)r − ir

]
≡ rq cr−1∑

j

η(j)jr−1tj (mod q2)
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(using i ≡ cj mod q). The left side is (cr − η(c)−1)
∑
j η(j)jr. By Lemma 10.2.1 (note η(−1) =

(−1)r),
∑
j η(j)jr ≡ qB(q)

r,η (mod qpn). Dividing by rq cr−1:

∑
j

η(j)jr−1tj ≡
(cr − η(c)−1)

r cr−1 B(q)
r,η (mod pn−vp(r)).

Here η(c)−1 = ϕ(c), since ψ(c) = ω(c) = 1. On the other side, χ(γ(c) − c) = c1−rϕ(c) − c =
−c1−r(cr − ϕ(c)), which is nonzero for r ≥ 1 (cr is not a root of unity). Letting n → ∞ and
dividing,

χ
(
Lp(ψ)

)
= χ(Θ(c))
χ(γ(c)− c) = (cr − ϕ(c))B(q)

r,η

r cr−1 · −1
c1−r(cr − ϕ(c)) = −1

r
B(q)
r,η .

Finally, by (10.1), −1
rB

(qn)
r,η = (1−η0(p)pr−1)L(η0, 1− r). The only prime dividing qn but not the

conductor of η0 can be p, because the N -part of the conductor of ψ is all of N . This is (⋆). ■

Example 10.4.2. Take p = 3, N = 5, ψ =
( ·

5
)

(even, of conductor 5), n = 0, so q0 = 15 and
Γ0 = 1. A direct computation gives

Ξ0(ψ) = − 1
15
(
1 + 2 + 4− 7 + 8− 11− 13− 14

)
= 2.

For r = 2, ϕ = 1: η = ψω−2 = ψ, B2,ψ = 4
5 , and the right side of (⋆) is −1

2(1 − ψ(3) · 3)B2,ψ =
−8

5 . Since u0 = κ(γ)−1 − 1 has valuation 1, the prediction is 2 ≡ −8
5 (mod 3), which is true:

−8 · 5−1 ≡ −8 · 2 ≡ 2 (mod 3). The version without 1/r would give −16
5 ≡ 1 (mod 3), which is

not congruent to 2.
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Chapter 11

The Iwasawa Main Conjecture

11.1 Setting

We go back again to the algebraic side of Iwasawa theory for ideal class groups.

(1) Let us fix a positive integer N with (N, p) = 1.

(2) Let ψ be an even Dirichlet character of conductor Npe (e = 0 or 1).

(3) We set K = Q(ζNp), so ∆ := Gal(K/Q) ∼= (Z/NpZ)×.

(4) Let Kcyc
∞ = Q(ζNp∞) be the cyclotomic Zp-extension of K.

(5) Let Γ = Gal(Kcyc
∞ /K).

(6) Let L∞ be the maximal unramified abelian p-extension of Kcyc
∞ .

(7) We set Xcyc
∞ = Gal(L∞/K

cyc
∞ ).

L∞

Kcyc
∞

Q K

Xcyc
∞

Γ

∆

Correction. In my notes, item (6) calls the maximal unramified abelian p-extension “Γ∞”;
it is L∞, as in item (7).

Notes. Gal(Kcyc
∞ /Q) ∼= (Z/NpZ)× × (1 + pZp) = ∆× Γ canonically, so ∆ acts on Xcyc

∞ (by
conjugation, as in Chapter 9), commuting with Γ. Recall that Xcyc

∞ is a finitely generated
torsion Λ-module. For K = Q(ζNp) assumption (a) of Chapter 9 may fail when N > 1, and
the general version is [16, Thm. 13.31].

Definition 11.1.1
For a character η of ∆ and a Zp[∆]-module M , Mη denotes the largest quotient of M on
which ∆ acts by η, i.e. Mη = M ⊗Zp[∆] Zp[η], where ∆ acts on Zp[η] through η. In particular
we define (Xcyc

∞ )ωψ−1 to be the largest quotient of Xcyc
∞ on which Gal(K/Q) ∼= (Z/NpZ)×

acts by ωψ−1: g acts as multiplication by ωψ−1(g).

Notes. If p ∤ |∆|, then Mη is also the η-eigenspace, cut out by an idempotent as in Proposi-
tion 5.4.1. In general (when p | φ(N)) the quotient is the correct notion. Note that ωψ−1 is
odd. In one place my notes write (Xcyc

∞ )ψω−1 ; this should be (Xcyc
∞ )ωψ−1 throughout.

Then, it is easy to see that (Xcyc
∞ )ωψ−1 is a finitely generated torsion Zp[ψ][[Γ]]-module. (It is a

quotient of Xcyc
∞ ⊗ Zp[ψ].)
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11.2 The (−)-version

Theorem 11.2.1 (Iwasawa main conjecture, (−)-version; Mazur–Wiles)
For every even Dirichlet character ψ of conductor Npe (e = 0, 1) we have

charZp[ψ][[Γ]]
(
Xcyc

∞
)
ωψ−1 =


(
Lp(ψ)

)
, ψ ̸= 1,(

(κcyc(γ)− γ)Lp(ψ)
)
, ψ = 1.

Notes. char is the characteristic ideal defined in Chapter 9 (structure theorem). For ψ = 1

the left side concerns Xω, and the pole of Lp(1) is removed by the factor κcyc(γ)−γ. In fact
Xω = 0, consistent with (κ(γ) − γ)Lp(1) being a unit. Comparing λ-invariants and using
Corollary 8.3.5 gives the counting statement of Theorem 6.3.2.

11.3 The module Xcyc
∞ and the (+)-version

Let M∞ be the maximal abelian p-extension of Kcyc
∞ unramified outside p, and define

Xcyc
∞ = Gal(M∞/K

cyc
∞ ).

M∞

L∞

Kcyc
∞

K

Xcyc
∞

Γ

By the same argument as for Xcyc
∞ , Xcyc

∞ is a compact Zp[[Γ]]-module.

Proposition 11.3.1
Xcyc

∞ /(γ − 1)Xcyc
∞ is a finitely generated Zp-module (but not finite). By Nakayama’s lemma,

Xcyc
∞ is a finitely generated Zp[[Γ]]-module, but not a torsion one. For a Dirichlet character η

modulo Np, (Xcyc
∞ )η is torsion over Zp[η][[Γ]] iff η(−1) = 1.

Proof sketch. (No proof in the lecture.) Xcyc
∞ /(γ − 1) surjects with finite kernel onto the Galois

group of the maximal abelian pro-p extension of K unramified outside p. That group has Zp-rank
r2(K) + 1, since Leopoldt holds for the abelian field K (Theorem 7.2.2 and Brumer), and this is
finite but positive. More precisely, Iwasawa showed that rankΛ Xcyc

∞ = r2(K), and that the rank
is concentrated in the odd η-parts, each of rank one [16, §13.5]. ■

Correction. My notes say X/(γ − 1)X is a finitely generated Zp[[Γ]]-module. It is finitely
generated over Zp, which is what Nakayama’s lemma needs.

For any Zp[[Γ]]-module M , we denote by

• M∗ the module M whose Γ-action is twisted by the involution Γ→ Γ, g 7→ g−1;

• M ⊗ κcyc the module M whose action is twisted by γ 7→ κcyc(γ)γ.
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For example, writing Mχ = M/(χ(γ)− γ)M for a character χ of Γ:

(M∗)κcyc = M∗/(κcyc(γ)− γ)M∗ = M/(κcyc(γ)− γ−1)M = Mκ−1
cyc
, (M ⊗ κcyc)κr

cyc = Mκr−1
cyc
.

Correction. For the first example: κ(γ)−γ−1 = γ−1κ(γ)
(
γ−κ(γ)−1) and γ−1κ(γ) is a unit,

which gives the last equality. For the second: γ acts on M ⊗ κ as κ(γ)γ, so κ(γ)r − κ(γ)γ =
κ(γ)

(
κ(γ)r−1−γ

)
, and with the twist γ 7→ κ(γ)γ one gets (M⊗κcyc)κr

cyc = Mκr−1
cyc

. My notes
have Mκr+1 , which corresponds to the opposite convention γ 7→ κ(γ)−1γ. The point is only
that twisting by κ shifts the evaluation point by one power of κ.

Theorem 11.3.2 (Iwasawa main conjecture, (+)-version; Rubin)
For any even Dirichlet character ψ of conductor Npe (e = 0 or 1),

charZp[ψ][[Γ]]
(
Xcyc

∞
)∗
ψ
⊗ κcyc =


(
Lp(ψ)

)
, ψ ̸= 1,(

(κcyc(γ)− γ)Lp(ψ)
)
, ψ = 1.

Correction. In my notes the subscript of char is Zp[ψ]; it should be the Iwasawa algebra
Zp[ψ][[Γ]].

11.4 Equivalence of the two versions via the Kummer pairing

Proposition 11.4.1
For any even Dirichlet character ψ of conductor Np or N , we have

charZp[ψ][[Γ]]
(
Xcyc

∞
)∗
ψ
⊗ κcyc = charZp[ψ][[Γ]]

(
Xcyc

∞
)
ψ−1ω

.

That is, the Iwasawa main conjecture ((−)-version) for ψ holds iff the Iwasawa main conjecture
((+)-version) for ψ holds.

Proof sketch. (As in the lecture.) Since µp∞ ⊂ Kcyc
∞ , Kummer theory describesM∞ asKcyc

∞ ( p∞√
A)

for a suitable group A of p-units, and yields the “Kummer pairing”(
Xcyc

∞
)
ψ
× Cl(Kcyc

∞ )[p∞]ψ−1ω −→ µp∞ ,

between a compact Zp-module and a discrete Zp-module. Here µp∞ is the group of p-power roots
of unity, and Cl(Kcyc

∞ )[p∞] = lim−→n
Cl(Kn)[p∞]. The pairing is equivariant w.r.t. the action of Γ,

where Γ acts on µp∞ through κcyc. Up to finite modules, it gives an isomorphism of Zp[ψ][[Γ]]-
modules (

Xcyc
∞
)
ψ
∼=
(
Cl(Kcyc

∞ )[p∞]ψ−1ω
)∨
⊗ κcyc,

where ∨ is the Pontryagin dual. We also have Iwasawa’s theorem relating the inverse and direct
limits of class groups:

charZp[ψ][[Γ]]
(
Cl(Kcyc

∞ )[p∞]ψ−1ω)∨ = charZp[ψ][[Γ]]
(
(Xcyc

∞ )ψ−1ω

)∗
.

Combining (and noting (M∗)∗ = M) gives the proposition. Details: [16, §15.4–15.5]. ■
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Notes. The Pontryagin dual of a discrete (or compact) abelian group A is A∨ =
Homcont(A,Qp/Zp), with Γ acting by (gf)(a) = f(g−1a). This inversion of the action is
why the involution ∗ appears.

11.5 λ- and µ-invariants and the analytic class number formula

Lecture of 13 July 2026. Recall: the Iwasawa main conjecture ((−)-version) for ψ holds
iff the ((+)-version) for ψ holds (Proposition 11.4.1). For 0 ̸= f ∈ ΛO we write λ(f), µ(f)
for the invariants of Theorem 8.3.2 (with µ normalised so that µ(p) = 1).

Theorem 11.5.1 (Analytic class number formula, Iwasawa-theoretic form)
Let N be a positive integer with (N, p) = 1 and K = Q(ζNp). Then∑

ψ

λ
((
Xcyc

∞
)
ωψ−1

)
=
∑
ψ

λ
(
Lp(ψ)

)
,

∑
ψ

µ
((
Xcyc

∞
)
ωψ−1

)
=
∑
ψ

µ
(
Lp(ψ)

)
,

where ψ runs through the nontrivial even Dirichlet characters with conductor N or Np.
Similar statements hold for λ

(
(Xcyc

∞ )∗
ψ ⊗ κcyc

)
and µ

(
(Xcyc

∞ )∗
ψ ⊗ κcyc

)
.

Proof sketch. The proof reduces to the classical analytic class number formula for ζ(K, s) ex-
plained in the first-quarter lecture (Theorem 3.5.1, in the form of Theorem 5.3.1). For the layers
Kn = Q(ζNpn+1), the relative class number is h−(Kn) = Qnwn

∏
χ odd

(
−1

2B1,χ
)
, the product over

the odd characters of Gal(Kn/Q), with Qn ∈ {1, 2} [16, Thm. 4.17]. Every odd χ can be written
as χ = ψω−1ϕ−1 with ψ even of conductor N or Np and ϕ a finite character of Γ of order dividing
pn. By Proposition 10.4.1 with r = 1, −B1,χ = (1 − χ(p))−1ϕ(Lp(ψ)), up to the harmless Euler
factor. For f ∈ ΛO and ζ a primitive pm-th root of unity with m large, Theorem 8.3.2 gives
vp
(
f(ζ − 1)

)
= µ(f) + λ(f)/(pm−1(p− 1)). Summing over the pm − pm−1 such ζ and over m ≤ n

shows
vp
(
h−(Kn)

)
=
(∑
ψ

λ(Lp(ψ))
)
n+

(∑
ψ

µ(Lp(ψ))
)
pn +O(1).

On the other hand, by the growth theorem of Chapter 9 applied to the minus parts, vp(h−(Kn)) =(∑
ψ λ(Xωψ−1)

)
n+

(∑
ψ µ(Xωψ−1)

)
pn +O(1). Comparing coefficients gives the theorem. See [16,

§7.4, §13.6]. ■

By using this analytic class number formula, it suffices to prove either (A) or (B):

(A) show charZp[ψ][[Γ]]
(
(Xcyc

∞ )ωψ−1
)
⊆
(
Lp(ψ)

)
for every even Dirichlet character ψ ̸= 1 with

conductor N or Np;

(B) show charZp[ψ][[Γ]]
(
(Xcyc

∞ )ωψ−1
)
⊇
(
Lp(ψ)

)
for every such ψ; i.e. Xcyc

∞ is “small enough”
compared to Lp(ψ).

For (B) it is equivalent to show λ
(
(Xcyc

∞ )ωψ−1
)
≤ λ(Lp(ψ)) and µ

(
(Xcyc

∞ )ωψ−1
)
≤ µ(Lp(ψ)) to-

gether with the divisibility. A similar strategy also holds for the (+)-version.

Notes. Why (A) or (B) suffices (I put question marks here in my notes). Suppose (B) holds
for every ψ: char(Xψ) | Lp(ψ), where Xψ := (Xcyc

∞ )ωψ−1 . Then λ(Xψ) ≤ λ(Lp(ψ)) and
µ(Xψ) ≤ µ(Lp(ψ)) for each ψ. By Theorem 11.5.1 the sums over ψ agree, so equality holds
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for each ψ. A divisibility f | g in ΛO with λ(f) = λ(g) and µ(f) = µ(g) forces g/f to have
λ = µ = 0, i.e. to be a unit (Theorem 8.3.2); so the ideals are equal. The same argument
works for (A) with the inequalities reversed. Hence one divisibility for all ψ simultaneously
implies the main conjecture.

11.6 Strategies of proof: Mazur–Wiles and Rubin

Mazur–Wiles. Mazur and Wiles proved the Iwasawa main conjecture in the mid 1980s [10],
specifically the (−)-version with strategy (A). They show that (Xcyc

∞ )ωψ−1 is large enough,
using the étale cohomology of the modular curvesX1(Npr) and the congruences between cusp
forms and Eisenstein series. This is a generalisation of Ribet’s proof of the Herbrand–Ribet
theorem (Chapter 5).

Rubin. The (+)-version was proven using strategy (B) by K. Rubin in the late 1980s [13].
He showed that (Xcyc

∞ )∗
ψ ⊗ κcyc is small enough, using the Euler system of cyclotomic units

(Thaine, Kolyvagin).

11.7 Report problem: primes in residue classes modulo 4

Report Problem 11.7.1
Show that there are infinitely many prime numbers congruent to 1 mod 4, and infinitely many
congruent to 3 mod 4, without using the Dirichlet L-functions L(χ, s).

Solution. 3 mod 4. Suppose p1, . . . , pk are all the primes ≡ 3 (mod 4), and let M = 4p1 · · · pk −
1 ≡ 3 (mod 4). M is odd and not a product of primes ≡ 1 (mod 4) only (such a product is
≡ 1 (mod 4)), so some prime q ≡ 3 (mod 4) divides M . But q = pi for some i, and then
pi |M + 1− 4p1 · · · pk, i.e. pi | 1. Contradiction.
1 mod 4. Suppose p1, . . . , pk are all the primes ≡ 1 (mod 4), and let M = (2p1 · · · pk)2 + 1. Let q
be a prime divisor of M . Then q is odd, and x = 2p1 · · · pk satisfies x2 ≡ −1 (mod q). So x has
order 4 in F×

q , hence 4 | q− 1, i.e. q ≡ 1 (mod 4). Thus q = pi for some i, but pi | x so pi ∤ x2 + 1.
Contradiction. ■

Notes. The hint in my notes, “p = 4n+1, (4n1 +1)(4n2 +1) · · · (4nk+1)”, is the observation
used in the first part: a product of numbers ≡ 1 (mod 4) is again ≡ 1 (mod 4). The second
part is the special case f = 4 of the fact that every prime divisor of Φf (x), not dividing f ,
is ≡ 1 (mod f), which is Theorem 1.3.11 in disguise.
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Chapter 12

p-adic Hodge Theory and Selmer Groups

Iwasawa theory is generalised to more general Galois representations and motives. In this chapter
we recall the necessary input from p-adic Hodge theory; proofs are beyond the scope of the lectures
(cf. [4]).

12.1 Fontaine’s rings of p-adic periods

Let GQp = Gal(Qp/Qp). Fontaine defines the rings of p-adic periods

Bcris ⊂ Bst ⊂ BdR.

Bcris is a topological Qp-algebra with a continuous action of GQp , and with a Frobenius operator
φ : Bcris → Bcris commuting with GQp .

Let Q̂ur
p be the completion of the maximal unramified extension Qur

p of Qp.

Notes. Q̂ur
p is a complete discretely valued field with residue field Fp. It carries the action

of Gal(Qur
p /Qp) ∼= Gal(Fp/Fp) ∼= Ẑ, generated by the arithmetic Frobenius. Note that GQp

acts on Q̂ur
p through the surjection GQp ↠ Gal(Qur

p /Qp), by continuity.

We use an injection Q̂ur
p ↪→ Bcris compatible with the GQp-action (and with φ, which is the

Frobenius of Q̂ur
p ). There exists a special element t ∈ Bcris (the p-adic analogue of 2πi ∈ C)

such that GQp acts on t through the cyclotomic character: GQp acts on t through the surjection
GQp ↠ Gal(Qp(ζp∞)/Qp), and

g · t = χcyc(g) t for g ∈ Gal(Qp(ζp∞)/Qp).

Moreover φ(t) = pt.

Notes. Heuristically, t = log[ε], where ε = (1, ζp, ζp2 , . . . ) is a compatible system of p-power
roots of unity. Just as 2πi is a period of dz/z (the integral over a loop), t is the p-adic period
of the multiplicative group.

12.2 Comparison theorems

Theorem 12.2.1 (Crystalline comparison; Faltings, Tsuji, Nizioł)
Let X be a proper smooth variety over Qp which has good reduction, i.e. it extends to a proper
smooth scheme X over Zp with special fibre XFp . Then we have a natural isomorphism,
compatible with GQp and φ (and filtrations after extending scalars to BdR),

H i
cris(XFp/Zp)⊗Zp Bcris ∼= H i

et(XQp
,Qp)⊗Qp Bcris.
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Correction. In my notes the right-hand side reads H i
st(XQp

,Qp); it is étale cohomology
H i

et(XQp
,Qp). Also, φ acts on the left through both factors, and GQp only through Bcris; on

the right GQp acts on both factors.

This is a p-adic analogue of the following classical theorem.

Theorem 12.2.2 (de Rham)
Let K be a subfield of C and X a proper smooth variety over K. Then

H i
dR(X/K)⊗K C ∼= H i(X(C),Q)⊗Q C.

In this sense, Bcris is the ring of p-adic periods for proper smooth varieties with good reduction.
We have injections

Bcris ↪→ Bst ↪→ BdR,

where Bcris carries φ, Bst carries φ and the monodromy operator N (with Nφ = pφN and
Bcris = BN=0

st ). BdR has neither φ nor N , but BdR is a complete discrete valuation field with
uniformiser t (and residue field Cp, the completion of Qp). For any finite extension k of Qp (with
Gk = Gal(Qp/k)),

(Bcris)Gk = (Bst)Gk = k0, (BdR)Gk = k,

where k0 is the largest subextension of k/Qp which is unramified over Qp.
We have similar comparison theorems of p-adic Hodge theory with Bst and BdR: Bst (resp. BdR)
is the ring of p-adic periods for proper smooth varieties with semistable reduction (resp. for all
proper smooth varieties, e.g. those with potentially semistable reduction).

Correction. My notes say “stable reduction” for Bst; the standard term is semistable re-
duction (Cst-conjecture, proved by Tsuji). For BdR the comparison (CdR, Faltings) holds for
every proper smooth variety over k.

12.3 de Rham and geometric Galois representations

Let V ∼= Q⊕n
p , with a continuous linear action of Gk, be a p-adic Galois representation, where k

is a finite extension of Qp. Then

dimk

(
V ⊗Qp BdR

)Gk ≤ dimQp V.

Definition 12.3.1
When we have equality dimk(V ⊗Qp BdR)Gk = dimQp V , we say that V is BdR-admissible (or
de Rham). Similarly with Bcris (dimension over k0): crystalline.

Correction. In my notes the definition of BdR-admissibility is written with “≤”. That
inequality holds for every V ; admissibility means equality. Also, (V ⊗ BdR)Gk is a k-vector
space (as BGk

dR = k), so the dimension on the left is over k, not over Qp.

Definition 12.3.2
LetK be a number field and V ∼= Q⊕n

p a continuous p-adic representation ofGK = Gal(K/K).
We say that V is geometric if
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(i) the action of GKv := Dv on V is unramified (i.e. Iv acts trivially) for all but finitely
many primes v of K, and

(ii) for the primes v of K above (p), the action of GKv on V is BdR-admissible.

Notes. Here GKv = Gal(Kv/Kv) is identified with the decomposition group Dv ⊆ GK of a
prime of K above v, by choosing an embedding K ↪→ Kv. Changing the choice conjugates Dv

and does not affect the conditions. The Fontaine–Mazur conjecture predicts that geometric
representations are exactly those that “come from geometry”.

By the comparison theorems of p-adic Hodge theory, H i
et(XK ,Qp) is geometric for any proper

smooth variety X over K and any i with 0 ≤ i ≤ 2 dimX. (Condition (i) holds outside the primes
of bad reduction and those above p, by smooth and proper base change; condition (ii) is CdR.)

Correction. My notes write “0 ≤ i ≤ dimK”; the cohomological degrees range over 0 ≤
i ≤ 2 dimX.

12.4 Stable lattices and Galois cohomology

Lecture of 23 July 2026. From now on, K denotes a finite extension of Qp (the coefficient
field) with ring of integers O and uniformiser ϖ, and F denotes a number field. A p-adic
representation is a finite-dimensional K-vector space V ∼= K⊕d with a continuous K-linear
action of GF .

Definition 12.4.1
An O-submodule T ⊂ V is called a GF -stable O-lattice if

(i) T is stable under the GF -action, i.e. gT ⊆ T for all g ∈ GF ;

(ii) T is a finitely generated O-module with T ⊗O K ∼= V (equivalently, T is free of rank d
and spans V ).

Notes. My notes have a “?” at “stable”. It means invariant: g(T ) ⊆ T , hence g(T ) = T
since g−1 also preserves T . It does not mean that each element is fixed.

Lemma 12.4.2
Let V be a continuous p-adic representation of GF = Gal(F/F ). Then there exists a GF -
stable lattice T ⊂ V .

Proof. Take any lattice T0 (e.g. O⊕d in a basis). Its stabiliser H = {g ∈ GF | gT0 = T0} is open:
GL(T0) = GLd(O) is open in GLd(K), and the action map GF → GLd(K) is continuous. So H
has finite index in the compact group GF . Then T =

∑
g∈GF /H

gT0 is a finite sum of lattices,
hence a lattice, and it is GF -stable. ■

Let T be a GF -stable lattice of V . Then we set

A = V/T ∼= T ⊗O K/O ∼= (K/O)⊕d,
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a finite number of copies of K/O on which GF acts continuously (for the discrete topology), and
T = lim←−nA[ϖn], where ϖ is a uniformiser of O.

Let k be a field and Gk = Gal(ksep/k). We denote the continuous Galois cohomology H i(Gk,M)
of a (topological) Gk-module M by H i(k,M). Let F be a number field and v a finite prime of
F . We denote by Dv (resp. Iv) the decomposition subgroup (resp. inertia subgroup) at v. For a
GF -module M , we have

H i(Dv,M) ∼= H i(Fv,M), H i(Iv,M) ∼= H i(F ur
v ,M),

where F ur
v is the maximal unramified extension of Fv.

12.5 Local conditions H1
f

Definition 12.5.1 (Bloch–Kato)
Let V ∼= K⊕d be a continuous p-adic representation of GF , F a number field, and v a
finite prime of F . We define a subspace H1

f (Fv, V ) of the finite-dimensional K-vector space
H1(Fv, V ) as follows:

H1
f (Fv, V ) =

ker
(
H1(Fv, V ) res−−−→ H1(F ur

v , V )
) ∼= H1(Dv/Iv, V

Iv ), v ∤ p,

ker
(
H1(Fv, V )→ H1(Fv, V ⊗Qp Bcris)

)
, v | p.

Notes. For v ∤ p, the isomorphism is the inflation–restriction exact sequence 0 →
H1(Dv/Iv, V

Iv )→ H1(Dv, V )→ H1(Iv, V ). These are the unramified classes. For v | p, the
classes are called crystalline: they correspond to extensions 0→ V → E → Qp → 0 with E
crystalline. H1(Fv, V ) is finite dimensional by the local Euler characteristic formula (Tate).

Let ϕ : H1(Fv, V )→ H1(Fv, A) be the morphism of Galois cohomology induced by the continuous
map of GF -modules V ↠ A. We define

H1
f (Fv, A) = ϕ

(
H1
f (Fv, V )

)
⊆ H1(Fv, A).

Correction. My notes use the letter p (looking like “̸ p”) for this map; I renamed it ϕ to
avoid a clash with the prime p.

12.6 Selmer groups and examples

Definition 12.6.1
Assume p ̸= 2. Let V ∼= K⊕d be a geometric p-adic Galois representation of GF , T ⊂ V a
GF -stable lattice, and A = V/T = T ⊗O K/O. We define the Selmer group SelA(F ) by

SelA(F ) = ker
(
H1(GF , A) −→

∏
v finite

H1(Fv, A)
H1
f (Fv, A)

)
,

the product over all finite primes v of F .
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Notes. At the infinite places there is no condition. For p odd, H1(R, A) is killed by 2 and
is a p-primary group, so it vanishes. This is one reason for the assumption p ̸= 2.

Example 12.6.2 (A = Qp/Zp). Let F be a number field, V ∼= Qp the trivial Galois represen-
tation, T ∼= Zp a GF -stable lattice and A = V/T ∼= Qp/Zp. By the well-known fact from Galois
cohomology (cohomology of a trivial module),

H1(F,Qp/Zp) ∼= Homcont(GF ,Qp/Zp) ∼= Homcont(Gab
F ,Qp/Zp).

Similarly H1(Fv,Qp/Zp) ∼= Hom(Gab
Fv
,Qp/Zp), and one shows that

H1
f (Fv,Qp/Zp) ∼= Hom(Dv/Iv,Qp/Zp)

consists of the unramified homomorphisms (for v | p this uses that crystalline classes inH1(Fv,Qp)
are unramified). Hence SelQp/Zp

(F ) consists of the homomorphisms Gab
F → Qp/Zp that are

unramified everywhere, i.e. that factor through the Galois group of the Hilbert class field. By
class field theory (Theorem 1.4.2),

SelQp/Zp
(F ) ∼= Hom(Cl(F ),Qp/Zp) = Cl(F )[p∞]∨,

the Pontryagin dual of the p-part of the ideal class group of F .

Notes. In my notes this line reads “SelQp/Zp
(F ) = Cl(F )[p∞]”, with a circled “∨?” added

and a “?” next to it. The answer: yes, the dual ∨ belongs there. Since Cl(F )[p∞] is a finite
abelian group, it is (non-canonically) isomorphic to its dual, so both versions are true as
abstract groups. But the natural isomorphism is with the dual, and the dual is also what is
compatible with Galois actions.

The next example. Let µpn = {x ∈ F× | xpn = 1}. Let us define

Zp(1) = lim←−
n

µpn , Qp(1) = Zp(1)⊗Zp Qp, Qp/Zp(1) = Zp(1)⊗Zp Qp/Zp = lim−→
n

µpn .

We will discuss SelA(F ) for A = Qp/Zp(1).
By Kummer theory in Galois cohomology (Hilbert’s Theorem 90),

H1(F, µpn) ∼= F×/(F×)pn
, H1(Fv, µpn) ∼= F×

v /(F×
v )pn

.

Hence

H1(F,Qp/Zp(1)) ∼= lim−→
n

H1(F, µpn) ∼= F× ⊗Z Qp/Zp, H1(Fv,Qp/Zp(1)) ∼= F×
v ⊗Z Qp/Zp.

For each finite prime v we have the exact sequence 1→ O×
Fv
→ F×

v → ϖZ
v
∼= Z→ 1, where ϖv is

a uniformiser of OFv . We can show that

H1
f

(
Fv,Qp/Zp(1)

)
⊆ H1(Fv,Qp/Zp(1)

) ∼= F×
v ⊗Z Qp/Zp

is the image of O×
Fv
⊗Z Qp/Zp [1, Example 3.9]. Hence, for each finite prime v, the map

H1(F,Qp/Zp(1))→ H1(Fv,Qp/Zp(1))→ H1(Fv,Qp/Zp(1))
H1
f (Fv,Qp/Zp(1))

∼= Qp/Zp

sends x⊗ a ∈ F× ⊗Qp/Zp to v(x) a, where v = valv.
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Proposition 12.6.3
We have the following exact sequence:

0 −→ O×
F ⊗Z Qp/Zp −→ SelQp/Zp(1)(F ) −→ Cl(F )[p∞] −→ 0.

In particular SelQp/Zp(1)(F ) has corank r1(F ) + r2(F )− 1 over Zp.

Correction. My notes write OF ⊗Qp/Zp; it is the unit group O×
F ⊗Qp/Zp. The crossed-out

recollection O×
F
∼= Zr1+r2−1⊕ (finite) in my notes is still relevant: tensoring with Qp/Zp kills

the finite part, so O×
F ⊗Qp/Zp ∼= (Qp/Zp)r1+r2−1.

Proof. (By this observation and the snake lemma, as in the lecture.) Let IF =
⊕

v Z be the
group of fractional ideals and PF the subgroup of principal ideals. By the observation, Sel =
ker
(
F× ⊗Qp/Zp

div−−→ IF ⊗Qp/Zp
)
. Tensor the exact sequences

1→ O×
F → F× → PF → 1, 0→ PF → IF → Cl(F )→ 0

with Qp/Zp. Since PF and IF are free abelian groups, all Tor terms vanish except

TorZ1 (Cl(F ),Qp/Zp) ∼= Cl(F )[p∞],

and Cl(F )⊗Qp/Zp = 0 (Cl(F ) is finite). We get exact sequences

0→ O×
F ⊗Qp/Zp → F× ⊗Qp/Zp → PF ⊗Qp/Zp → 0,

0→ Cl(F )[p∞]→ PF ⊗Qp/Zp → IF ⊗Qp/Zp → 0.

The map div is the composite F× ⊗ Qp/Zp ↠ PF ⊗ Qp/Zp → IF ⊗ Qp/Zp. So its kernel Sel
contains O×

F ⊗Qp/Zp, and the quotient is the kernel of the second map, Cl(F )[p∞]. The corank
statement follows from Dirichlet’s unit theorem. ■
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Chapter 13

Elliptic Curves and the Tate–Shafarevich Group

13.1 Elliptic curves and the Mordell–Weil theorem

Definition 13.1.1
Let k be a field. A proper smooth curve E over k of genus 1 such that E(k) ̸= ∅, together
with a chosen point O ∈ E(k), is called an elliptic curve over k.

Notes. The base point O is part of the data. It becomes the neutral element of the group law;
the same curve with a different base point is isomorphic as an elliptic curve via a translation.
A genus one curve without rational points is not an elliptic curve: such curves are exactly
what the Tate–Shafarevich group measures (§13.2).

For an elliptic curve E over k and any (finite) extension k′ of k, E(k′) naturally becomes an
abelian group (chord–tangent law with neutral element O).

Example 13.1.2. Let char k ̸= 2, and consider the affine curve in A2 defined by the equation

y2 = f(x),

where f(x) is a cubic polynomial with no double roots. The Zariski closure E of this affine curve
in P2 is an elliptic curve, with O = [0 : 1 : 0] the unique point at infinity. Conversely, every
elliptic curve over k has such a (Weierstrass) model [15, Ch. III].

Recall the following well-known theorem.

Theorem 13.1.3 (Mordell–Weil)
Let E be an elliptic curve over a number field F . Then E(F ) is a finitely generated abelian
group. That is, there exists rF (E) ∈ Z≥0 (the Mordell–Weil rank) such that

E(F ) ∼= Z⊕rF (E) ⊕ (finite abelian group).

Proof sketch. Weak Mordell–Weil: |E(F )/nE(F )| <∞ for n ≥ 2. One embeds E(F )/nE(F ) into
the n-Selmer group, a subgroup of H1(F,E[n]) unramified outside a finite set of primes, which
is finite. Then an argument using the theory of heights (a quadratic function ĥ on E(F ) with
finitely many points of bounded height) gives finite generation by descent. See [15, Ch. VIII]. ■

13.2 The Tate–Shafarevich group
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Definition 13.2.1
Let E be an elliptic curve over a number field F . We define an abelian group

XF (E) = ker
[
H1(F,E(F )

)
−→

∏
v

H1(Fv, E(F v)
)]

and call it the Tate–Shafarevich group of E.

Correction. In my notes the product runs over the finite primes only. The standard defini-
tion runs over all places v of F , including the infinite ones; the two versions differ at most
by a finite 2-group, so they agree on p-parts for p odd.

Conjecture 13.2.2
For all elliptic curves E/F , XF (E) is a finite abelian group.

Notes. Only partial results are known: Kolyvagin [6] and Kato [5] (Euler system method).
For example, for E/Q with analytic rank ≤ 1, XQ(E) is finite (Gross–Zagier and Kolyva-
gin). Kato’s Euler system gives one divisibility in the Iwasawa main conjecture for elliptic
curves. This links Chapter 11 to this chapter. The finiteness of X is also part of the
Birch–Swinnerton-Dyer conjecture.

By definition, XF (E) becomes nontrivial iff there is a proper smooth curve C over F with genus
1 such that C(Fv) ̸= ∅ for all places v, C(F ) = ∅, and C ∼= E over F in a way compatible with
the action of E.

Notes. Precisely: H1(F,E) classifies principal homogeneous spaces (torsors) C for E, i.e.
curves C/F with a simply transitive action E×C → C defined over F ; such C is isomorphic
to E over F . The class of C is trivial iff C(F ) ̸= ∅, and its restriction to Fv is trivial iff
C(Fv) ̸= ∅. So nontrivial elements of X are curves that violate the Hasse principle. My
notes write “C ∼= E(F )”; it should be “C ∼= E over F”.

13.3 Selmer’s example

Example 13.3.1 (Selmer). Let C be the proper smooth curve in P2 defined by

3x3 + 4y3 = 5z3.

Then the genus of C is 1 (a smooth plane cubic), and C(Q) = ∅, but C(Qℓ) ̸= ∅ for all finite
primes ℓ of Q (and C(R) ̸= ∅). Thus C is a counterexample to the Hasse principle. It is a torsor
under its Jacobian, the elliptic curve E : x3 + y3 + 60z3 = 0, and it gives a nontrivial element of
XQ(E).

Notes. Selmer’s original equation is 3x3 + 4y3 + 5z3 = 0; replacing z by −z gives the form
above. Local solubility is elementary. For ℓ ∤ 60, the reduction is a smooth cubic with
points by the Hasse bound, and Hensel’s lemma lifts a smooth point; for ℓ ∈ {2, 3, 5} one
exhibits explicit ℓ-adic solutions. Real points obviously exist. The absence of rational points
is Selmer’s theorem (1951), proved by a descent; see [15, §X.6] or Cassels’ Lectures on Elliptic
Curves.
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