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Preface

These notes are a typeset version of my handwritten notes for my research project on modu-
lar forms, which I carried out at the Institute of Science Tokyo during the Young Science and
Engineering Researchers Program (YSEP), under the supervision of Prof. Yuichiro Taguchi and
Specially Appointed Associate Professor Soma Purkait. The final goal of the project is to under-
stand Hecke operators: the Hecke algebra of a congruence subgroup and the action of the Hecke
operators T}, on spaces of modular forms for I'g(/V), which leads to bases of eigenforms whose
Fourier coefficients are multiplicative. To get there, the notes start from the analytic continuation
and functional equation of the Riemann zeta function, whose proof (via the Gamma function, the
Mellin and Fourier transforms, Poisson summation and the theta function) is the prototype of the
analytic arguments used later. They then pass through elliptic curves over C, the modular group
and its congruence subgroups, the valence formula, the growth of modular forms and cusp forms,
and modular forms of congruence subgroups and their properties. As an application we prove
Jacobi’s four square theorem, and we finally develop the Hecke algebra and the Hecke operators
for T'o(IN). Much of the material follows the lecture notes of Dr. Soma Purkait from the course on
modular forms taught by Dr. Purkait a few years ago; the presentation also follows Koblitz [2],
supplemented by [1, 4]. Chapter k follows my handwritten “Note k.

Why the Riemann zeta function and elliptic curves? Originally the project was meant to go
further in two directions: from modular forms to their L-functions (which generalise the Riemann
zeta function), and from elliptic curves to the modularity theorem (every elliptic curve over Q is
modular). Chapters 1 and 2 were written as preparation for these. Since the research period was
coming to an end, there was not enough time to reach either goal, and the notes stop at Hecke
operators.

In my handwritten notes many statements were only announced (“we can show”, “by the lemma”,
“exactly like in the book”), and some proofs were left blank. Most of these proofs were written
afterwards to complete the notes. The conversion of my handwritten notes into this IATEX
document, as well as several of the proofs and corrections, was produced with the help of Claude
Code (Opus 5.5, High-Ultracode), in order to ease the formal write-up. Furthermore:

o boxes labelled Notes. make precise notions which were ambiguous or left implicit in my
handwritten notes;

e boxes labelled Correction. point out places where my handwritten notes contained a slip,
and what the correct statement is;

o results whose proofs are far beyond the scope of the project are stated with references; a Proof
sketch indicates that some standard input is quoted.

Standard facts from a first course in complex analysis (Cauchy’s and Goursat’s theorems, Mor-
era’s theorem, the residue theorem, the identity theorem, ...) and in real analysis (dominated
convergence, the Fubini—Tonelli theorem, ...) are used freely; see e.g. [6, 7].

I would also like to give a shout-out to Orlando Ferrari’s lecture notes project, which influenced
the way I make and write up these notes; see orlandoferrari.github.io.

The reader is advised to stay vigilant and verify the calculations; any remaining errors are mine.
If you find a mistake or have a suggestion, please feel free to reach out to me on GitHub:
github.com/Peanut2Butter9.


https://orlandoferrari.github.io
https://github.com/Peanut2Butter9

Contents

Preface

1 Analytic Continuation of the Riemann Zeta Function
1.1 The Gamma function . . . . . . . . . . . L
1.2 The reflection and duplication formulas . . . . . .. ... ... ... ... ... ..

1.3 The Riemann zeta function for Res >1 . . . . . . . . . . ... .. ... .. ....

1.4 The Mellin and Fourier transforms . . . . . . . . . . ... .. .....
1.5 Poisson summation and the theta function . . . . . . . .. .. ... ..

1.6 Analytic continuation and functional equationof ¢ . . . . . . . .. ..

Elliptic Curves and Elliptic Functions

2.1 Elliptic curves over a field . . . . . . ... ... oL,
2.2 Lattices and doubly periodic functions . . . . . . ... ...
2.3 The Weierstrass g-function . . . . . . ... ... ... ... ......
2.4 The Weierstrass equation and Eisenstein series . . . . . .. .. .. ..

2.5 The torus C/L as an elliptic curve . . . . ... ... ... ... ....

The Modular Group and Congruence Subgroups

3.1 SLg(Z) and its action on the upper half-plane . . . . . ... ... ...
3.2 Congruence subgroups . . . . . . . . ..o oo
3.3 Fundamental domains . . . . . . .. ... Lo o oo

3.4 Exercises from Koblitz, §IT1.1T . . . .. ... ... ... ... .....

Modular Forms of Level 1 and the Valence Formula

4.1 Modular functions and modular forms . . . . ... .. ... ... ...
4.2 Eisenstein series and their g-expansions . . . . . .. .. ... ... ..
4.3 The valence formula . . . . . ... Lo
4.4  Consequences of the valence formula . . . . ... ... ... ... ...
4.5 Dimension formula and generators . . . . ... ... ... ... ...
4.6 The j-invariant . . . . . . . ... Lo
4.7 The Eisenstein series of weight 2 . . . . . . .. .. ... L.

4.8 The Dedekind n-function and the product formula for A

4.9 Derivatives of modular forms . . . . . . ... oL

Growth of Fourier Coefficients and Cusp Forms

Modular Forms of Congruence Subgroups

ii

11
13
16

20
20
23
28
33
37

40
40
42
48
o1

63
63
65
70
72
74
76
78
81
83

85

88



Moh Hasbi Alfarizi Research Notes on

github.com/Peanut2Butter9 Modular Forms and Hecke Operators
6.1 The slash operator . . . . . . . . .. 88
6.2 Modular forms for congruence subgroups . . . . . . ... ... 89
6.3 Stabilisers of cusps and odd weight . . . . . . . ... o oL 92
6.4 The valence formula and a dimension bound . . . . . .. .. .. ..o 93
6.5 Growth conditions and cusp forms . . . . . .. ..o oL oL 94
7 Properties of Modular Forms of Congruence Subgroups 98
7.1 Changing the group . . . . . . . . . e 98
7.2 Dirichlet characters . . . . . . . . ... L 100
7.3 Decomposition by the Nebentypus . . . . . .. ... ... ... . .. 102
7.4 Oldforms and the Atkin—Lehner involution . . . . . . .. ... ... ... ... ... 103
7.5 Eisenstein series for To(N) . . . . . . . . .. Lo 105
7.6 Jacobi’s theta function . . . . . . . ... L Lo 107
8 Jacobi’s Four Squares Theorem and Hecke Operators of Level 1 110
8.1 Proof of Jacobi’s four squares theorem . . . . . . .. .. ... 110
8.2 Modular forms as functions on lattices . . . . . . . . ... oL 112
8.3 Hecke operators on Mp(SLa(Z)) . . . . o« v v v i i i 113
8.4 Multiplicativity of Hecke operators . . . . . . . . . . ... ... ... ... ..., 117
8.5 Hecke eigenforms . . . . . . ... 119
9 The Hecke Algebra 122
9.1 Commensurable subgroups and the commensurator . . . . . . ... ... ... ... 122
9.2 Double cosets . . . . . . e e e 123
9.3 The Hecke algebra . . . . . . . . . e 124
10 Hecke Operators for I'y(N) 127
10.1 The Hecke algebra acts on Mp(I',x) . . . . . . ... ... 127
10.2 The Hecke algebras of T'o(N) . . . . . . . . oo o 128
10.3 The Hecke operators T, and T} . . . . . . . . . ... oo 130
10.4 Decomposition into single cosets . . . . . . . . ..o oo 132

10.5 Generators of the Hecke algebra and the action on g-expansions . . . . . . . . . .. 133

iii


https://github.com/Peanut2Butter9

Chapter 1

Analytic Continuation of the Riemann Zeta Function

The aim of this chapter is to prove that the Riemann zeta function ((s) = 3_,,>; n~*, defined for
Res > 1, extends to a meromorphic function on C whose only pole is a simple pole at s = 1 with
residue 1, and that it satisfies the functional equation

7T (3) C(s) = T (152 (1 - ).

We follow [2, Ch. II]. The proof goes through the Gamma function, the Mellin and Fourier
transforms, the Poisson summation formula and the transformation law of the theta function.
Throughout, we write s = ¢ 4+ i7 with ¢ = Res and 7 = Im s, and for ¢t > 0 we put t* = e*l°8?
with the real logarithm. Note that

’ts| — ‘ealogt‘

eiTlogt‘ :ta, (1.1)

et

since =1 for real 6.

1.1 The Gamma function

Definition 1.1.1 (Gamma function)
For Res > 0 we put

N J
s )
Proposition 1.1.2
The integral defining I'(s) converges absolutely for every s with Re s > 0.
N J

Proof. Let s = o+ i1 with 0 > 0. Since an absolutely convergent improper integral is convergent,
it suffices to look at the modulus of the integrand. By (1.1), |e 57! = 7%, so we have to

show that
[e%) 1 00
/ e o dt = / e o dt + / e ot dt
0 0 1

is finite. We split the integral into these two parts.
The part over (0,1]. Since e~t < 1 for t > 0, we have e~ 't~ < t°~1 and since o > 0,
1 o1t 1 e 1
/ t°~1dt = lim [} =—— lim —=—.
0 e=0t o], O e=0t O o
Hence fol et ldt < 1/0 < 0.
The part over [1,00). The exponential dominates every power. To make this precise, choose an
integer N > max(c — 1,0). From the power series e = .+ 27 /5!, all of whose terms are > 0
for x > 0, we get e* Z:CN/N! for £ > 0. With . =¢/2 and t > 1,

N
<V = 2N(%) < NN1et/? = Met/?,
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where the first inequality uses t > 1 and 0 — 1 < N (for ¢ > 1 the function = +— t* is increasing).
Hence

oo (0] oo
/ et dr < / et Met/?2dt = M/ e t2at
1 1 1

b
= Mblim [—26715/2}1 = M lim (2671/2 — 264’/2) =2Me /2 < 0.
— 00

b—o0

Both parts are finite, so the integral converges absolutely. |

To prove that I is holomorphic we use two standard lemmas from complex analysis (see [6, Ch. 2,
Thms. 5.2 and 5.4]). Both rest on the following two theorems.

Recall (Goursat and Morera). Goursat’s theorem: if Q C C is open, T' C € is a closed
triangle (with its interior) and f is holomorphic on €, then [, f(2)dz = 0. Morera’s
theorem: if f is continuous on an open disc D and [, f(z) dz = 0 for every closed triangle
T C D, then f is holomorphic on D.

Lemma 1.1.3
Let 2 C C be open and let (fy,)n>0 be a sequence of holomorphic functions on €2 that converges
uniformly to a function f on every compact subset of £2. Then f is holomorphic on §2.

-

Proof. Continuity. Let zp € Q and choose r > 0 with D(zg,r) C Q; this closed disc is compact.

Given ¢ > 0 choose n with |f,, — f| < /3 on D(zp,7), and then § € (0,7) with |f,(2) — fn(20)] <
e/3 for |z — 29| < 0 (fy is continuous). For such z,

1f(2) = f(z0)| < 1f(2) = fu(2)| + [fn(2) = fu(20)| + [ fn(20) = f(20)| <5+ 5+ 5 =€

So f is continuous on 2.

Holomorphy. Let D C Q be an open disc and T' C D a closed triangle. By Goursat’s theorem
Jor fn(2)dz = 0 for every n. Since 9T is compact, supyr | fn — f| = 0, and with £(0T') the length

of 0T,
[ e [ g dz| < 607) - sup [£G) ~ () 0,
or or z€dT n—oo
hence
z)dz = lim n(z)dz = lim 0=0.
| s@de=tim [ f()de= lim
By Morera’s theorem f is holomorphic on D; as D was arbitrary, f is holomorphic on §2. |
4 N
Lemma 1.1.4
Let Q2 C C be open, a < b real, and let F(z,s) be a function on Q x [a, b] such that
(i) F(z,s) is holomorphic in z for each fixed s € [a, b];
(ii) F' is continuous on Q X [a, b].
Then the function f defined on 2 by
b
f(2) :/ F(z,s)ds
is holomorphic on §2.
- J
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Proof. Let D be an open disc whose closure D lies in .

Continuity. F is continuous on the compact set D X [a, b], hence uniformly continuous there. So,
given € > 0, there is § > 0 such that |F(z,s) — F(zp,s)| < ¢ for all s € [a,b] whenever z,2y € D
and |z — 29| < 0. For such z, 2o,

b b
F(2) = f(z0)] = /a(F(z,s)—F(zo,s)) ds g/a F(z, ) — F(20,5)| ds < (b—a)e.

So f is continuous on D.

Holomorphy. Let T C D be a closed triangle. The integrand F'(z, s) is continuous on the compact
set T X [a, b], hence bounded there, so it is integrable for the product of arc length and ds, and
Fubini’s theorem allows us to swap the integrals. By hypothesis (i) and Goursat’s theorem,
Jor F(2,5)dz = 0 for each fixed s. Hence

700~ [ ([ rena)as= [([ penaz)an= [foa—o

By Morera’s theorem f is holomorphic on D. Every point of € lies in such a disc, so f is
holomorphic on €. |

Correction. In my handwritten notes the lemma was stated for (z,s) € Q x [0,1], but
condition (ii) and the integral were over [a,b]. The interval is arbitrary; it must of course be
the same everywhere. We will apply the lemma with [a,b] = [e,1/¢].

-~
Proposition 1.1.5

The Gamma function is holomorphic on the half-plane {s € C : Res > 0}.

-

Proof. For 0 < a < b consider the closed vertical strip
Kop={s€C:a<Res <b}.

Every compact subset K of {Res > 0} is contained in such a strip: since Re is continuous and
K is compact, Re s attains a minimum a > 0 and a maximum b on K.

For 0 < e <1 put
1/e
F.(s) = / et at.
3

The function I(s,t) = e '*~1 = e~te(s~1Io8t ig holomorphic in s for each fixed ¢ > 0 and
continuous on {Res > 0} x [g,1/¢], so F. is holomorphic on {Re s > 0} by Lemma 1.1.4.

Next we show that F, — I' uniformly on K, as ¢ — 0%, For s = 0 + i1 € Kgp,

ID(s) — Fe(s)| =

£ o0
/ e s dt + et dt
0 1/e

£ o0
g/ e o dt + e ol de.
0 1/e
N——
1) (2)

Bound for (1). Here 0 < t < ¢ < 1, s0 e < 1, and since ¢ > a we have t°~! < ¢~ (for
0 <t < 1 the function x — t* is decreasing). Hence

£ £ ta g 8(1
/ e_tt“_ldtg/ vt = [] = .
0 0 a o a
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Bound for (2). Here t > 1/ > 1, and since o < b we have t°~! < =1 Arguing as in the proof
of Proposition 1.1.2, there is M, > 0 with t*=1 < Met/2 for all t > 1, so

o oo
/ e it < Mye t/2 dt = 2Mye~1/(29),
1/e 1/e

Altogether,
a

sup |[['(s) — F-(s)| < g )|V AAC p—
a

s€K,p e—=0T
Taking ¢ = ¢, = 1/(n + 2), the holomorphic functions F., converge to I' uniformly on every
compact subset of {Res > 0}. By Lemma 1.1.3, T" is holomorphic on {Res > 0}. [ ]

Notes. The upper bounds for (1) and (2) are deliberately chosen to depend only on a, b and
e, and not on s: integrating ¢! directly would give a bound depending on o, which only
proves pointwise convergence. Uniformity is exactly what Lemma 1.1.3 requires. Note also
that the strip K, is closed but not compact (it is unbounded in the imaginary direction);
this does not matter, since uniform convergence on K, ; implies uniform convergence on each
compact subset of it.

-
Proposition 1.1.6

For Res > 0 we have I'(s + 1) = sI'(s). In particular I'(n) = (n — 1)! for all integers n > 1.

.

Proof. Integrate by parts with « = ¢ and dv = e~*dt, so that du = st*~ ' dt and v = —e ™%

1/e 1/ 1/e
[(s+1) = lim e tdt = lim ([—tseﬂ g s/ et dt> .
€

e—=0t Je e—0t

Here %ts = %esmgt = fe“"logt = st*~1 which justifies du. By (1.1), [t5e7t| = t7e~t. We check
the two ends of the boundary term:

o att=1/e — oo: with N > o an integer, ¢! >tV /(N+1)!, sot%e™t < tNe ™t < (N+1)!/t —
0 (using t > 1);

e att=e— 0" t9% 1 <7 =% — 0, since o > 0.

Hence [—t%e™!] i/e = —(1/e)%e /e 4 &%= - 0—0=0, and

1/e
I'(s+1)=0+s lim e it dt = sT'(s).

e—0t 5
Finally
o0
_ 10 1t — lim [—e—t1° = 1; —e)y=1=0
F(l)—/o e 't dt—bli)ngo[ e '], blg](r)lo(l e’)=1=0
and by induction on n: if I'(n) = (n — 1)!, then '(n+ 1) =nl'(n) =n- (n — 1)! = nl |

Recall (Identity theorem). If Q C C is open and connected, f,g are holomorphic on €2,
and f = g on a subset of Q having a limit point in 2 (e.g. a nonempty open subset, or a
segment of positive length), then f = g on all of . In particular an analytic continuation to
a connected domain is unique, and identities between holomorphic functions persist under
continuation.
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Proposition 1.1.7
The Gamma function has an analytic continuation to a meromorphic function on C whose
only singularities are simple poles at s = 0,—1,—2,.... The identity I'(s + 1) = sI'(s) holds
for all s € C\ Z<o.

Proof. The strategy is to push the domain of definition to the left, one unit at a time, using
Proposition 1.1.6 in the form

T(s) = F(sjl) (Res > 0).

For an integer m > 1 define

I'(s+m)
(s+m—1)(s+m—2)---(s+1)s

F.(s) = (Res > —m).

This makes sense, because Re(s +m) > 0. Since I' is holomorphic on the right half-plane, F,,
is holomorphic on {Res > —m} except possibly at the zeros s = 0,—1,...,—(m — 1) of the
denominator. At s = —n with 0 < n < m — 1 the numerator equals I'(m —n) = (m—n—1)! #0
and the denominator has a simple zero, so F;, has a simple pole there.

F,, =T on {Res > 0}. For Res > 0 all of s,s+1,...,5 4+ m — 1 have positive real part, so
Proposition 1.1.6 applies to each of them:
F(s+m)=(s+m—-1(s+m—-1)=(s+m—1)(s+m—2)T(s+m—2)
=--=(s+m—-1)(s+m—2)---(s+1)sI'(s).
Dividing by the product (which is nonzero, as Re s > 0) gives F,,(s) = I'(s).
Compatibility. For Res > —m we have Re(s +m) > 0,s0 I'(s + m+ 1) = (s + m)I'(s + m) and

L(s+m+1) _ (s+m)I'(s+m) _ I'(s+m)
(s+m)(s+m—-1)---s (s+m)(s+m—-1)---s (s+m—1)---s

Frni(s) = — Fu(s)

(away from the poles 0, —1, ..., —(m—1)). Hence the F},, glue together to a meromorphic function
on C = U,,{Res > —m}, which extends I' and whose only singularities are simple poles at
0,—1,-2,.... By the identity theorem this continuation is unique, and the identity I'(s + 1) =
sI'(s), valid for Res > 0, persists on the connected open set C\ Z<o. We denote the continuation
again by I. |

Correction. In my handwritten notes the statement says that the poles are at —2Z, and

that F), is defined “for all m € Z” with simple poles at s = 0,—1,...,—m. The correct
statements are: the poles of I' are exactly the non-positive integers 0, —1,—2,... (not only
the even ones), m runs over the positive integers, and F;,, has polesat s =0, —1,..., —(m—1)

(the point —m lies on the boundary of the half-plane Res > —m).

-
Proposition 1.1.8

For every integer n > 0,

Ress——n I'(s) = (—nl')"

-

Proof. Choose m > n+ 1, so that I' = F},, near s = —n. As s — —n,

e I'(s+m)—=>T(m—n)=(m—-—n—-1)
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o the factors s,s+1,...,s+n—1tend to —n, —(n — 1),...,—1, whose product is (—1)"n!;
o the factor s + n has a simple zero (this is where the pole comes from);

o the factors s+n+1,...,s+m—1tend to 1,2,...,m —n — 1, whose product is (m —n —1)!.

Since s = —n is a simple pole,
I(s+m)
Ress=—n I'(s) = li Fo(s)= 1
es (s) = lim (s+n)Fn(s) A G rm 1 G4ntDstn—1)--s
_ (m—n-nt (- .
C(m—n—-D!(=1)m!  n!l

Example 1.1.9. Forn = 0and n = 1 (taking m = 2,s0I'(s) = I'(s+2)/((s+1)s) for Res > —2):

o Ts+2) T2 . I(s+2) I(1)
Ress—oI'(s) = ll_% sl -1 - 1, Ress=_1T'(s) = sl_1>r£11 . = = -1,

in agreement with (—1)°/0! =1 and (—1)/1! = —1.

1.2 The reflection and duplication formulas

The following two classical identities were stated in my handwritten notes, but the proof was left
blank; we supply one here. We will use them to show that I' has no zeros, to compute I’(%), and
later in the study of (.

Proposition 1.2.1
For s € C\ Z,

I(s)D(1—s) = (1.2)

sinms’

r(s)r<3;1) _ /R T (), (1.3)
N y

and for s € C\ Z<o,

We first need two lemmas.

Lemma 1.2.2 (Beta integral)
For Rex > 0 and Rey > 0 put B(z,y) = [y u*~ (1 — u)?~'du. Then

B([I},y) =

Proof. All integrals below converge absolutely (the absolute values of the integrands are the same
integrands with x, y replaced by Re z, Rey, and these are finite by Proposition 1.1.2), so Fubini’s
theorem applies. We have

F(:B)F(y):/ e_aax_lda/ e_bby_ldb:// e~ (@0 = 1py=1 dq db.
0 0 o Jo

Consider ® : (0,00) x (0,1) — (0,00)%, ®(r,u) = (a,b) = (ru, (1 — u)). It is a bijection, with
inverse (a,b) = (r,u) = (a +0b, ;43): indeed ru + (1 —u) = r and =t = u. Its Jacobian matrix
and determinant are

da,b)  (dajor dafou\ [ w - - )
a(r,u>‘<6b/8r ab/ﬁu)‘(l—u —r>’ det = u-(-r)=r(l—u) = —ur—r+ur=-n,

6
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so dadb = |—r| drdu = rdr du. Substituting, a +b =7, a® ! = r*Ly* 1 and v=! = r¥=1(1 —
u)Y~1, so

oo rl
:/ / e "ty (1 — )Yl e dudr

—/ TRty 1dr/ w11 —w)? " du

—T(x +y) B(z,y).

To divide by I'(x + y) we need I'(z + y) # 0. We only use the lemma for real x,y > 0, where

D(z+y) = [T e "1 dt > 0 (integral of a positive continuous function); in general it follows
from Corollary 1.2.4 below, whose proof only uses the real case. |
Lemma 1.2.3
For0<a<1,

o0 axr
e T
/ dr = — .
o 1t e” sin a

Proof. Convergence. For x > 0: 1+ZT < f—f = e_(l_“)z and 1 —a > 0. For z < 0: 1+ - < e
and a > 0. Both bounds are integrable on the respective half-lines, so the integral converges

absolutely; call it I.

The contour. Let f(z) = e**/(1+€*) and let ORg be the boundary of the rectangle with vertices
—R,R, R+ 2mi,— R + 2mi, oriented counterclockwise.

Poles. 14+ e* =0 < e* = —1 <= z € mi+ 2wiZ. The only such point with 0 < Im z < 27 is
z = mi. There 1 + e* has a simple zero, since its derivative e™ = —1 # 0; so f has a simple pole

with residue ‘
a7

e e :
Res,—; f = g =—= —e™e,
HSl4e)| _,  em
The four sides.
o Bottom (z =z, z from —R to R): ff”Rf(x) dz
e Top (2 = z + 27, x from R to —R): since e 2™ = e f(x + 2mi) = eafjifa = e2™af (1), so

the contribution is —e?™ ffR f(z)dx

o Right (z = R+iy, 0 <y < 27): [e®] = e and |1—|—ez| > e —1=eRf—1,50|f(2)] < e

eR_19

the side has length 27, so its integral is at most 2“6 —0(asa<1l).

o Left (z = —R+1iy): [e¥*| = e % and |1 +¢€*| > 1 —e %, so the integral is at most 21716;1: —0
(as a > 0).

Residue theorem. For every R > 0, faRR f =2miRes,—r; f = —2mie™. Letting R — oo,
(1 — ™) ] = —27je™@

Since 0 < a < 1, €™ #£ 1, and dividing and then multiplying numerator and denominator by
_e—ma’ .
—2mi ™ 27 271 s
I= — = — — = = — . |
1 —e2ma  emia _e—ma  isinwa  sinwa
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Proof of Proposition 1.2.1. Reflection formula. Let 0 < a < 1. By Lemma 1.2.2 with x = a,
y=1—aand I'(1) =1,

I'(a)['(1-a) = B(a,1—a) = /01 u (1 — u) " du.

Substitute u = €*/(1 + €*), which maps R increasingly onto (0,1) (v — 0 as * — —o0, u — 1 as
x — o0). Then
1+e*—e” 1 e(1+4e") —e®-e” e’

" 1+e® 1+e*’ “ (1+ ev)?2 v (1+ e*)2 “

and
w = e(afl)x(l _’_e:v)lfa’ (1 - ’U,)ia _ (1 + e:p)a.

a—1)z+z

Multiplying, the powers of e* combine to el = e and the powers of 1 + e* to (1 +

e?)(Ima)ta=2 — (1 4 ¢7)~1. Hence

Ma)'(1—a)= / @ DZ(1 4 )17 (1 4 )2 —° _dz= / © _do=-T"

(1+e%)? oo 1 F € sina

by Lemma 1.2.3. Both sides of (1.2) are meromorphic on C and holomorphic on the connected
open set C\ Z, and they agree on the interval (0,1); by the identity theorem they agree on C\ Z.

The value T'(1). Putting s = 1 in (1.2) gives ['(1)? = 7. Since I'(3) = [ e Y2 dt > 0, we get

r(3) = vr. (1.4)

Duplication formula. Let z > 0 be real. The integrand of B(z z) is (u(l — u))z_l, which is
symmetric under u — 1 — u; so the integrals over (0, 3) and (1, 1) are equal and

1/2 .
B(z,2) = 2/0 (u(1 — )" du.

Substitute v = 4u(1 —u) = 4u — 4u?. Then j—z =4—8u=4(1-2u) > 0on (0,3), so v increases
from v(0) =0 to v(3) =4- 3 -2 = 1. Moreover

(1—2u)2:1—4u—|—4u2:1—v, so 1-2u=+v1—-v (as1l—2u>0),

and u(1 —u) =v/4, du = 4(1d_”2u) = 4\?11}—7”' Therefore
= = (z-1) -1/2 3,, — 9l—2z 1
(2,2) 2/ Wio =24 -4 / — ) dv =2 B(Z,2),

using 2-47% = 2172%. By Lemma 1.2.2 (with (z,y) = (2, 2) and (2, 3)) and ['(3) = /7 from (1.4),

this reads
DTG e TE)VA
r

(22) L(z+3)
Multiplying both sides by I'(2z)['(z + 2)/T'(2) (all three are positive for z > 0),
T()0(2+§) = V72!~ 1(22).

Putting z = s/2 gives (1.3) for real s > 0, and the identity theorem extends it to C\ Z<( (where
both sides are holomorphic). [
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Corollary 1.2.4
I'(s) # 0 for all s € C\ Z<p. Consequently 1/T'(s) is an entire function whose zeros are
exactly the points 0, —1,—2,..., and they are all simple.

Proof. For s =n > 1 we have I'(n) = (n — 1)! #4 0. If s ¢ Z, then 1 — s ¢ Z<p, so I'(1 — s) is
finite, and (1.2) shows I'(s)['(1 — s) = 7/ sin7s # 0; hence I'(s) # 0. Thus 1/T" is holomorphic on
C\ Z<y, and at each simple pole —n of I it has a removable singularity with a simple zero. W

Notes. On the same page of my handwritten notes there is a side computation showing that
the theta series 0(t) = >_,cz e~™"" (introduced in Section 1.5) also converges for complex ¢
with Ret > 0: writing t = o + 17,

2 2
—Ton
=€

‘e—wtn2

—Ton
= ’6

—iTTNn
£

In Chapter 1 we only need ¢t > 0, but the complex version is the starting point for theta
functions as modular forms (with t = —iz, z € §).

1.3 The Riemann zeta function for Res > 1

Definition 1.3.1 (Riemann zeta function)
For Res > 1 we put

n>1

We recall the Weierstrass M-test, which holds verbatim for complex-valued functions.

/Lemma 1.3.2 (Weierstrass M-test) )
Let fi1, fo,... be complex-valued functions on a set X. Suppose there are constants M with
(1) |fr(z)| < My for all z € X and k > 1, and
(i) > g>1 Mg < oo.
Then 3741 fr(x) converges absolutely and uniformly on X. )
-

Proof. For each =, > |fu(z)| < 3p My < o0, so the series converges absolutely; let f(x) be its
sum. For every K and every =z € X,

=Y fulx)

k>K

<> @) <Y My,

k>K kE>K

K
|f($) =3 ful=)
k=1

and the right-hand side is independent of x and tends to 0 as K — oo (tail of a convergent series).
Hence the convergence is uniform on X. |

Proposition 1.3.3
The series defining ((s) converges absolutely for Res > 1, and ¢ is holomorphic on the
half-plane Q@ = {s € C: Res > 1}.



https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

Proof. By (1.1), for s = o + iT we have |n™%| = ‘e*"log"‘ ‘e*’ﬂog”‘ =n"7 Fix 0 > 0 and let
={s:Res>1+¢}. For s € Qs,
1

" =n"7 < 15 = M,

1-6 s

and Y, > n” converges since 1 + ¢ > 1. By Lemma 1.3.2, the series ), ~;n~® converges
absolutely and uniformly on Q5. Every compact subset of Q lies in some Qg (_the minimum of
Re s on it is > 1), so the partial sums, which are entire functions, converge uniformly on compact
subsets of (2. By Lemma 1.1.3, ¢ is holomorphic on 2. |

Correction. In my handwritten notes Q5 = {Rez > 14 §} is called compact. It is closed
but not compact (it is unbounded). What the argument really uses is that every compact
subset of ( lies in some {25, on which the convergence is uniform.

An integral representation

Our next goal is to show that ( extends analytically to C, except for a simple pole at s = 1 with
residue 1. A first link between ¢ and I is the following formula.

Proposition 1.3.4
For Res > 1,

oo JJS_I
I'(s)¢(s) :/0 dz.

Proof. For x > 0 we have 0 < e™* < 1, so by the geometric series ﬁ =>s0¥" (lyl < 1),

s—1 s—1 e %

X xr
_Ze n+1:p S— 1
el“—l 1—e2
n>0

We want to integrate term by term. By Tonelli’s theorem (applied to the nonnegative functions
e~ (D2 20-1) and the substitution t = (n + 1)z,

Z/ ~(4 e o1 gy = 3 (o) — T(0)¢(0) < 00

n>0 n>0 (n + 1)0

for o > 1; here ‘e_(”“)xacs_l’ = ¢~ (t1D220=1 by (1.1). Hence the interchange of sum and integral

is justified by Fubini’s theorem (for the counting measure on Z>( times Lebesgue measure on
(0,00)). The same substitution ¢t = (n + 1)z, dz = dt/(n + 1), together with

t s=1 1 _4s—1 —(s—-1) -1 _ 4s—1 —s
(n+l> =t D) (n+1)" =t n+1)

(valid since t,n 4+ 1 > 0 and we use the real logarithm), gives

00 gs—l AN dt I'(s) 1
dz = - =y —Z =T — =T .
fame=X [ ) i X gy~ IO X o~ e
Remark 1.3.5. Thus ((s) = 71“(13) 0 :; lldw for Res > 1. Riemann’s original proof of the

analytic continuation starts from this formula and deforms the path of integration into a Hankel
contour. We follow instead the approach via the theta function, as in [2], which generalises
directly to L-functions of modular forms.

10
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1.4 The Mellin and Fourier transforms

~
Definition 1.4.1 (Mellin transform)
Let f be a function on (0,00). The Mellin transform of f is the function

o) = [" e = [T roeta

defined for those s for which the integral converges. y
-

Example 1.4.2. The Mellin transform of f(t) = e~ is I'(s), for Res > 0 (Proposition 1.1.2).

Example 1.4.3. Let ¢ > 0 be a constant. The Mellin transform of f(t) = e~ is ¢ *T'(s) for
Res > 0. Indeed, substituting u = ct, dt = du/c (and u — 0, resp. u — o0, as t — 0, resp.

t — 00),
) o0 t 1 o u S_ldu 1 o0 1
/ e M dt = / e_“(—) —_— == e "u T du = ¢ °T'(s).
0 0 c c s Jo

-
Definition 1.4.4 (Schwartz space)
Let S be the vector space of infinitely differentiable functions f : R — C such that

lz|Y f®(z) — 0 as ¢ — £oo, for all integers N,k > 0.

An example of such a function is f(z) = e~™": each derivative f*) (x) is a polynomial times

e~™" and the Gaussian decays faster than any power of |z|.
N J

Correction. In my handwritten notes the decay condition |:c|N f(x) — 0 was only required
for f itself. For the theory of the Fourier transform one needs it for all derivatives f*) as
well (this is the standard definition of the Schwartz space); otherwise f need not be smooth
and rapidly decreasing, and the proof of Proposition 1.4.6 breaks down.

Notes. Two elementary consequences of the definition will be used repeatedly. First, if f € S
then f' € S and z*f(z) € S for every k > 0 (by the Leibniz rule). Second, every f € S is
integrable: since (1+ z2)f(x) is continuous and tends to 0 at +oo0, it is bounded by some C,

so |f(2)] < C/(1+2?).

Definition 1.4.5 (Fourier transform)
For f € S, the Fourier transform of f is the function f: R — C given by

fw) = [ (@) do.
N 700 J

\

Proposition 1.4.6
For f € S the integral defining f(y) converges absolutely for every y € R. Moreover, f € S.

-

Proof. Since |e=?™¥ f(z)| = |f(z)| and f is integrable, the integral converges absolutely.

Smoothness. For each k > 0 the function =¥ f(z) is integrable. Differentiating under the integral
sign (justified by dominated convergence, since ’35(6_2”i$yf(x))’ = (27 |z|)* | f(x)| is integrable

11
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and independent of y) gives

) = [ (~2rin)t f(a) e da = (~2min) S (y). (1.5

—00

So f is infinitely differentiable.
Decay. For g € S, integration by parts gives
. o] o0 .
g) = [g@e>) ™ omiy [~ gla)em do = 2miy g(y),
oo o

since g(x) — 0 as 2 — 4oo. By induction, (27iy)Nj(y) = g/(ﬁ)(y). Applying this to g =
(—2miz)* f € S and using (1.5),

ry)Y O (y)| = |fM ()| < / 9™ (@) do < oc.

Thus 4 f*)(y) is bounded for all N,k > 0. Applying this with N + 1 in place of N shows

y\N‘f(k)(y)‘ <C/lyl - 0asy— £oo. HencefES. u
- N
Proposition 1.4.7
Let f € S.
(1) If a € R and g(x) = f(z + a), then §(y) = e2™ f(y).
(2) If a € R and g(z) = €*™2 (), then §(y) = f(y — a).
| (®) 110> 0and g(r) = f(ba), then 4(y) = s f(5)- Y

Proof. (1) Substituting t = x 4+ a, so x =t — a and dz = dt,

g(y) _ / 6—27rizyf(x + a) do = / 6—27ri(t—a)yf(t) dt = 627riay/ 6—27rityf(t) dt = 627riayf(y)'

(2) Directly,

A

i) = [ e o) do = [ 0 @) da = fy - o).

(3) Substituting ¢ = bz, so de = dt/b (and the limits are preserved since b > 0),

ay) = /Z e f(bw) dr = o / et g1y dt = 1 7(3). -

Notes. In my handwritten notes the proof of (3) was omitted with a reference to [2, p. 71];
we have written it out. In the last line of the proof of (1) the factor y was missing from the
exponent: the correct factor is €2™®_ as in the statement.

~
Lemma 1.4.8 (Gaussian integral)

o0 2
/ e ™ dx = 1.
—Oo

-

12
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Proof. Let C denote the integral; clearly C' > 0. By Fubini’s theorem and polar coordinates
(z,y) = (rcosp,rsinp),

2 o —ma? o —my? —7(z +y 2m 2
Ce = e dx dy = dedy = " rdrde.

Here 22 + y? = r2(cos? p + sin? ) = r? and the Jacobian of polar coordinates is

det (CF)S L (’D> =rcos’p+rsin?p=r.
singp  rcosp

With u = 7r?, du = 27rdr, the inner integral is 5= [e %du = £T'(1) = 5. Hence C? =

"L dy =1, and since C >0, C = 1. |

Proposition 1.4.9
If f(z) = e ™, then f = f.

Proof. For all y € R,
[e.e]
fly) = / e 2T iy
—00

Differentiating under the integral sign (justified as in the proof of Proposition 1.4.6),

d S . o ) [, )
dif(y) = / (—27”1‘)6_ XY =TT dp = —27T’L/ e 2mizy Q. o—ma? g0
y —s0 .
We compute the last integral by parts with v = e 2™ and dv = re— T2 dz, so that du —
—2miy e 2™ dg and v = —%e—mﬁ;

727ri:1:y677r22

o o
—2mizy,, —mwx> _[_¢€ o0 o o 1 —mx2\( o _: —2mizy i £
/_OO e xe dr = [ 5 }700 / ( e )( 2miy)e dz = 0—1iy f(y).

oo\ 2T

—omizy . —ma? a2 .
mizyp—mrT| — o= 5 () as © — 00, and in the

Here the boundary term vanishes because ‘e

remaining integral (—)(—2miy) = iy, so it equals —iy [ e 2mimye=m2" 4z = —jy f(y). Hence f
satisfies the differential equation

;yf(y) = —2mi(—iyf(y)) = —2my f(y).

Then di( ™ f(y)) = ™ 2myf(y) + F'(y)) = 0, so f(y) = Ce™™ for a constant C. Putting
) =

y = 0 and using Lemma 1.4.8, C' = f(0 e e~ dz = 1. Therefore fly) = e ™ = fly). N

Notes. In my handwritten notes the ODE was solved by separation of variables, d f / f =
—27ry dy, which tacitly divides by f(y). The argument with ey’ f(y) above avoids this. Also,
several integrals in the integration by parts were written with dy instead of dz.

1.5 Poisson summation and the theta function

(Theorem 1.5.1 (Poisson summation formula) W

13
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If g €S, then

Y. gm)y= > g(m),

m=—00 m=—00

and both series converge absolutely.

Proof. Both series converge absolutely, since g, € S (Proposition 1.4.6) are bounded by C'/(1 +
2
x“). Put

f: g(x + k) (z € R).

k=—o00

For each j > 0 we have ‘g(j)(y)) < Cj/(1+y?), so the series 3. g7 (z+k) converges uniformly for

x € [0,1] (and then on every bounded interval) by the M-test. Hence h is infinitely differentiable.
It is periodic of period 1, since

h(z+1) = ng+1—|—k Zg:v—l—] h(x) (j=k+1).

k=—o00 j=—00

A 1-periodic C? function is the sum of its Fourier series, which converges absolutely and uniformly

(see [7, Ch. 2-3]):

o . 1 )
Z Cme27rzma:’ Cm = / h(x)e—Qmmm dz.
0

m=—0oQ

Since the series defining h converges uniformly on [0, 1], we may integrate term by term:

Z / x4+ k? —27rzmrd

k=—o00

Substitute v = = + k, so du = dz, * = u — k, and u runs from k to k + 1. Since 2™k = 1,

o — Z kt1 ( ) —27rzm u k: du _ Z k+1 —27rimu du = OO (u)e—27rimu du = A(m)
m = L gl\u = g =g .

kEZ keZ o

Evaluating the Fourier series at z = 0 we obtain

o (e} [e.e]

Yo ogk)=h0)= Y cn= > g(m). u

k=—00 m=—o0 m=—0o0

Notes. The input quoted from Fourier analysis is the following: if A is 1-periodic and of
class C?, then integrating by parts twice gives |c,,| < m fol |h”| for m # 0, so the Fourier
series converges absolutely and uniformly; and a continuous periodic function all of whose
Fourier coefficients vanish is identically zero (by Fejér’s theorem), so the sum of the Fourier
series is h.

-
Definition 1.5.2 (Theta function)
For ¢t > 0 we put

14
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Proposition 1.5.3
For all £ > 0,

Proof. Fix t > 0 and apply Theorem 1.5.1 to g(z) = e~ ¢ S

o0 e e} o0

ot)= > ™ = 3 gm)= Y a(m).

m=—oo m=—oo m=—00

(That g € S: g(x) = f(v/tz) with f € S, and ¢g¥)(z) = tk/zf(k)(\/i:c), so the decay conditions
for g follow from those for f.) Let f(x) = _”2, so that f = f by Proposition 1.4.9. Since
(Vtz)? = t2%, we have g(z) = e "(Vi®)* = f(\/tz), and Proposition 1.4.7(3) with b = v > 0

gives .
o
7 ( ) T/t
Therefore
fzm -
(" N

Lemma 1.5.4 (i) For ¢t > 1 we have 0 < 0(t) — 1 < 4e~ ™.
(ii) For 0 <t <1 we have 0 < 6(t) —t~ /2 < 4t=1/2e=7/t,

(iii) There is C' > 0 such that ’9(75) - t_l/Q’ < e~C/t for all sufficiently small ¢ > 0; one can
take C =7 — 1.

J

Proof. (i) The sum 6( )—1=23%54 =™ has positive terms, so it is > 0. For the upper bound,

for n > 1 we have n2 > n, hence e~ ™" < ¢~™n = p" with r = ¢~ € (0,1). By the geometric

1 n __ T
series >, > 7" = 155,

The last step uses 1 — e~ > %, je. e < %: fort>1,e ™ <e ™~ 0.0432 < %

(ii) For 0 < t < 1 we have 1/t > 1. By Proposition 1.5.3, 6(t) = t=1/20(1/t), so
0(t) —t= Y2 =17120(1/t) — 7 Y2 =72 (9(1/t) — 1),
and (i) applied at 1/t > 1 gives 0 < 6(1/t) — 1 < 4e~"/*; multiplying by t~1/2 > 0,

0<0(t)—t~ Y2 <a=12e 7/,

(iii) As t — 0" we have t'/2e!/t — oo (the exponential grows faster), so 4t=1/2 < e/t for all
sufficiently small ¢ > 0. For such ¢, (ii) gives ‘G(t) = t‘1/2) < ellte=m/t = = (m=1)/t, [

Notes. Part (iii) is the statement in my handwritten notes, where it was proved by expanding
ot—1/2 don>1€ —m*/t and comparing with a geometric series, using ¢~/2 < lel/t and e =27/t <
3 for small t. The bounds (i) and (ii), which hold on the whole ranges Z land 0 <t <1,

15
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are what is really needed below: they show that 6(¢) — 1 decays exponentially as ¢ — oo (in
my handwritten notes it was only observed that 6(¢) — 1 — 0, which by itself does not imply
convergence of the integrals) and that 8(t) — t~'/2 decays like e~/ as t — 0.

1.6 Analytic continuation and functional equation of (

The idea

We want to take the Mellin transform of 0, i.e. to study [;* 0(¢)t* %. This integral diverges for
every s: as t — oo we have 6(t) — 1, so the part over [1,00) diverges when Res > 0; and as
t — 07 we have 0(t) ~ t~/2, so the part over (0, 1] diverges when Re s < . We therefore subtract
the leading behaviour at both ends. We also replace s by s/2, since otherwise we would end up
with ((2s) instead of ((s).

( N
Definition 1.6.1
For s € C put
! dt [ dt
o) = [ O -t e T [Tew - e T
0 3 1 t
1) 2
N J
~
Lemma 1.6.2
The integrals (1) and (2) converge absolutely for every s € C, and ¢ is an entire function.
J

Proof. Let B > 0 and suppose |Res| < B. Then t5/2*1‘ = t7/271 which is < ¢t B/271 for

0 <t<1and<tB/?! fort > 1. By Lemma 1.5.4(i),(ii) the integrands of (1) and (2) are
bounded by

AtV 2/t B2l — = B2732m/t (0 <t <1)  and  4e B2 (1>1),

which are independent of s. They are integrable: the second because [ e~ B2 g <
7~ B2T(B/2) (Example 1.4.3); the first because the substitution t = 1/u, dt = —du/u?, turns it
into

/1 4= B/2-3/2 ~/t gy _ /Oo oy BI2+3/2 —mu du
0 1 u?

= / uB/212g—mu gy, < 7T_(B+1)/2F($> < 00.
1

As in the proof of Proposition 1.1.5, the truncated integrals f; and fll/ © are holomorphic in s by
Lemma 1.1.4 (the integrands are continuous in (s, t) since 6 is continuous on (0, 00), being a locally
uniformly convergent series of continuous functions), and these bounds show that they converge
uniformly on {|Res| < B} as ¢ — 0%. By Lemma 1.1.3, ¢ is holomorphic on {|Res| < B} for
every B, i.e. entire. |

Proposition 1.6.3
For Res > 1,

590 =7 0(3) ¢lo) + L +

s 1l—s

16
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Proof. Let 0 = Res > 1.

Two elementary integrals. For Rew > 0, [t*| = tR¢% — 0 as t — 0%, so

dt tw 1
/tw—:/tW1dt [ ]:.
0 t 0 wlyg w

With w =s5/2 (Rew =0/2>0) and w = (s —1)/2 (Rew = (0 —1)/2 > 0, since 0 > 1) we get

1 1 1
/ 45/2 e 2 / —1/245/2 dt _ / 4(5-1)/2 a2 ‘
0 t s 0 t Jo t s—1

Integral (1). Both fol t_l/Qts/Q% (just computed) and fol 0t )t5/2 dt (it differs from the former
by the convergent integral (1), Lemma 1.6.2) converge, so we may split (1). Writing 0(¢t) =
1+23 0,51 e_””Zt,

1
(1) _ / 9( ) 8/2 % o 2 _“ + 9 Z/ —7rn2tts/2 dt 2
0

t Cs—1

Integral (2). Since 0(t) —1 =23, e—ﬂnZt’

-9 Z / —7m2tts/2 dt

n>1

Sum. Adding (1) and (2), the two integrals over (0,1] and [1,00) of the same function combine

. 2 _ 2.
to one integral over (0,00), and — =3 = 1=:

1 0 dt 2 2 0
s):22(/ +/ )e—nn2ttg/27+7+7:22/ o
10 1 t S 1—3s >170

2

2

By Example 1.4.3 with ¢ = 7n° > 0 and s/2 in place of s (allowed, as Rej > 0),
fOOO e~ tys/2-1 44 — (an)—S/QF(g), 30
2 2

) =2 S/2F<) z .
Zﬂn 2 +s+1—s

n>1

The interchanges of > and [ are justified by Fubini-Tonelli: the sum of the integrals of the
absolute values is Zn21(7rn2)_0/2f(0/2) = 1792T'(¢/2)¢(0) < oo for o > 1. Dividing by 2 and

using (mn?) /2 = ¢~ 2(logmH2logn) — 7=s/2) =5 (rea] logarithms of positive numbers),
%(Z)(s)* _S/QF( );n_s—i- +1i7r_s/2f(;>C(s)+i+1is. |
Solving for ¢, we obtain for Res > 1:
)= (3000 - 1~ 1) (16)

Theorem 1.6.4
The Riemann zeta function ((s), Res > 1, extends analytically to the whole complex plane
except for a simple pole at s = 1, with residue 1.

17


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

Proof. The functions 7%/2 = e(s/21o87 1/T(s/2) (Corollary 1.2.4) and ¢(s) (Lemma 1.6.2) are
entire. Hence the right-hand side of (1.6) is meromorphic on C, and it gives the analytic contin-
uation of (. Its only possible poles are at s =0 and s = 1.

The point s = 0. Write the right-hand side of (1.6) as

1 78/2 5/2 5/2

5762 ") T sTeR) T AT

The first and third terms are holomorphic at s = 0. By Corollary 1.2.4, g(s) = 1/I'(s/2) has a
simple zero at s = 0, so g(s) = sh(s) with h holomorphic near 0 and h(0) # 0. Then the middle
term equals —m%/ 2h(s), which is holomorphic at s = 0. Thus s = 0 is a removable singularity.

The point s = 1. The terms %(%gﬁ(s) — l) are holomorphic at s = 1, while the last term

S
7s/2

T(s/2) ° - has at most a simple pole there. Using I'(1) = /7 from (1.4),

/2 ol/2 N

Ress= C(s) = lim(s = 1)¢(s) = I 7oy = Ty = 7 — &
Since the residue is nonzero, s = 1 is indeed a simple pole. |

Correction. In my handwritten notes it is stated that 1/I'(s/2) has simple zeros at s =

0,—1,-2,.... Since 1/T'(w) vanishes exactly at w € Z<g, the zeros of 1/I'(s/2) are at
s = 0,—2,—4,... (the even non-positive integers). Only the zero at s = 0 is used in the
proof.

Remark 1.6.5 (Some special values). The proof gives more information.

(a) The value ((0). By Proposition 1.1.6 (continued to C\Z<o), I'(5) = T'(5+1)/5,s0 sI'(5) =

2I'(1 +5) — 2I'(1) = 2 as s — 0. Hence h(0) = lim,_o Wiﬂ) = 1. In the decomposition

above, the first term %ws/zqﬁ(s)/F(s/Q) and the third term —7%/2/((1 —s)I'(s/2)) both tend
to 0 at s = 0, because 1/T'(s/2) — 0 while 7%/2¢(s) and 7°/2/(1 — s) stay bounded. Hence
¢(0) =0—7°r(0) — 0= —3.

(b) Trivial zeros. For k > 1, 1/T'(s/2) vanishes at s = —2k, while the bracket in (1.6) is finite
there. Hence ((—2k) =0 for k =1,2,....

Theorem 1.6.6 (Functional equation)
For all s € C\ {0, 1},

w—S/QFG) ((s) = (1792 r(l;s) C(1—s).

Proof. Put ) . .
A(s) = 5o(s) — -

s 1—s

By Proposition 1.6.3, A(s) = 7%/2T'(s/2)((s) for Res > 1. Both sides are meromorphic on C, so
by the identity theorem this is an identity of meromorphic functions on all of C. Replacing s by

1—sin —% — ﬁ gives —ﬁ — ﬁ = —ﬁ — %, the same expression; so this part is invariant
under s — 1 — s, and
A(L=s) = 26(l—s) —— ——
—s) == —s)—— — .
2 s 1-—s
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Hence A(s) = A(1 — s) is equivalent to

6(s) = 6(1 - 5).
Recall . & - "
8(s) = / (o) = e S [T o - e S
0
Substitute t = 1/u. Then g = d“ ;as t — 01 we have u — 0o, as t — oo we have v — 07, and

t = 1 corresponds to u = 1. Hence

00 1
o(s) :/ (0(1/u) u1/2)u—5/2d“+/ (9(1/u)71)u_s/2d—u.
1 u 0 u
(the minus sign from dt/t = —du/u is absorbed by swapping the limits of integration, and

(1/u)~Y2 = u'/2, (1/u)*/? = u=5/2). By Proposition 1.5.3 applied at t = u, 8(u) = v~ /20(1/u),
ie. 0(1/u) = Jub(u). In the computation below we use \/u - u=*? = u(1=9)/2 and 1. w5/ =
u~1/2 . y(1=5)/2 Therefore

o(s) = /"O(\/ﬂe(u) — Vu)u~*? dj N /1 V() — 1)u=/2 deL

1

_ / —1u (1-s)/2 du +/ u71/2)u(178)/2 du = (1 —s).

u

(in the last step the two integrals are exactly (2) and (1) of the definition of ¢, with s replaced
by 1 —s). Hence A(s) = A(1 — s), and since A(1 — s) = w_(l_s)/QF(%)C(l — 3) (the identity
A(w) = 772D (w/2)¢(w) at w = 1 — s), this is the claimed functional equation. [

Correction. In the last line of my handwritten notes the functional equation was written as
ﬂfl/QF(g)C(s) = Wﬁl/QF(%)Q(s —1). The correct form, as in the statement of the theorem,
has the factors 7—%/2 and #=(1=%)/2_ and ((1 — s) instead of (s — 1). Similarly, in the
definition of A the factor 7—'/2 should read 7=—/2.

Notes. At the end of my handwritten Note 1 there is a short reading plan: Koblitz [2],
Chapter I up to the addition law on elliptic curves, and Chapter III, Section 1. These are
the topics of the next two chapters: elliptic curves, and the modular group and its congruence
subgroups.
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Chapter 2

Elliptic Curves and Elliptic Functions

In this chapter we introduce elliptic curves over a field, and then study elliptic curves over C
through elliptic functions, i.e. meromorphic functions on C which are periodic with respect to a
lattice. The main result is that the Weierstrass p-function of a lattice L gives an analytic bijection
from the torus C/L onto the elliptic curve y? = 423 — go(L)x — g3(L) in P?(C). The coefficients
g2(L) = 60G4(L) and g3(L) = 140G¢(L) are Eisenstein series, which will be our first examples of
modular forms. We follow [2, Ch. I, §§1-6].

2.1 Elliptic curves over a field

To motivate the definition: the locus of a polynomial equation is the set of all points satisfying

it. For example, the congruent number problem leads to the locus of points P = (z,y) satisfying

y? =23 — nla.

\
Definition 2.1.1 (Elliptic curve, first version)

Let K C K’ be fields with char(K) # 2, and let
f(x) =2 +az® 4+ bz + c € K|z]

be a cubic polynomial with coefficients in K which has distinct roots (in an algebraic closure
of K). The solutions (z,y) € K’ x K’ of

y? = f(z) (2.1)

are called the K'-points of the elliptic curve defined by (2.1).
N J

Notes. Recall that char(K) = p > 0 means that p is the smallest positive integer with
1+---+1=0in K, and char(K) = 0 if no such p exists. A polynomial f has a multiple
—_———

P

root xq if f(zg) = 0 and f'(z¢) = 0; “distinct roots” means that f has no multiple root.
The condition char(K) # 2 is needed because we will divide by 2 (e.g. in the proof of
Proposition 2.1.4). In my handwritten notes the cubic was written with a leading coefficient;
for char K # 2,3 one can always reduce to the form above, and later we will also allow the
leading coefficient 4, as in y? = 423 — gox — g3.

Example 2.1.2. Let p be an odd prime and K = K’ = F,, so char(F,) = p # 2. Consider
f(x) =2 — n*z € Fyla], n € Z.
Since f(x) = xz(x — n)(z + n), the roots of f are x = 0, n, —n. These are distinct in F, if and
only if pt2n, i.e. (as p is odd) if and only if p { n. Indeed:
o if p =2 (excluded here, but instructive), then 2 = 0, so n = —n and n is a multiple root;

o if p|n,then n =0 (mod p), so all three roots are 0, and 0 is a (triple) root.

3

Hence y? = 2% — n%x defines an elliptic curve over [F,, whenever p { 2n.
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4 N
Definition 2.1.3 (Smooth point)

Let char(K') # 2, and let C be a curve defined by F(z,y) = 0, F € K'[z,y]. A point
(0,y0) € K' x K’ of C is called smooth if the partial derivatives

oF oF
%(9007?/0) and Fy(l‘()vy[))

are not both zero. Otherwise (zo,yo) is called non-smooth (or singular).
N J

For the curves of Definition 2.1.1 we take F(x,y) = y*> — f(x), so that %—5 = —f/(z) and %—l; = 2y.

Proposition 2.1.4
Let char(K') # 2, f € K'[z] a cubic polynomial, and C : F(z,y) = y* — f(x) = 0. Then C
has a non-smooth point (xg,y0) € K’ x K’ if and only if f has a multiple root zg € K'.

Proof. (=) Suppose (xg,y0) € K’ x K’ is a non-smooth point of C. Then

oF B , B 8j
Az (x0,y0) ==/ (1‘0) =0 and 0y

= 299 = 0.
(wowo) P

Since char(K') # 2, the element 2 is invertible in K’, so 2yp = 0 implies yg = 0. As (zg,yo) lies
on C, we get

0=192— f(zo) =0— f(zo) = f(zo)=0.
Thus f(x¢) = 0 and f'(z¢) = 0, i.e. z¢ is a multiple root of f.
(<) Suppose xg € K’ is a multiple root of f, so f(z¢) = 0 and f'(z¢) = 0. Put yo = 0. Then
Y2 — f(xg) =0—0=0, so (z0,y0) € C. Moreover

OF OF
- =290 =0 and —_— = —f'(xo) = 0.
Y 1(zo,y0) Ho 0x V(z0,y0) f( 0)
Hence (z0,0) is a non-smooth point of C'. [

Definition 2.1.5 (Elliptic curve, second version)

Let char(K) # 2 and let f € K[x] be a cubic polynomial. The curve C : F(x,y) = y>— f(x) =
0 is called an elliptic curve if it is smooth at all of its points (over an algebraic closure of K),
ie. if %—5 and %—F never vanish simultaneously on C'. By Proposition 2.1.4, this is the same

as requiring that f has distinct roots.

Homogenisation and the point at infinity
The total degree of a monomial 'y’ is i+ j, and the total degree of a polynomial is the maximum
of the total degrees of its monomials (with nonzero coefficient).

4 N
Definition 2.1.6 (Homogenisation)

Let F(z,y) =3, cijz'y’ have total degree n. The homogenisation of F is the polynomial

ﬁ(l‘a Y, Z) = Z Cij :L'iyjzn_i_ja
Z’hj

obtained by multiplying each monomial ‘47 of F' by 2" ~*~J. Every monomial of F has total

degree exactly n.
N J
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Example 2.1.7. Let F(x,y) = y? — (2 — n%z) = y?> — 23 + n?z. The monomials and their total
degrees are

2 3 2

\y/ ’ \x,/ ’ w )
degree 2 degree 3 degree 1
multiply by z37072=z multiply by z3-3-0=1 multiply by z3—1-0=52

so the total degree is n = 3, and
F(z,y,2) = y*z — 2® 4+ n®z2%

Note that F(x,y) = F(z,y,1).

We are interested in the points (z,y, z) with ﬁ(a:, y,z) = 0.

N
Proposition 2.1.8 N
Let K be a field, F' € K[x,y] of total degree n, and F' its homogenisation.

(1) For all A € K: F(\z, Ay, Az) = \"F(z,y, 2).
(2) For all A € K with \ # 0: ﬁ()\:r,)\y, Az) =0 <~ F’(:z:,y, z) =0.

. (3) For z # 0: ﬁ’(:v,y,z):0<:>F(f,%):O. )

Proof. Write F(x,y,z) = S ety 2T

(1) Let XA € K be arbitrary. Then

)\nﬁw(x7 y,z) = A" Z Ciinijn_i_j _ Z Cij)\i+j+(n—i—j)xiyjzn—i—j
= Z cij(Na" )Ny ) (A pn i) = Z cij M) Ay (A2)""79 = F(\x, Ay, \2).

(2) Let A # 0. Then A" # 0, since a field has no zero divisors. By (1), F(\z,\y, \z) =

A"F(x,y, z), and a product \" - w with A™ # 0 vanishes if and only if w = 0.

(3) Let z # 0. Then

z Y iy L
SF(Z2) = Y ey = ey’ = Flay,2).

Since 2" # 0, we get F(z,y,z) = 0 if and only if F(%,%)=0. |
Correction. In my handwritten notes the proof of (3) was left blank, and (2) was marked
“similar”. Note also that the assumption char(K) # 2 in the statement is not needed for this
proposition.

4 N
Definition 2.1.9 (Projective plane)

Let K be a field. The projective plane P?(K) is the set of all one-dimensional vector subspaces
of K3. Equivalently, it is the set of equivalence classes of K2\ {(0,0,0)} under
(z,y,2) ~ (2, y, ) = (2,y,7) = (\x, \y, \2) for some \ € K*.
The class of (z,y, z) is written [z : y : z]. More generally, for a vector space V' of dimension
n+1, the projective space P(V') is the set of one-dimensional subspaces of V; it has dimension
n.
N\ J
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Correction. In my handwritten notes IP’?C was described as the set of “projective lines” in
C? with (z,y,2) = (A, Ay, A\z) for some A € C. The correct description is as above: the
points of P2 are the lines through the origin in K3; the point (0,0, 0) is excluded, and A must
be nonzero.

By Proposition 2.1.8(2), the condition F(z,y, z) = 0 depends only on the class [z : y : z] € P?(K),
so F = 0 defines a subset of P2(K). By Proposition 2.1.8(3), its points with z # 0, i.e. [z : y : 1]
after rescaling, correspond exactly to the solutions (z,y) of F(x,y) = 0. For an elliptic curve
F= y%z — f3(x, 2), the points with z = 0 satisfy 2> = 0, hence = = 0, and we obtain the single
point at infinity O = [0 : 1 : 0]. Geometrically, it is the common point at which all the vertical
lines * = const meet.

2.2 Lattices and doubly periodic functions

4 N
Definition 2.2.1 (Lattice)

Let wy,ws € C be linearly independent over R, i.e. neither is a real multiple of the other (they
do not lie on the same line through the origin). The lattice generated by wq,ws is

L = {mw; +nwy | m,n € Z}.

It is an additive subgroup of C.
N J

Example 2.2.2. For w; = 1 and we = ¢ we obtain L = {n + mi | m,n € Z} = Z[i], the square
grid in the complex plane, known as the Gaussian integers.

4 )
Definition 2.2.3 (Fundamental parallelogram)

For a basis wi,ws of L, the fundamental parallelogram is
I={aw +bwy |0<a<1, 0<b< 1}

We also use the half-open parallelogram IT' = {aw; +bws | 0 < a <1, 0 < b < 1}, and for

a € C the translates a +II = {a + 2z | z € II} and a +IT".
N J

~

Proposition 2.2.4
Every x € C can be written as x = £ + p with £ € L and p € II. If we require p € II', this
representation is unique. In particular, the representation with p € II is unique when p ¢ OII.

Proof. Existence. Since wp,ws are linearly independent over R and dimg C = 2, they form an
R-basis of C. Hence x = uw; + vwy for some u,v € R. Choose m = |u] and n = |v| € Z. Then

T = uw + vwa + (Mw1 + nws) — (Mwy + nws) = mwi + nwe + (u — m)wy + (v — n)ws .

=(eL =p
Since every real number ¢ satisfies t —1 < [t] <t, weget 0 <u—m < land 0 <v—n < 1. Thus
pelll CIL

Uniqueness. Suppose & = {1 +p1 = fo+po with £1,09 € L and p1,ps € II'. Then ¢1 — 5 = ps —p1.
Write 01 — lo = mw; + nwe with m,n € Z, and py = agwy + bpwe with 0 < ag, by < 1 (k= 1,2).
Then

mwy + nwy = (ag — ay)wi + (ba — by)we,
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and by linear independence m = as — aq and n = by — b;. Since 0 < aq,a9 < 1 we have
—1 < a2 —a; < 1, and the only integer in (—1,1) is 0; so m = 0, and similarly n = 0. Hence
p1 = p2 and {1 = ls.

Finally, if p € T\ 911, then p = aw; +bws with 0 < a,b < 1, so p € I, and any other representation
x=/{+p with p’ € II and p’ ¢ OII also has p’ € II'; by the above p’ = p. [

Correction. In my handwritten notes the existence part concludes “(u —m), (v —n) ¢ OII".
This is not true in general: if u € Z, then u — m = 0 and p lies on the edge spanned by ws.
What is trueis 0 <u—m < 1land 0 < v —n < 1, i.e. p € II'. Points of JII really do have
two (or four, for the corners) representations with p € II, e.g. w1 = 04+ w1 = w; + 0.

Example 2.2.5. Let L =Z[i] (sow; =1, wp =) and v = 2 + 3i. Then u=v =
and

Nt

,m=mn=2,

x=(242i)+ (3 + i) -
— —
leL pGH/

Correction. In my handwritten example the decomposition was written as £ = 2 4+ ¢ and
p= % + %z But % + %z = %wl + %wg does not lie in II (the coefficient of wy exceeds 1); the
correct decomposition is the one above.

4 N
Proposition 2.2.6

Let L be the lattice generated by wi,ws and let wj,wh € C. Then wi,w) generate the same
lattice, i.e.
L = {aw; +bws | a,b € Z} = {aw] + bwh | a,b € Z} = L,

/
if and only if there is an integer 2 x 2 matrix A with det A = 41 such that <Z,1> =A <Zl> .
2 2

- J

Proof. (=) Let L = {mw1 +nws | m,n € Z} and L' = {kw] +Iwh | k,l € Z}, and suppose L = L'.
Since wi,wh € L' = L, there are a, b, ¢,d € Z with

/
wi = aw + bws, wé = cwi + dws, i.e. <w}> =M <w1> , M= <a b) .
wo w2 c d

Similarly, since wy,ws € L = L/, there are p, q,r, s € Z with

@) v) =0

Combining these two systems,

W B wh B wh < B W' _ 0
()= ()= () wven(c) = (3)

Each row (z1,x2) of the integer matrix MN — I gives a relation zjw] + zowh = 0 with real
coefficients. Since w],wh generate the lattice L', they are linearly independent over R, so 21 =
x9 = 0. Hence M N =1, and

det(M) det(N) = det(MN) = det(I) = 1.

As det M and det N are integers whose product is 1, the only possibility is det M = det N = +1.

24


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

/
(<) Suppose <w}> =M <w1> with M = (a b> € Msyx2(Z) and ¢ := det M = ad — bc = £1.
Wy wa c d

Then W} = aw; + bwy € L and wh = cwy + dwy € L; since L is an additive group, L' C L.
Conversely, since € # 0, M is invertible with

1 _ _
M—1:<d b>:€<d b)Eszg(Z)
e\—c a —c a

(using 1/e = ¢ for e = £1). So

_ /
<w1> —=¢ ( d b) <w1> =  w; =¢e(dw) —bwh) €L, wo=¢e(—cw)+awh) € L.

wa —c a ) \wh

Hence L C L', and therefore L = L’. (Note that w/,w) are then automatically linearly indepen-
dent over R, because M is invertible.) |

( )
Definition 2.2.7 (Elliptic function)

Let L = {mw; + nws2} be a lattice. A meromorphic function f on C is called an elliptic
Sfunction with respect to L if it is doubly periodic with periods wy,ws:

fz4w)=f(2) and f(z+w2) = f(2) for all z € C,

or equivalently, f(z +¢) = f(z) for all £ € L and z € C.
N J

Remark 2.2.8. An elliptic function is determined by its values on II, and its values on opposite
sides of IT agree: f(aw; +w2) = f(awi) and f(w1 + bwz) = f(bwz). So an elliptic function can be

thought of as a function on the parallelogram II with opposite sides glued together, i.e. on the
torus C/L.

4 N
Definition 2.2.9

The set of all elliptic functions with respect to L is denoted by €. It is a subfield of the field
of all meromorphic functions on C (Proposition 2.2.10).
N J

~

Proposition 2.2.10

For all f,g € &L we have f+g, fg, f' €&, and f/g e & if g £0.
NG J

Proof. Sums, products and quotients (by a function which is not identically zero) of meromorphic
functions are meromorphic, and so is the derivative. For £ € L and z € C:

(fE9)(z+0)=flz+0Eg(z+0) = f(2) £9(2) = (f £ 9)(2),

and in the same way (fg)(z +¢) = (fg)(z) and (f/g)(z +¥£) = (f/g)(2). Finally, differentiating
the identity f(z + ¢) = f(z) with respect to z (chain rule) gives f'(z + £) = f'(2). [ |

Proposition 2.2.11
A function f € & which has no poles in II is constant.

Proof. Since f is meromorphic and has no poles in II, by periodicity it has no poles at all (every
z € Cis z =+ p with p € II by Proposition 2.2.4, and f has a pole at z iff it has a pole at p).
So f is entire. Since IT is compact (closed and bounded) and f is continuous, f is bounded on II,
say |f| < M on II. Again by periodicity, |f(z)| = |f(p)| < M for all z € C. Thus f is a bounded
entire function, and by Liouville’s theorem (recalled below) f is constant. n
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Correction. In my handwritten notes it was concluded from “f is holomorphic on the
bounded region II” directly that f is constant. This is not enough: a function which is holo-
morphic and bounded on a bounded region need not be constant (e.g. f(z) = z). Liouville’s
theorem needs f to be bounded and holomorphic on all of C, and this is exactly what double
periodicity provides.

Recall (Liouville’s theorem). If f is entire and bounded, then f is constant. Indeed, let
|f| < M on C and fix s € C. For every R > 0, Cauchy’s integral formula on the circle
Cr: z=s+ Re?, 0<0 <2, gives

TR f(2) 1 s+ REY)
f(s)_mj{CR(z_s)de—m 0 W@Re do.

By the integral inequality,

1 g2 |f(s+ Re') 1 27 M M
| f'(s) S—/ HdQS —df = —-.

21 Jo R 2r Jo R R
Letting R — oo gives |f'(s)] <0, so f/(s) = 0. As s was arbitrary, f' =0 and f is constant.
(In my handwritten notes the factor ﬁ was written as % and the exponent of (z — s) was

first written as 1; the formula above is the correct one for f'.)

From now on we orient the basis so that Im(ws/wi) > 0 (otherwise swap w; and ws); then the
boundary d(« + II), traversed & — o + w1 — a + wi + ws — a + we — «, is positively oriented
(counterclockwise).

Notes. A meromorphic function has only finitely many zeros and poles in any compact set K
(unless it is identically zero): its poles are isolated, so if there were infinitely many in K they
would accumulate at a point of K by compactness, which would be a non-isolated singularity;
the same argument applies to the zeros of f # 0, by the identity theorem. Consequently,
for f € &1, f # 0, we can always choose o € C such that f has no zeros and no poles on
O(a+1II): the zeros and poles of f in a slightly larger compact set are finitely many, and we
only need to move « off finitely many lines. (In my handwritten notes this point was marked
“no idea”.)

-
Proposition 2.2.12

Let f € & and « € C such that f has no poles on d(« + II). Then the sum of the residues
of f at its poles in a4 II is 0.

-

Proof. By the previous Notes, f has finitely many poles in o+ 11, all in the interior. At each such
pole zg, f has a Laurent expansion f(z) = >, >4 (Z_bigo)n + > >0 an(z — 20)", and the residue is
b1. By the residue theorem,

1
Z Resz:zo f - % jg(a+H) f(Z) dz.

zo€a+I1

The boundary consists of four sides:
Ci:a—atw, Cy: atw —watw+twy, C3: atwitwy —>atwy, Ci: atwy— a.

The side Cj is the translate of C; by we, traversed in the opposite direction. Substituting
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z = w + wy and using f(w + wy) = f(w),
f(z)dz:—/ flw+w)dw=— [ f(w)dw.
Csy C1 Ch

Similarly Cy is the translate of —Cy by wy, and [, f = — [, f. Hence
b g@de= [ [ e[ g [ p=[ g s-[ s+ [ s=0 =
8(a+H) Cq Ca Cs Cy Cq Cy C1 Cy

Recall (Argument principle). Let f be meromorphic on an open set U, and let C be a
positively oriented simple closed contour in U (with its interior in U) on which f has no
zeros and no poles. Then

% fe L;,((j)) dz = #{zeros of f inside C'} — #{poles of f inside C'},

where zeros and poles are counted with multiplicity (order).

~
Proposition 2.2.13

Let f € &, f #0, and let « € C be such that f has no zeros and no poles on 9(« + II).
Then, counting with multiplicity,

#{zeros of f in o+ I1} = #{poles of f in a + II}.
G

Proof. Since f € &, also f' € & and f'/f € £ (Proposition 2.2.10). The poles of f'/f are
among the zeros and poles of f, so f’/f has no poles on d(« + II). By the argument principle
and Proposition 2.2.12 applied to f'/f,

1 f'(z)

#{zeros of f in a + I} — #{poles of f in a +1I} = o— o+ f(2)

dz =0. [ |

Notes. Since every point of C has a unique representative in the half-open translate o + IT',
and there are no zeros or poles on 9(a+1I), the counts in Proposition 2.2.13 are the numbers
of zeros and poles of f modulo L, i.e. on the torus C/L; in particular they do not depend
on «. We call the common value the order of f. If f does have zeros or poles on JII, one
can either move a, or (as drawn in my handwritten notes) indent the contour around them:
a zero or pole on an edge is then counted with weight % on each of the two opposite edges,
and one at a corner with weight i at each of the four corners, which again adds up to 1.

-
Proposition 2.2.14

There is no f € £, which has exactly one pole modulo L, this pole being simple.

.

Proof. Suppose, by way of contradiction, that f € £ has exactly one pole zp in a + II (with

« chosen such that there is no pole on the boundary), and that it is simple. Then its residue
¢ = Res,—,, f is nonzero: at a simple pole f(z) = —~ + (holomorphic) with ¢ # 0. But by

z—20
Proposition 2.2.12 the sum of the residues in « + II, which is ¢, equals 0. Contradiction. |

Thus a nonconstant elliptic function has at least two poles (counted with multiplicity) modulo
L. The simplest example, with one double pole, is the Weierstrass gp-function.
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2.3 The Weierstrass p-function

~
Definition 2.3.1 (Weierstrass p-function)
For a lattice L = {mw; + nwa} we define
1 1 1
€L
140
N J

We first show that the series (2.2) converges. We need two lemmas.

Lemma 2.3.2
There is a constant Cf, > 0 such that for all real R > 1,

#{leL: R<|(|<R+1}<CLR.

Proof. Let d = maxper |p| be the maximal distance from 0 to a point of II, and let A = area(II) >
0. The translates ¢ + IT', £ € L, are pairwise disjoint (Proposition 2.2.4), and each has area A.

Let £ € L with R < || < R+ 1. For every z ={ +p € £+ II' we have |p| < d, so
[zl =l+pl <[l +Ip| <R+1+d and  [2|=[l+p| > [ —|p| > R—d.

Hence all these (disjoint) tiles lie in the region {max(0, R —d) < |z| < R+ 1+d}, and comparing
areas,

#{: R<||<R+1}-A<7((R+1+d)?*—max(0,R — d)?).

If R > d, the right-hand side is 7(2R + 1)(1 + 2d) < 3w(1 4+ 2d)R (using 1 < R). If R < d, it is
m(R+1+d)? <7(1+2d)? <7(1+2d)?R. In both cases the claim holds with
3m(1 + 2d)>2

Cp ="

which depends only on L (through d and A). |

Correction. In my handwritten notes the annulus was taken to be R—d < |z| < R+1+d,
giving the constant Cr, = 37(1 4 2d)/A. This is fine for R > d, but when R < d the inner
radius R—d is negative and the area of the region is 7(R+1+d)?, not 7((R+1+d)*—(R—d)?).
Enlarging the constant as above covers both cases.

-
Lemma 2.3.3 1

For every real k > 2 the series Z — converges.

Lel |£
00

-

Proof. Split the sum according to the size of |/|:
1 1 > 1
ZW: Z WJVZ(Z WC)’ Ar={leL: R<|{|<R+1}.

(40 o<le]<1 R=1 (€Ag

The first sum has only finitely many terms (only finitely many lattice points lie in the bounded
disc |z| < 1, since the tiles £ 4+ II" are disjoint of area A); call it Cy. For £ € Ar we have R < ||,
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SO ﬁ < ﬁ, and by Lemma 2.3.2,
#AR _ CLR -
ng_C()-f-Z Co-i-z CO+CL27R1671<OO’
20 €] R=1
since k —1 > 1. |

Notes. In my handwritten notes this series was called “absolutely and uniformly convergent”
since it does not depend on a variable, only convergence (of a series of positive terms) is
meant.

Proposition 2.3.4

For 0 # ¢ € L put fo(z) = ﬁ - %2. The series 3, fe(2), and hence the series (2.2),

converges absolutely and uniformly on every compact subset K of C\ L.

Proof. First,

| 1 P—(z=0? P—(P-2U+0)  220-2° 22/

I =~ e~ B0 = G-  Pe-0 (-0

Let K C C\ L be compact. Since K is bounded, there is R > 0 with |z| < R for all z € K. Then

2/€
72)2

2z — 22/l 22— 2%
C(1—z/02 | |(1-2/)2

As |¢| — oo this tends to |2z|, uniformly for z € K. To get an explicit bound, let [¢| > 2R. Then
2/€] < 3,50 |1 —2/¢| >1—|z/¢| > } and |22 — 22/¢| < 2R+ R - § = 5R. Therefore

ey [

5
o)< 2 L _1OR_ Gek, 10> 2R).

3
By Lemma 2.3.3 with k = 3, 3> jy>0r Me = 10R 3 g>0r 1|7 < co. By the Weierstrass M-test
(Lemma 1.3.2), >7y>2r fe(z) converges absolutely and uniformly on K. The remaining terms,
with 0 < |¢| < 2R, are finitely many, and each of them is a continuous (hence bounded) function
on K, since K N L = (). Adding finitely many such terms does not affect absolute and uniform
convergence. |

Correction. In my handwritten notes it was concluded from limj_,« | fe(z (2)3] = |2z| that
| fe(z €3| = |2z| < 2R. A limit does not give an inequality for all ¢; the correct statement is
the explicit bound |fy(z)| < 10R|¢|™® for |¢| > 2R above. Also, the convergence is uniform
on compact subsets K of C\ L, not on all of C\ L.

-
Proposition 2.3.5

p € &, and its only poles are double poles, exactly at the lattice points. Moreover p is even,

and
-2 Z ) . (2.3)

EEL
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Proof. ¢ is meromorphic with double poles exactly at L. By Proposition 2.3.4, the partial sums
of (2.2), which are holomorphic on C\ L, converge uniformly on compact subsets of C\ L; by
Lemma 1.1.3, p is holomorphic on C\ L. Now fix £y € L and a closed disc D around £y containing
no other lattice point. Applying the estimate of Proposition 2.3.4 to the compact set D and the
lattice points ¢ # 0, ¢y (the bound only used |z| < R and z # /), we see that

1
R

is holomorphic on D (for ¢y # 0 we also add the constant —1/¢% and the holomorphic term 1/22).
Hence p has a double pole at ¢y, with principal part (e ) So g is meromorphic on C, and its
poles are exactly the pomts of L, all double.

o is even. Note that = 2)2 = 2 and == Z) (ZJ:Z)Q, and that ¢ — —/ is a bijection of L\ {0};

summing over ¢ or over —/ is the same (the series converges absolutely, so it may be rearranged).
Thus

1 1 1 1 1 1 1 1
o=t e) = 2 (e a) = e e) =09

The derivative. A locally uniformly convergent series of holomorphic functions may be differen-
tiated term by term (Weierstrass’ theorem, [6, Ch. 2, Thm. 5.3]). Hence

. —2 —2 1
e R N e lear i)

L#0 el

and this series converges absolutely and uniformly on compact subsets of C \ L by the same
argument (or directly by Lemma 2.3.3 with k£ = 3).
@ is periodic. For w € {wy,ws}, substituting ¢ = ¢ — w (a bijection of L),

(2 4+ w) :—22 z+w—€) —2Zm:p’(2).

leL

© 1is periodic. Since %(p(z +wi) — p(2)) = p'(z + wi1) — ©'(2) = 0 on the connected open set

C\ L, there is a constant C' with
p(z+w)—pz)=C (z€ C\L).

Put z = —%¢

%L, which is not a lattice point (as wi,ws are linearly independent, 2w1 ¢ L). We get

c=ol3)- o) -0

since p is even. Thus p(z +w1) = p(z), and analogously ©(z 4+ ws) = p(z). Therefore p is doubly
periodic, i.e. p € &r. [ |

~
Corollary 2.3.6 (1) p has exactly 2 zeros modulo L (counted with multiplicity).

(2) ¢ has exactly 3 zeros modulo L, namely the half-periods

w1 w2 w3 Wit w

27 2’ 2 2

and each of them is a simple zero.
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Proof. (1) Modulo L, p has exactly one pole (at 0), which is double. By Proposition 2.2.13 (and
the Notes after it),

#{zeros of p mod L} = #{poles of p mod L} =1-2=2.

(2) By (2.3), modulo L, @' has exactly one pole (at 0), which is triple; so g’ has exactly 3
zeros modulo L, counted with multiplicity. Since p is even, differentiating p(z) = p(—z) gives
©'(2) = —p'(—2), i.e. ' is odd. Let w be one of wi,ws,ws; then w € L but § ¢ L. By periodicity
and oddness,

I =5 =) =3 — ()0 = u()-0

2 2 2 2 2 2
The three half-periods are pairwise distinct modulo L (their differences % — %2, 2, % are not
in L). So ¢ has at least three distinct zeros modulo L; as the total number with multiplicity is
3, these are all the zeros and each is simple. |

Correction. In my handwritten notes it is stated (and later used) that ' has “exactly 3
double zeros”. This is impossible, since ' has only 3 zeros counted with multiplicity: the
zeros of ¢’ at the half-periods are simple. What has double zeros at the half-periods is (p')?
(and, as we show next, the functions p(z) — p(w/2)).

/
Proposition 2.3.7

Put e; = p(%) for i = 1,2,3. Let u € C. Then p(z) — u has a double zero if and only if
u € {e1,ez,e3}. In that case, for u = e;, the only zero of p — e¢; modulo L is the double zero
at %5-. Moreover, e1, 2, e3 are pairwise distinct.

.

Proof. (<) Let u = e1 (the other two cases are analogous) and f(z) = p(z) —u. At z = 4,

wiy _owiy
f(?) —p(z) u=1u—u=0,
so 4+ is a zero of f. Differentiating, f'(z) = ¢'(2), so f'(%) = ¢'(%) = 0 by Corollary 2.3.6.
Therefore f(%t) = /(%) =0, and z = %' is a zero of multiplicity > 2 of f = p —e;. On the
other hand, f = p — u (with u a constant) has exactly one double pole modulo L, hence exactly
2 zeros modulo L (Proposition 2.2.13). So %" is a zero of multiplicity exactly 2, and it is the only
zero modulo L.

(=) If p —u has a double zero at zp, then zy ¢ L (these are poles) and ©'(z9) = 0. By

Corollary 2.3.6, 29 = %4 (mod L) for some 4, and then u = p(20) = (%) = €.

Distinctness. Suppose, say, e; = ea. Then o — e has a double zero at % and (since ey = e7) also
a double zero at < # %', i.e. at least 4 zeros modulo L; but it has exactly 2. Contradiction. W
Remark 2.3.8. Just as sin and cos play a basic role in the theory of periodic functions on R,
the functions g and g’ play the basic role in the theory of elliptic functions: we now show that
every elliptic function is a rational function of p and ¢’ (no infinite series needed).

The field of elliptic functions

Let 5; C &1, be the subfield of even elliptic functions. For a meromorphic function f # 0 and
a € C we write ord, f € Z for the order of f at a: it is m > 0 if f has a zero of order m at a,
—m < 0 if f has a pole of order m, and 0 otherwise.
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4 A
Lemma 2.3.9
LetfeSf,f;éO, and a € C.
(i) ord_, f = ord, f, and ord, ¢ f = ord, f for £ € L.
(ii) If 2a € L (i.e. a € L or a is congruent to a half-period), then ord, f is even.
N J

Proof. (i) Write the Laurent expansion f(a+w) = >, 5, caw™ with ¢, # 0, m = ord, f. Since f
iseven, f(—a—w) = fla+w) =3, cuuw", ie. f(—a+w') =3, cp(—w)" =3, (=1)"c,w™ with
/

w' = —w; the lowest coefficient is (—1)™¢,, # 0, so ord_, f = m. Periodicity gives f(a+{+w) =
f(a+ w), hence ord, ¢ f = ord, f.

(ii) Suppose 2a € L and put g(w) = f(a + w). Then, using evenness and periodicity,
g(—w) = fla—w) = f(=(a—w)) = f(w —a) = f(w —a+2a) = fla+w) = g(w).

So g is an even function, its Laurent expansion ), c,w"™ at w = 0 contains only even powers of
w, and hence ord, f = ordy g is even. [ |

Proposition 2.3.10
EZF = C(p), i.e. every even elliptic function is a rational function of .

Proof. Clearly C(p) C 5L+7 since p is even and elliptic. Conversely, let f € 5L+, f # 0. The idea
is to construct g € C(gp) with the same zeros and poles as f; then f/g has no zeros and no poles,
hence is constant.

Consider the half-open parallelogram II'; every point of C differs by a lattice point from exactly
one point of II'. Let a € I, a # 0. Define its symmetric point a* € II' as the representative of
—a, i.e.

. {w1 +wy —a if a lies in the interior of II,

w) —a or we —a if a lies on the edge spanned by w; resp. ws.

Then a* = a if and only if 2a € L, i.e. a is one of the half-periods %', 2, %. By Lemma 2.3.9(i),

ordg+ f = ord, f, and by (ii) ord, f is even when a is a half-period.
Now choose a set R C II' \ {0} containing exactly one point of each pair {a,a*} with a # a*,
together with the three half-periods. For a € R put

meqg =

ordg f if a is not a half-period,
%orda f if a is a half-period,

so mg € Z, and m, # 0 for only finitely many a (the zeros and poles of f in IT'). Define

9(z) = [] (p(2) — p(a))™ € C(p).

a€ER

(The zeros of f give factors with m, > 0 in the numerator and the poles of f give factors with
mg < 0 in the denominator, as in my handwritten notes.) We claim that ord, g = ord, f for
every z ¢ L. For a € R, the function p(z) — p(a) has a double pole at 0 modulo L, hence exactly
two zeros modulo L:

o if a is not a half-period, these zeros are a and a* = —a (as p is even), they are distinct, so
both are simple;

o if a is a half-period, it is a double zero at a and there is no other zero (Proposition 2.3.7).
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So, for zp € I" \ {0}: if 29 € {a,a*} with a € R not a half-period, then ord,, g = m, = ord, f =
ord,, f; if zo = a is a half-period, then ord,, g = 2m, = ord,, f. This proves the claim (by
periodicity, for all z ¢ L).

Hence h = f/g € £, has no zeros and no poles outside L. Modulo L, its only possible zero or
pole is at 0. If ordg h = k > 0, then A would have k zeros and no poles modulo L, contradicting
Proposition 2.2.13; similarly & < 0 is impossible. So ordg h = 0, and h has no poles at all. By
Proposition 2.2.11, h = ¢ is a constant (nonzero, as f # 0). Therefore f = cg € C(p). |

Correction. In my handwritten notes it was claimed that g has poles at the half-periods
“because 4,42, 12 ¢ [\ {0} and p has double poles at L\ {0}”. This is wrong: the
half-periods are not lattice points. The correct reason that the orders at the half-periods
match is that o(z) — p(%) has a double zero at § (Proposition 2.3.7), which is why the
exponent m, is taken to be %orda f there. The comparison of orders at z = 0 (which my
notes did by noting that the orders of f sum to 0 and those of g sum to 0) is the argument

with h = f/g above.

-
Proposition 2.3.11

Er, = C(p, ¢'), i.e. every elliptic function is a rational function of p and g’. More precisely,

every f € &, can be written as f = Ry (p) + ¢’ Ra(p) with rational functions Ry, Ry € C(X).

-

Proof. For f € &, write

f(2) + f(=2)

f(z) = f(=2)
5 : :

f(Z) = feven(z) + fodd(z), feven(z) = 5

foad(z) =
Both are elliptic, foven is even and foqq is odd. Since g’ is odd and g’ # 0, the quotient h = foqq/¢’

is even and elliptic (odd divided by odd). By Proposition 2.3.10, feven = Ri(p) and h = Ra(p)
for rational functions Ry, Re. Hence f = R1(p) + ¢'Ra(p). [

2.4 The Weierstrass equation and Eisenstein series

We have obtained that every elliptic function lies in C(p, ¢’), and every even elliptic function in
C(p). Since ¢’ is odd, (p)? is even: (p'(—2))? = (—¢'(2))? = (¢'(2))%. So (¢')? is a rational
function of p. Which one?

First way: comparing zeros and poles

Proposition 2.4.1
With e; = p(%}) as above,

Proof. We follow the construction of g in the proof of Proposition 2.3.10 for f = (¢')? € &F.

(1) Since p has a double pole at 0 (with principal part Z%), ¢ has a triple pole there (principal

part — %), and (') has a pole of order 6 at 0.

(2) By Corollary 2.3.6, ¢ has simple zeros exactly at the three half-periods, so (g')? has double

Yi @2 93 and no other zeros modulo L.

zeros exactly at -, <2, =5
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So in the construction we get three half-periods with m, = % -2 =1, and no other points with
mg # 0. Hence

(¢(2))% = C (p(2) = e1) (p(2) — e2) (9(2) — e3)

for a constant C. To determine C, compare the leading terms at z = 0: since p(z) = & + -
and ¢'(z) = —z% + - -+, the left-hand side is ;% + - -+ while the right-hand side is ZQ@ +---. So
C=4. [ |

Thus ()2 is a cubic polynomial in p. To find its coefficients in terms of L we compute Laurent
expansions.

Second way: Laurent expansions

\
Definition 2.4.2 (Eisenstein series of a lattice)
For an integer k > 2 we put
1
el
0220
N J
o )
Proposition 2.4.3
The series G(L) converges absolutely for k > 2, and Gi(L) = 0 for odd k > 2.
N J

Proof. Absolute convergence is Lemma 2.3.3. For odd k: since ¢ — —{ is a bijection of L\ {0}
and the series converges absolutely (SO it can be rearranged)

D S I !
ol 0
hence Gi(L) = 0. [

Lemma 2.4.4 (Laurent expansion of p)
Let ¢ = min{|¢|: 0 # £ € L}. For 0 < |2| < ¢,

L 1
p(z) =2 + Z(2k + 1)G2k3+2(L) 2 = 2 + 3G422 + 5G6Z4 + 7G826 4+
k>1

Proof. Fix 0 <r <1 and let |z| < re. For £ # 0 we have [z/(| < r <1, and differentiating the
geometric series 1_1 = > j>ow’ gives (1_1 = =00 + 1w’ for |w| < 1. Hence

1 1 1 1 2z 327 427
B (S 1) — 1 e L
02 2 €2<(1—z/€ )= €2Z]+ (7 ) g(‘” gttt
We claim that the double series 3250 >~ ;51 (7 + l)efﬁ converges absolutely. Indeed, using |z/¢| <
7”7

. _ JERY < A
Z(]Hyev“’_wz ’e’ —|ey3z(+2) P -2

j=1
since >~ (i + 2)rt = = r)2 + 1 = < T T) And 2#0 )2 \fl3 < oo by Lemma 2.3.3. So we
may interchange the order of summation:

7+Z]+ (ZngrZ) +Z]+ Gjy2(L) 27

j>1 0#£0 j>1
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By Proposition 2.4.3 the terms with odd j + 2, i.e. odd j, vanish. Writing 7 = 2k gives the claim.

Since r < 1 was arbitrary, the expansion holds for 0 < |z| < c.

“

Correction. In my handwritten notes the Taylor expansion was first written as “p(z)

0° (1—r)2
2G3 + 3G42? 4 4G523” the first term should read 2G5z (it vanishes anyway).

1+ ¢'(2)z + p(2)2? + --- 7, which is meaningless; the correct expansion is the one above.
Further, in the bound for the double series, the inequality 1+ %r+ %T‘2 4o <14r4r24. ..

is false, but the final bound ¢ is correct, as shown. Finally, in the expansion “Z% +

[
Theorem 2.4.5 (Weierstrass equation)
Put
92 = g2(L) = 60 G4(L —602€47 93 = g3(L) = 140 Gg(L —1402@
00 10
Then

(0'(2))* = 4p(2)* — g2 0(2) — g3,

f has three distinct roots.

-

ie. (¢)? = f(p) with f(z) = 42 — gox — g3. Moreover f(x) = 4(x — e1)(x — e2)(z — e3), s0

J

Proof. We want to find a cubic polynomial f(z) = ax® + bx? + cx + d such that the Laurent
expansion of f(p(z)) at 0 agrees with that of (p'(2))? in all negative powers of z and in the
constant term. Then (p')? — f(p) is an elliptic function whose Laurent expansion at 0 has no
negative powers, hence it has no pole at 0 and therefore no poles at all (its only possible poles
are at L); by Proposition 2.2.11 it is a constant, and since its constant term at 0 is 0, it tends to

0 as z — 0, so it is identically 0.
By Lemma 2.4.4, writing Gy, for G (L),

1
p(z) = = + 3G42% 4+ 5Gezt + -+,
z
2
¢'(2) = ——5 +6Gaz + 20Gez> + - - - .
z

Squaring and cubing (keeping all terms up to 2%):

4 2 2 i 24G4

/ 2
= —2. = - 6Guz—2-—-20G —80G
(p (Z)) 26 23 4z GZ + - 2’6 61 -
1 1 1
p(2)2227+2';'3G42 +...:;+6G4+...
1 1 1 9G
p(2)* = 5 +3- (3Gu2® +5Gez") + - = 5+ 3 +15Gs +-
where - -- denotes terms of order z? and higher (all expansions involve only even powers). Now

b 9aG4+

Comparing with (p')? = ;% + Z% - 24G4 — 80G¢ + -
278 a= 4,
24 b=0,
272 9aGy+c=—-24Gy = c=—24G4 —4-9G4 = —60G.,
20 15aGs + 6bGy +d = —80Gs —> d = —80G¢ — 4 - 15Gg = —140Gs.
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Hence (p)? = 4¢3 — 60G1p — 140Gs = 49> — g2 — g3.
For the last claim: by Proposition 2.4.1, 4[[;(p(2) —e;) = (¢/(2))* = f(p(2)) for all z ¢ L. Since
p is nonconstant, it takes infinitely many values, and two polynomials agreeing at infinitely many

points are equal. So f(z) = 4(z — e1)(x — e2)(x — e3), and the roots e, es, e3 are distinct by
Proposition 2.3.7. |

Proposition 2.4.6
For every even k > 4 we have Gi(L) € Q[G4(L),G¢(L)], i.e. Gj, is a polynomial in G4 and
G with rational coefficients.

Proof. First we derive a differential equation for ©”. Differentiating (p')? = 49> — g2 — g3 gives

! 1

200" = 12p%¢" — gog’, and dividing by 2’ Z 0,
p" = 6p” — ‘%2 = 6p° — 30G4. (2.4)
We use strong induction on even k. For k = 4 and k = 6 the claim is trivial. Let £ > 8 be even

and assume that G,, € Q[G4, Gg] for all even m with 4 <m <k — 2.

By Lemma 2.4.4, 0(2) = % 4+ Y54, m even (M — 1)Gmz™ 2. Differentiating twice,

o(z) = % Y (= 1) (m— 2)(m — 3)G

m>4
m even

so the coefficient of 2*~* in ¢ is (k — 1)(k — 2)(k — 3)G}.

On the other hand,
69(2)” — 30G4 = 6( 1) Gz 2) (2 1)Gmz™?) - 30G
p(z)— 4 = (?"_ Z(m_ ) m< )(;4‘ Z(m— ) m~< )— 4-

m>4 m>4
m even m even

For k > 8 the constant —30G, only contributes to 2%, not to 2k=4. The coefficient of z5~% in the
product comes from:

(1) & (k—1)Gpz*72 = (k—1)Gz*~4; this occurs twice (from the first factor times the second,
and vice versa), giving 2(k — 1)G;

(2) products of two terms (i — 1)G;2"2 - (j — 1)Gyz7 2 with i+ j—4 =k — 4, ie i+ j =k,
i,j >4 even, giving >-, ., (1 — 1)(j — 1)G:Gj.

So the coefficient of ¥~ in 6% —30Gy is 6(2(k—1)Gr+> iy jmp, i j>a(i—1)(j —1)GiGj). By (2.4)
the two coefficients are equal:

(k=1)(k—2)(k—3)Gr =12(k = 1)Gr +6 >_ (i—1)(j — 1)GiG;.
i+j=k
i,j>4
Subtracting 12(k — 1)Gy, from both sides,

(k—1)[(k—2)(k—3) —12]Gy = (k — 1)(k* — 5k — 6)G% = (k — 1)(k — 6)(k + 1)G},
=6 Y (i—-1)(—-1)GiGy,

it+j=k
ij>4
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and since k > 8, the factor (k — 1)(k — 6)(k + 1) is nonzero, so

6

= D=6k £ 1)

Y. (i =1)(j — 1)GiGj.
i+j=Fk
1,524
Since i +j = k and 4,5 > 4, we have ¢,7 < k —4 < k — 2; by the induction hypothesis
Gi,Gj € @[G4,G6]. Hence G}, € Q[G4, GG]. [ |

Correction. In my handwritten notes the differential equation was written as “p” = 6p? —
30G4 + ---7; it is in fact an exact identity, see (2.4). At the end, “Gy € Q(G2,G4)” should
read G, € @[G4, Gﬁ].

Example 2.4.7. For k =8: Gg = ﬁ‘.g -3.-3G% = %Gi. (The only term is ¢ = j = 4.)

2.5 The torus C/L as an elliptic curve
2 _

The differential equation (¢'(2))? = f(p(2)), f(z) = 423 —gox—g3, has a geometric interpretation.
Consider the map

[p(2) : 9'(2) : 1] 2 ¢ L,

C/L — PHC), Z'—>{[0:1:0] zeL.

It is well defined on C/L since g, ' are L-periodic. The value at z € L is forced by continuity:
as z — 0, p(2), ¢'(2) — oo, but in P2(C) we may rescale by the nonzero factor 1/¢’(z):

1

. / -1 = p(Z) 21 1

0 f(2) 1] =[5 o] — o)
z 2724 Z

because g/((z)) - _227—1"3__’_... =73 +--—0and ﬁ -0

Proposition 2.5.1
The image of the map C/L — P2(C) above lies on the elliptic curve

E: Y?Z =4X3 - 2 X 7% — g37°. (2.5)

Proof. We write the Weierstrass equation y? = 42® — gz — g3 and move it into P? by homogeni-

sation: we replace (z,y) by [X : Y : Z] via z = %, y = . We obtain

(7) =1(3) ~o(z) -

and multiplying both sides by Z2 gives (2.5), the homogeneous equation of the elliptic curve in
P2(C). Now:

e For z¢ L we have X = p(z2), Y = ¢'(2), Z =1, s0 (2.5) reads (¢'(2))? -1 = 4p(2)> — g2p(2) -
12 — g3 - 13, which is Theorem 2.4.5.

o Forz€ L wehave X =0,Y =1, Z =0, and (2.5) reads 0 = 0. |
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e N
Theorem 2.5.2
The map
F:C/L—E, F(z)=[p(2): ¢ (2): 1] (2 ¢ L), F0)=[0:1:0]=0,
is an analytic bijection from the torus C/L onto the elliptic curve E : y? = 423 — gox — g3 in
P2(C) (including its point at infinity O).
N J

Proof. Let E be the set of points of Y2Z = 4X3 — g2 XZ? — 9373 in P?(C); as explained after
Definition 2.1.9, these are the points [xg : yo : 1] with y3 = f(x¢) together with O = [0: 1 : 0].
By Proposition 2.5.1, F' maps C/L into E.

Surjectivity. Let P € E be arbitrary. If P = O, then F(0)

= P. Otherwise P = [zg:yo : 1] is a
finite point; we need z € C/L, z # 0, with p(z) = z¢ and '(z) =

Yo-

(1) The function p — x¢ is elliptic with exactly one pole modulo L, of order 2. By Proposi-
tion 2.2.13, it has exactly 2 zeros modulo L (counted with multiplicity); in particular it has
at least one. Let z; be such a zero; then z1 ¢ L and p(z1) = xo.

(2) Since Theorem 2.4.5 holds at 21, (¢'(21))? = f(p(21)) = f(z0).
(3) Since P is on the curve, y3 = f(zo).

(4) Thus ('(21))* = 3, so ¢ (21) = .
(5)

If ©'(21) = yo, choose z = z1. If ©/(21) = —yo, use that p is even and ' is odd: p(—2z1) =
p(z1) = xo and ©'(—21) = —p'(21) = —(—yo) = yo; choose z = —z1.

(6) In both cases z ¢ L, p(z) = xp and ¢'(z) = yo, so F(z) = P.
Injectivity. Let z1,2z9 € C/L with F(z1) = F(z2).

(1) If F(21) = F(22) =0 =1[0:1:0]: for z ¢ L the point F(z) has third coordinate 1 # 0, so
it is not O. Hence 21,29 € L, i.e. 21 = 20 =0 in C/L.

(2) If F(z1) = F(z2) = [0 : yo : 1], then 21,29 ¢ L, p(z1) = p(22) = z¢ and ¢'(z1) = @' (22) =
yo- The function p — x¢ has exactly two zeros modulo L (with multiplicity), and z; and

—z1 are zeros (as g is even). If z; # —z1, these are the two zeros; if z; = —z, then 2; is a
half-period and it is a double zero by Proposition 2.3.7. In either case zo = z1 or 29 = — 21
(mod L).

o If 29 = z1, we are done.
o If 29 = —21, then yo = ¢/(22) = '(—21) = —p'(21) = —y0, s0 yo = 0 and ¢'(z1) = 0.
By Corollary 2.3.6, z; is a half-period, so 221 € L, i.e. —z1 = z1. Hence 25 = —21 = 23.
Thus 21 = z2 in C/L, and F is injective.

Analyticity. Near a point zg ¢ L, the map is given by z — [p(2) : ¢/(2) : 1], whose coordinates

are holomorphic functions. Near a lattice point, it is given by z — [5((2)) S m], whose

coordinates are holomorphic near z € L (they have removable singularities there with value 0,

since ¢’ has a pole). [ ]
Correction. In the injectivity part of my handwritten notes, the case zo = —z1, ¢'(21) =0

was “dismissed since z1,z9 € C/L”. The right conclusion is not that this case cannot occur
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(it does occur: for z; = ), but that in this case z; is a half-period, so that —z; = 2; and
therefore zo = z; in C/L. Also, the statement “the equation p(z) = z¢ must have exactly 2
solutions” (which I had marked with a question mark) should be understood as: p — ¢ has
exactly 2 zeros modulo L counted with multiplicity, by Proposition 2.2.13, since its only pole
modulo L is the double pole at 0.

Remark 2.5.3. The bijection F' transports the group structure of C/L to E; the resulting group
law on F is the usual chord-and-tangent addition law with neutral element O [2, §1.6]. Conversely,
one can show that every elliptic curve y? = 42> — ax — b over C with a® — 27b% # 0 arises in this
way from some lattice L (the uniformisation theorem); this uses the modular function j and will
be discussed after the theory of modular forms of level 1.
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Chapter 3

The Modular Group and Congruence Subgroups

In this chapter we study the full modular group SLy(Z), its action on the upper half-plane
$H ={z € C:Imz > 0}, and its congruence subgroups I'(N), I';(N), I'o(N): their indices,
fundamental domains, generators and cusps. Modular forms of congruence subgroups will be
functions on $ with a transformation law under these groups. We follow [2, §III.1]; the last
section contains my solutions to the exercises of that section.

3.1 SILy(Z) and its action on the upper half-plane

N
Definition 3.1.1 (General linear group)
For any commutative ring R, the general linear group is
_ffa b %
GLy(R) = {(C d) € Maxs(R) | ad - be € R*},
where R* is the multiplicative group of invertible elements of R. y
\
. )
Proposition 3.1.2
GL2(R) is a group under matrix multiplication.
N J
: P L 10 : %
Proof. Matrix multiplication is associative, and I = 0 1) € GL2(R) since detI = 1 € R*.

Since R is commutative, det(AB) = det(A) det(B), and a product of units is a unit; so GL2(R)

is closed under multiplication. Finally, for A = b) with A = ad — bec € R*, put

d

Al = A1 d —b
—c a |’

. . . a b d —b\ [ad—bc 0 _ o .
A direct computation gives <c d) <—c a > = ( 0 ad — bc) = A, and similarly in the

other order, so AA™ = A71A=1. Alsodet(A™ )= A2 A=At e R* s0o A € GLy(R). W

4 N
Definition 3.1.3 (Special linear group)

The special linear group SLo(R) is the subgroup of GLa(R) consisting of the matrices of
determinant 1 (it is the kernel of the homomorphism det : GLa(R) — R*).
We write

T = SLy(Z)

and call it the full modular group. We put T' = T'/{£I}, and more generally, for a subgroup
G CT,
a_ {G/{ﬂ} if —1e@,
G if —1¢aG,
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which we regard as a subgroup of I' (the image of G in T'). We also use the two special
matrices
0 -1 1 1 1
S_<1 0), T_<O 1), SZ——;, Tz=2z+1.

Proposition 3.1.4
The group GLj (R) = {7y € GLy(R) : dety > 0}, and in particular T', acts on § by Mébius

transformations
a b az+b
z = z = .
7 c d cz+d

J
\

dety -1 -
Moreover Im(vyz) = Lﬁ;z, and —I acts trivially, so I' acts on $).
lcz + d
N J
a b

Proof. Let z € $ and v = € GL3 (R). First, cz +d # 0: if ¢ # 0 then Im(cz + d) =

d
cImz # 0, and if ¢ =0 then d # 0 (as ad = det~y > 0). Next,

(az +b)(cz+d) ac 2|2 + adz + bez + bd

ez + d|? ez + d|?

I

and the imaginary part of the numerator is adIm z + beIm z = (ad — be) Im z. Hence Im(vz) =
dety-Tmz/|cz +d|* > 0, i.e. yz € 9.

Clearly Iz = z. For 71,72 € GL3 (R) one checks 71 (722) = (y192)2: writing yo2 = Z;ZZIS;,
b
’71(’72Z) _ al ijj:d; + by _ (a1a2 + blcg)z + (a1b2 + b1d2) _ (/7172)2
Cl% +dy (Cla2 + d162)z + (0162 + dldz) ’
So we have a group action. Finally (—I)z = =% = z; more generally v and —v act in the same
way, so the action of I" factors through T. |

Cusps

The same formula defines an action of I on QU{oo} = P*(Q), with the usual conventions yoo = ¢
(and = oo if ¢ = 0), and (-2

C

) = oco. We put
H*=9HU{occ}UQ.

The points of QU{oo} are called cusps: oo is the “point at infinity” ioco, and the rational numbers
lie on the boundary R of §.

Proposition 3.1.5
I" acts transitively on QU{oco}. More precisely, for every ¢ € Q in lowest terms there is vy € T’
with yoo = 2.

Proof. Let & with ged(a,c) = 1. By Bézout’s theorem there are b,d € Z with ad — bc = 1.

€ I' and yoo = 2. Hence every cusp is in the orbit of oo, and the action is

b
d
transitive. |

Then v =
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So T" has only one cusp up to equivalence (“I" has one cusp, at 00”). A subgroup IV C T still
permutes Q U {oco}, but in general not transitively; its cusps are the I'-equivalence classes of
QU {oo} (Section 3.4).

3.2 Congruence subgroups

e A
Definition 3.2.1 (Congruence subgroups)

Let N be a positive integer. We define
r(N)={(* ) cS10@) |a=d=1, b=c=0 (mod N)} = {y = L0 mod N}
c d ’ 0 1 )

Fl(N):{<Z Z)ESLQ(Z) a=d=1,¢=0 (mod N)}= 75<(1) ;) mod N |,

To(N) = {(Z Z) €SLy(Z) | =0 (mod N)}={y= (; I) mod N'|.

Clearly T'(NV) € T'j/(N) C T'o(N) C T, and I'(1) = I'1(1) = I'p(1) = I'. That these are
subgroups follows from Proposition 3.2.4 below: they are the preimages, under the reduction

homomorphism SLy(Z) — SLa(Z/NZ), of the subgroups {I}, {((1) >;)} and {(; *> ).

*
- J
Example 3.2.2. For N = 2:

S

2k +1 21

<CCL b) € SLy(Z) ’ a,d odd, b,c even}
< 2m  2n+1

) € SLy(Z) ‘ k,l,m,neZ}

kol 10
2 (m n) + (0 1) € SLy(Z) ( k,z,m,nez},

and T'(2) = I'(2)/{=£I}, since —I € T'(2).

31

Example 3.2.3. (1) (2 1

>€F0(2), since ad —bc=3—-2=1and c=2=0 (mod 2).

(2) g 1 € I'i(3), since ad —bc =4 -3 =1, a=4=1(mod 3), d =1=1 (mod 3),
and ¢ =3 =0 (mod 3). In general, the entries a,d of an element of I';(3) are of the form
e, —2,1,4,7, .0
4 N
Proposition 3.2.4
The reduction map

6 : SLa(Z) = SLy(Z/NTZ), ¢(<Z Z))Z(ifﬁg% 2223%)

is a group homomorphism with ker ¢ = T'(N). Consequently I'(IV) is a normal subgroup of
I', and hence also of I'1 (V) and I'g(N). Moreover I'; (N) is a normal subgroup of I'o(N).

G
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Proof. ¢ is well defined: if ad — be = 1, then (a mod N)(d mod N) — (b mod N)(¢ mod N) =

1 mod N. Let
(a1 by [ a2 ba
A= (Cl d1> R B = <CQ d2> S SLQ(Z).

Since reduction modulo N is a ring homomorphism Z — Z/NZ, i.e. it respects sums and products,

¢(AB) = ¢ ajas + bica  aibs + bids . (a1a2 + b162) mod NV (albg + bldg) mod N
o crag + dica  c1by + dids o (01a2 + dlcg) mod N (Clbg + dldg) mod N

_ (airmod N by mod N ap mod N bymod N\
= (01 mod N d; mod N) <c2 mod N ds mod N) = ¢(A)o(B).

So ¢ is a group homomorphism. Its kernel is

ker ¢ = {(i Z) € SLy(2) | (Z Z) = (é ?) mod N} = I(N).

By the lemma below, I'(N) < T'; a normal subgroup of T is normal in every intermediate subgroup.

For the last claim consider ¢ : I'o(N) — (Z/NZ)*, (%) = dmod N. This is well defined:
ad —bc =1 and ¢ = 0 give ad =1 (mod N), so d mod N is a unit. It is a homomorphism: for
A, B € T'y(N) as above, the lower right entry of AB is ¢1bs + d1ds = dida (mod N) since ¢; = 0.
Its kernel is {¢ = 0, d = 1}; for such matrices also a = ad = 1, so kery) = I';(N), which is
therefore normal in T'g(N). [

Lemma 3.2.5 (Recall)
Let f: G — G be a homomorphism of groups. Then ker f is a normal subgroup of G.

Proof. Since f(eq) = eq,, eq € ker f, so ker f # 0. Let a,b € ker f. Then
flab™) = f(a)f(0™h) = f(a)f ()™ = eqi(ec,) " = e,
so ab~! € ker f and ker f < G. Now let a € G and h € ker f. Then
flaha™) = f(a)f(R)f(a™) = f(a) ec, f(a)™" = ey
Thus aha~' € ker f, and hence ker f < G. u

Proposition 3.2.6
The map ¢ : SLa(Z) — SLa(Z/NZ) is surjective.

QA

Q,|Q“\

Proof. Let A = < ) € SLy(Z/NZ) be arbitrary. This means ad — b¢ = 1 (mod N). Choose

lifts a,b,c,d € Z witha=a,b=b, c=¢, d=d (mod N); we may and do choose a > 0 (replace
a by a + kN for large k). Then

ad—bc=1 (mod N), ie. ad —bc+ Nk =1 for some k € Z.

In general ad — bc # 1, so we have to modify the lifts.

Step 1: a lift ¥’ =b (mod N) with ged(a,b’) = 1. By the fundamental theorem of arithmetic we
can write a = ajae with coprime positive integers ap, as, where

(1) ap is the product of the prime powers in the factorisation of @ whose primes divide N;
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(2) ag is the product of the prime powers in the factorisation of @ whose primes do not divide
N.
By construction ged(az, N) =1 and ged(aq,az) = 1.

We claim ged(b, a1) = 1. Suppose, by way of contradiction, that a prime p divides both b and a.
Since p | a1, we have p | a and p | N (by the definition of a;). From ad —bc+ Nk =1 and p | a,
plb, p| N we get p|1, a contradiction.

Since ged(N,az) = 1, the Chinese remainder theorem gives b’ € Z with
¥ =b (mod N) and =1 (mod ay).

Then b/ = b+ Nl for some | € Z. If p is a prime dividing a1, then p | N and p1 b, sopt b+ NIl =1¥';
hence ged(b',a1) = 1. Since ¥’ = 1 (mod ag), also ged(V,a2) = 1. As a = ajag, we conclude
ged(b,a) =1

Step 2: correcting ¢ and d. By Bézout’s theorem there are x,y € Z with ax — b'y = 1. Put

/
A=ad—te, d=cty(l-A), d=d+a(l-A), M=<j, fzf)-
Then

det M =ad — b =a(d+z(1—A)) —b(c+y(l—A))
=ad—Vec+ (az —Vy)1-A)=A+1-(1-A)=1,

so M € SLy(Z). Moreover, since b’ = b (mod N),

A=ad—-bc=ad—bc=1 (mod N),

Hence ¢(M) = A, and ¢ is surjective. |

Correction. In my handwritten notes this proposition was announced as “¢ is injective”; it
is surjective (it is certainly not injective, its kernel being I'(N)). We also need the lift a to
be nonzero for the factorisation a = ajas to make sense; this is why we chose a > 0.

Proposition 3.2.7
[[': T'(N)] < oo; more precisely I'/T'(N) = SLo(Z/NZ), so [I' : I'(N)] = |SL2(Z/NZ)).

Proof. The index [I' : I'(IV)] is the number of distinct left cosets of I'(N) in T', i.e. the order
|T'/T'(N)| of the quotient group. By Propositions 3.2.4 and 3.2.6, ¢ is a surjective homomorphism
with ker ¢ = I'(N) and Im ¢ = SL2(Z/NZ). By the first isomorphism theorem,

I'/ker¢ =Im¢ = ©/I(N)=SLy(Z/NZ).

So [T'/T(N)| = |SL2(Z/NZ)| < N* < oo. u

Counting SLy(Z/NZ)

(Lemma 3.2.8 (Chinese remainder theorem) w
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Let N = p{'p5?---p* be the prime factorisation of N. Then the map
®:Z/NZ — LIpy'Z x --- X L/piF 7L, ®(a mod N) = (a mod p{',...,a mod p*),

is a ring isomorphism. Consequently it induces isomorphisms
k
(Z/NZ)* = H (Z/pS'Z)™

SLy(Z/N7Z) = H SLa(Z/p'Z),  GLo(Z/NZ) = H GL2(Z/p'Z).
i=1
\ J

Proof. ® is well defined since p5* | N. It respects sums:

®(@+b) = ((a+b) mod pS',...) = (amod p{*,...) + (bmod pS',...) = ®(a) + d(b),
and products in the same way: ®(ab) = ®(a)®(b); and ®(1) = (1,...,1).
Injective. Let a € ker @, i.e. a =0 (mod pi'), i.e. p;’ | a, for all 1 <i < k. Since gcd(pf",pjj) =1
for i # j, the product p{' ---pi* = N divides a, i.e. a = 0. So ker ® = {0} and P is injective.
Surjective. Both sides have N = p{' - --p/* elements, and an injective map between finite sets of
the same size is surjective.

A ring isomorphism maps units to units, which gives the first induced isomorphism. Applying &
entrywise to 2 X 2 matrices gives a bijection Mayo(Z/NZ) — []; Max2(Z/p;*Z) compatible with
matrix multiplication and with determinants: ad — b¢ = 1 in Z/NZ if and only if ad — bc = 1
(mod p{?) for all i. Restricting to determinant 1 (resp. unit determinant) gives the isomorphisms
for SLy and GLs. |

Proposition 3.2.9
Let o(N) = |(Z/NZ)*| be Euler’s totient function. Then

=N 1|‘][V(1 - 7) and  |GLy(Z/NZ)| = ¢(N) |SLy(Z/NZ)|.

Proof. The group of units (Z/NZ)* is the set of residues which have an inverse modulo N, i.e.
{a € Z/NZ : ged(a, N) = 1}. For example, for N = 6, (Z/6Z)* = {1,5} since ged(1,6) =
ged(5,6) = 1.

By Lemma 3.2.8, [(Z/NZ)*| = 1%, 1(Z/pSZ)*|. The ring Z/p°Z has the p° elements
0,1,...,p° — 1, and such an element is a unit iff it is coprime to p®, i.e. not a multiple of p. The
multiples of p among them are 0,p,2p, ..., (p°~! — 1)p, which are p°~! elements. So

1
TN < | = p¢ — e_lzelff,
@/ 2)*| = p° ="t = pf( p)

and therefore

~[ () = () 10 - ) =¥ I10 )

i=1 i=1 pIN

For the second claim consider the determinant map

det : GLo(Z/NZ) — (Z/NZ)™, (Ccl Z) — ad — bc mod N.
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It takes values in (Z/NZ)* by definition of GLg, and det(AB) = det(A) det(B), so it is a group
homomorphism. Its kernel is {A € GL2(Z/NZ) : det A = 1} = SLo(Z/NZ). 1t is surjective: for

u € (Z/NZ)*, the matrix A = g (1)> € GL2(Z/NZ) has det A = u. By the first isomorphism
theorem,

GL2(Z/NZ)/SLa(Z/NZ) = (Z/NZ)™,
and hence |GL2(Z/NZ)| = |(Z/NZ)*| - |SL2(Z/NZ)| = ¢(N) |SL2(Z/NZ)|. [ |
4 M

Proposition 3.2.10 (1) [[:T(N)] = N3 Hp\N(l - pl2)’
(2) [[1(N) : T(N)] = N;

(3) [To(N) : Ta(N)] = ¢(N) = NTLn (1= 1 );

(@) [0 To(V)) = NI (1+ ),
\ J

Proof. (1) By Proposition 3.2.7, [I' : I'(V)] = |SL2(Z/NZ)|, and by Lemma 3.2.8, |[SL2(Z/NZ)| =
[Lpen [SL2(Z/p°Z)|. We claim
1

SLa(Z/p2)| =™ (1~ 5).

C

Case e = 1. Z/pZ = F), is a finite field. The map GLy(F,) — B, (Z Z) = (v1,v2) = ((%), (Z)) is

a bijection onto the set B of ordered bases of IFIQ, (a matrix is invertible iff its columns are linearly
independent). We count B: there are |[Fy| - |[Fp| = p? vectors in F2.

« Choose v1: we cannot take 0, so there are p> — 1 choices.

e Choose vy: it must be linearly independent from v, i.e. vy € ]Ff,\span(vl), and |span(vy)| = p;
so there are p? — p choices.

Therefore |GLa(F,)| = (p?> — 1)(p* — p), and by Proposition 3.2.9,

GLy(F, *-1)(p® - 1
_ | ;’(L) I_ p)_(pl p)=(p2—1)p=p3—p=p3(1—pg)-

|SLa(Fy)]

Case e > 1. Consider the reduction map

X\ : SLo(Z/p°Z) — SLo(Z/pZ), (‘2 Z) mod p© (Z Z) mod p.

As in Proposition 3.2.4, A is a homomorphism. It is surjective: by Proposition 3.2.6 every element
of SLo(Z/pZ) lifts to SLa(Z), and reducing that lift modulo p® gives a preimage. Its kernel is

ker A = {(Z 2) mod p® € SLo(Z/p°Z) ‘ <CCL Z) = (é 2) mod p}.

We count it. Given residues b, ¢,d mod p® with b = ¢ =0 and d = 1 (mod p), there is a unique
a mod p® with ad —bc =1 (mod p°), namely

a=(1+bc)d™' (mod p°);
here d~! mod p® exists because d = 1 (mod p) implies ged(d,p®) = 1. This a automatically
satisfies a = (14 0) -1 =1 (mod p). So |ker A| is the number of choices of (b, ¢, d):
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e b=0 (mod p): b€ {0,p,2p,...,(p° 1 — 1)p}, which gives p*~! choices;

0 (mod p): likewise p°~! choices;

e d

1 (mod p): d € {1,1+p,1+2p,...,1+ (p°! — 1)p}, also p°~! choices.
Thus [ker A| = p¢~1-p¢~1.pe~1 = p3(e=1 . By the first isomorphism theorem, SLy(Z/p¢Z)/ ker A =
SLo(Z/pZ), so

SLa(Z/pD)] = ) 5 (1= ) =% (1= ).

Therefore

rer) = [ o (1= =) = (I #) TI(1- =) =M T[(1 - ).

pelIN p peiv TN P v P

(2) Consider 8 : I'1(N) — Z/NZ (additive group), 3(¢Y%) = bmod N. For A,B € I';(N) we
have A = <1 bl) and B = <1 b2> (mod N), so

0 1 0 1
_1b1 152_1bl+b2
AB = (0 1) (0 1) - (0 1 ) (mod N),
i.e. B(AB) = B(A) + B(B). The map is surjective, since T° = (1) (1)> € I'1(N) and B(T?) =

bmod N. Its kernel is {a =d =1, b = ¢ = 0} = I'(N). By the first isomorphism theorem

I'(N)/T(N)=Z/NZ,so I'1(N) :T(N)] = N.

(3) The homomorphism ¢ : T'o(N) — (Z/NZ)*, v — dmod N, from the proof of Propo-
-1

sition 3.2.4 has kernel I'1(V). It is surjective: for u € (Z/NZ)*, the matrix uo 2 €

SL2(Z/N7Z) lifts, by Proposition 3.2.6, to some 7 € I', which lies in I'g(N) (its lower left entry is

= 0) and has ¢(y) = u. So I'o(N)/T1(N) = (Z/NZ)* and [I'o(N) : I'1(N)] = p(N).

(4) Using [A: C] =[A: B][B:C] for C < B < A and (1)-(3),

‘ _ [T:T(N)] _ NLyvA-) 1
[T :To(N)] = [Co(N) : Ti(N)]T1(N) : T(N)] — NTLn(1-1)-N Npll_][V(l + p),
Slncel—ﬁz(l—%)(l—}—%), m

Notes. In my handwritten notes only (1) was proved, and (2), (3) were stated to follow “in
the same way”, using [A : B|[B : C] = [A : C]; we have written out the homomorphisms
and 1, and added (4), which will be used repeatedly (e.g. in Exercise 3.4.7). In the proof
of injectivity of ® in Lemma 3.2.8, my notes said “by CRT”; what is used is only that a
product of pairwise coprime divisors of a divides a.

-
Proposition 3.2.11

['(N), I'1(N) and T'yg(N) act on $ via Mobius transformations.
-

Proof. This is clear, since I'(N) CT'1(N) CTg(N) CT and I' acts on $ via Mo6bius transforma-
tions (Proposition 3.1.4); the restriction of a group action to a subgroup is an action. |
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Definition 3.2.12 (Congruence subgroup)

A subgroup IV C T is called a congruence subgroup of level N if it contains I'(V). (Similarly,
a subgroup of T is a congruence subgroup of level N if it contains T'(V).) Every congruence
subgroup has finite index in I'; by Proposition 3.2.7.

3.3 Fundamental domains

4 N
Definition 3.3.1 (Fundamental domain)

Let G C T be a subgroup. A closed subset Fg C $ is a fundamental domain for G if
(1) for every z € $) there is v € G with vz € Fg;

(2) no two distinct points of the interior int(Fg) are G-equivalent, i.e. for z, 2’ € int(Fg)
with z # 2/ and all v € G we have 2’ # vz.

J

We recall the following standard facts about the full modular group, see [2, §III.1], [4, Ch. VII,
§1].

4 N
Theorem 3.3.2
Let F={2€9: [Rez| <3, [2] > 1}
(1) F is a fundamental domain for T.
(2) T is generated by (the images of) S and T
(3) If 2 € int(F), then the stabiliser of z in T is trivial.
N J

Proof sketch. For z € §, by Proposition 3.1.4, Im(yz) = Im z/ |cz + d|?, and since {cz + d} is a
lattice, |cz + d| attains a minimum over the bottom rows (¢, d) of elements of I'; so there is v in
the subgroup (S, T") with Im(yz) maximal. Translating by a power of T" we get |Re(yz)| < %, and
then |yz| > 1, since otherwise Im(S7z) = Im(vz)/ |yz|> would be larger. This proves the first
condition in (1), with v € (S,T). For the second condition and (3) one checks that if z,vz € F
with v # +1, then |cz 4+ d| < 1 forces |c¢| < 1, and a short case analysis shows that z is on the
boundary of F. Finally (2) follows by applying (1) to a point zy € int(F): for v € T' choose
d € (S,T) with dvzp € F; by (ii) and (3), v = +1. [

Figure 3.1 shows F and some of its translates vF'; the region labelled v F' is the image of F' under
5.

~
Proposition 3.3.3

Let I'" C T be a subgroup of finite index n, and let T = || ; a;I" be the decomposition into
distinct left cosets, with a; € I'. Put

n
F'=|Jo;'F.
=1
Then:

(1) for every z € §) there is v/ € IV with 'z € F’;

(2) no two distinct points of [JI; a; * int(F) are T'-equivalent.
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T2F T-1F F TF T2F

STF ST~1'F

ol 4

Figure 3.1: The fundamental domain F of T (shaded) and some of its translates vF'.

In particular F’ is a fundamental domain for I”: by Problem 3.4.4 below, (2) even holds for
any two distinct points of int(F”).

Proof. (1) Let z € $ be arbitrary. Since F is a fundamental domain for T, there is v € T’ with
vz € F. Since v € T = |J; oyI”, there is i with

y=ay (Yel) = =aqly

—1 -1
Thus 'z = o "(y2) € a; " F C F'.
2) Suppose z € a; Lint(F), 2/ € a; Vint(F), and 2’/ = +'z with 4/ € I". Put
i j Y

wy = iz € int(F), wy = oz’ € int(F).

1 1

Substituting 2 = «; w; and 2’ = a; ws into 2’ = 7'z gives

oFlus =t = s = (agva; o
Since oy a; '€ T and wy,wy € int(F), the fact that F is a fundamental domain for T forces
w; = wy. Then ajy'a; ' fixes wy € int(F), so by Theorem 3.3.2(3), a;y'a; ' = 1in T, i.e.
a;y" = ;. Hence o; € a;17, so the cosets o;I” and oI coincide and ¢ = j. Then v = aj_lai =1,
and 2’ =7z = 2. [

Notes. In my handwritten notes, (2) was stated for z,2z’ € int(F’), and it was argued
that then w; = oz and wy = «;2' lie in int(F) and that ¢ # j. Neither is automatic:
a point of int(F’') may lie on the common boundary of two adjacent translates o LF and
a;lF (so a;z € OF), and i = j is possible. The version above avoids this by working with
Ui o Lint(F), which differs from int(F’) only by finitely many arcs of boundary; and it
uses Theorem 3.3.2(3) to handle the case w; = wy. This is the precise meaning of “F” is a
fundamental domain” used in practice (and it is the key step in Problem 3.4.4). Note also
that we must work in I': in I, the element —I fixes every point.

Example 3.3.4 (Fundamental domain for I'(2)). By Proposition 3.2.10(1), [ : T'(2)] = 23(1 —
1) = 6, and since —I € T'(2), also [T : I'(2)] = 6. Reducing modulo 2, the six matrices

(11 _ (01
() ()
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e (11 (o1 et (10
T S:<1 0), ST :(1 1), 18T =<1 1)

are the six distinct elements of SLy(IF2), so they represent the six cosets of I'(2). As I'(2) is
normal, left and right cosets agree, and the inverses of a complete set of representatives again

form a complete set of representatives. Hence, by Proposition 3.3.3 (applied with o ! running
through this list),

FQ) =T 'FUFUT 'SFUSFUT'ST'FUST'F
is a fundamental domain for T'(2); see Figure 3.2 (left), where the regions are numbered in this

order. This is the domain drawn in my handwritten notes. The index [I" : I'(N)] is exactly the
number of copies of F' needed.

(1) (2)

(5) (6)

|
njw

|

—_
D= [
Wl 4+

1) (2)

(5) (6)

| |
T T T T

_3 _1 _1
1 2 1

=}
PN

Figure 3.2: Left: the fundamental domain F(2) for I'(2) of Example 3.3.4; the regions (1)—(6) are
T-'F, F, T7\SF, SF, T-'ST~'F, ST~'F. Right: the fundamental domain Fy(4) = M F(2) =
$F(2) for To(4) (Problem 3.4.3).
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3.4 Exercises from Koblitz, §III.1

Notes. At the end of the section my handwritten notes list the problems 8-12, 14, 16(b) and
17 (with 13 crossed out at first, and later done anyway). Below are my solutions, completed
where the handwritten ones stopped. The numbering is that of [2, §ITL.1].

-
Report Problem 3.4.1 (Problem 8)

Find a simple isomorphism from I'(IV) to a subgroup of T'g(N?) having index ¢(N) in To(N?).

In particular, I'(2) and I'g(4) are isomorphic.

, (1 0 . L (1 o0
Solution. Let M = <0 N) € GL; (Q),s0o M~ = (0 1/N>’ and define

6 :T(N) = GLa(Q),  é(y) = MM,

For v = (Z Z) e I'(N),

o= 8 (D6 D)= w6 2)- ()

Since v € I'(N), we have a =d =1and b=¢ =0 (mod N), so b = kN and ¢ = jN for some
k,j € Z. This implies b/N = k € Z and Nc = jN?, and therefore

() = (j sz Z) = (; :) (mod N?), det ¢(7) = dety = 1.

A B

So ¢(y) € T'o(N?), with moreover A= D =1 (mod N) for ¢(v) = (C D

) . Define

H—{(é g) €To(N?) | D=1 (mod N)}.

(For such matrices also A = 1 (mod N): since C = 0 (mod N), 1 = AD - BC = AD = A
(mod N).)

A By

H is a subgroup of To(N?). Clearly I € H. For My, My € H, with M, = (C D
k k

), we have
A1,A3,D1,D3 =1 (mod N) and Cy,Cy =0 (mod N?), and det Mo = 1, so

MM = Ay By Dy —=By\ _ (A1Dy — B0y —A1Ba+ BiAy _
2 Ci1 D —Cy Ay C1Dy — D1Cy —C1Bs+ D1As

Here C1 Dy — D1Cy =0 (mod N?) and —C1Bs+ D1 A3 =0+1-1=1 (mod N). So M1M2_1 € H.
Thus ¢ : I'(N) — H, ¢(A) = MAM L.
¢ is a homomorphism.:
H(AB) = M(AB)M ' = M(AIB)YM ' = M(AM*MB)M™~!
= (MAM ™) (MBM ™) = ¢(A)¢(B).
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¢ is injective: if p(A) = ¢(B), then MAM 1 = MBM~!; multiplying by M ! on the left and
by M on the right gives A = B.

A B
C D

A NB
X = (C’/N D ) :
Then X has integer entries, det X = AD—BC =1, A=D =1, NB=0,and C/N =0 (mod N)
(as N? | C); so X € T'(N), and

1 0 A NB)\ (1 0 A NB)\ (1 0 A B
= 2) (e )6 1) )6 32 5~

Therefore I'(N) & H < T'g(N?).
The indez. Define ¢ : To(N?) — (Z/NZ)*, (4 B) = D mod N.
d

¢ 1is surjective onto H: let Y = ) € Hyso D=1 (mod N), C =0 (mod N?) and (as

shown) A =1 (mod N). Choose

o Well defined: AD — BC =1 and C =0 (mod N) give AD =1 (mod N), so D mod N is a
unit.
e Homomorphism: for X = Ar B Y = A2 By € T'o(N?), the lower right entry of XY
Cy Dy Cy Dy
is C1By + D1Dy = D1 Dy (mod N), since C; = 0. So 9(XY) = ¢(X)y(Y).

o Surjective: let u € (Z/NZ)*, represented by an integer u with ged(u, N) = 1, hence

ged(u, N2) = 1. By Bézout there are z,y € Z with ux — N?y = 1. Then the matrix
x
NZ
Y(X) =wumod N.

X = z> has det X = ux — N?y = 1 and N? = 0 (mod N?), so X € T'o(N?) and

o Kernel: kerp ={D =1 (mod N)} = H.

By the first isomorphism theorem T'o(N?)/H = (Z/NZ)*, so [[o(N?) : H] = ¢(N).
In particular, for N = 2 we have ¢(2) =1, so [['0(4) : H] =1, i.e. H =Ty(4), and I'(2) = I'y(4)

via’y'—>M'yM_1,M:<(1] (2)> |

0 N

determinant is N, so M € GL;(Q). This does not matter for the argument, since conjugation
by any invertible matrix is an injective homomorphism. Also, “c =d =0 (mod N)” should
read b=c=0 (mod N).

Correction. In my handwritten notes the matrix M = (1 0 ) was said to lie in SLy(R); its

(Report Problem 3.4.2 (Problem 9)

Suppose that I'; and I's are two subgroups of finite index in I', and I'y = al';a! for some

a € GL3 (Q). If F; is a fundamental domain for I'y, prove that aF} is a fundamental domain
for I';.

.

Solution. Recall that F' is a fundamental domain for a group G acting on § if (1) for all z €
there is v € G with vz € F, and (2) for all 2,2’ € int(F) with 2z # 2’ and all v € G, 2’ # vz.
Since Fy is a fundamental domain for I'y:
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(i) for all z € $ there is v € 'y with vz € Fy;

(ii) for all z,2" € int(Fy) with z # 2" and all y € T'y, 2’ # ~z.

We prove that aF; satisfies (1) and (2) for T'y. Note that since det o > 0, a and o' map $ to itself
(Proposition 3.1.4: Im(a'2) = det(a')Im z/ |cz 4+ d|* > 0), and z — az is a homeomorphism
of $, so int(aFy) = aint(Fy).

(1). Let z € $ be arbitrary. Then a1z € §, and since F} is a fundamental domain for I'y, there
is 72 € I'y such that vo(a~'2) € Fy. Thus

a((a™2) caly, = (avpa ')z <€ ak.

We have al'sa™! =T'; and vo € I'y; if we denote y1 = a’ygofl € I'y, we finally have v12 € aFb.
(2). Suppose, by way of contradiction, that there is v1 € I'y with 2/ = 12 for some 2,2’ €
int(aFy), z # 2. Since 2,2’ € int(aFy) = aint(Fy), there are w,w’ € int(Fy) with

Z=ow, 2z =aw = w=a 'z, w=a z. (i)

Note w # w’, since w = w’ would give z = aw = aw’ = 2. Since y; € I'y = al'sa™!,

1

v1 = aypa” + for some v, € I's. (ii)

Substituting (i) and (ii) into 2’ = vy 2:

aw' = (aypa ) (aw) = ' =a Hapa H(aw) = (e ta)y(a ta)w = yuw.

Hence w # w' in int(Fy) are I'y-equivalent, contradicting (ii). [

Correction. Koblitz states the problem for @ € GL2(Q). For the action on $ we need
deta > 0 (otherwise a maps $) to the lower half-plane), as was implicitly used in my
-1 0

0o 1)’
but then the fundamental domain changes accordingly.) In my handwritten solution, “there
exists o € F5” should read vy € I's.

solution; so a € GL3(Q). (Alternatively, if deta < 0 one can replace a by «

~
Report Problem 3.4.3 (Problem 10)

Using the previous problem, draw a fundamental domain for I'g(4).

-

10
0 2

same for the images in I'. From Problem 3.4.2, if 'y = al'sa™! then F} = aF} is a fundamental
domain for I';. Thus a fundamental domain for I'g(4) is

Solution. From Problem 3.4.1 we have ['g(4) = MT'(2)M ! with M = ( ), and hence the

Fo(4) = M F(2),

with F(2) from Example 3.3.4. For any z € §) we have Mz = (é (2)) z = é:iig = 3, so Ip(4)
1.

is obtained by shrinking every point of F'(2) by the factor 5; see Figure 3.2 (right). The cusps
00, —1,0 of F(2) become the cusps 0o, —3, 0 of Fy(4). [
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Report Problem 3.4.4 (Problem 11)
Suppose that T’ = Ui ajf/, where T is a subgroup of index n in . Let F/ = i1 a;lF.

Show that no two distinct points in the interior of F’ are f/—equivalent.

Solution. Suppose, by way of contradiction, that there are 23 # zy in int(F’) which are -
equivalent; then there is ¥ € T, 7 # 1, with 20 = 7'z1. Since 21,20 € int(F’), there exist
€1,&2 > 0 such that

Be, (21) C F’ and Be,(22) C F'.

Let f(z) = 7'z. Since fractional linear transformations are homeomorphisms of $, f~(B.,(z2))
is open and contains z7. Define

U= B.,(z1) N f 1 (Be,(22)),

a nonempty open set with U C F" and f(U) C F'.

Let B = !, o; '(OF) be the union of the boundaries of the translates. It is a finite union of
arcs of circles and segments of lines, hence closed with empty interior, and so is f~!(B). Hence
the open set U’ = U \ (BU f~'(B)) is nonempty. Let w € U’. Since w € F’, we have w € a; ' F
for some i, and since w ¢ a; *(9F), in fact w € o; 'int(F). In the same way f(w) € F'\ B gives
f(w) € ozj_l int(F') for some j. By Proposition 3.3.3(2), f(w) = w.

So 7' fixes every point of the nonempty open set U’. But a fractional linear transformation

Z gjis fixing inﬁnitelyﬁmany points satisfies cz? + (d —a)z — b = 0 for all of them, so c =b =0
and a = d, i.e. ¥ = 1 in I'. This contradicts 7’ # 1. [

Notes. My handwritten solution started exactly in this way (with the balls B;, (z1), Be,(22)
and the open set U) but stopped there; the remaining step is to move to a point of U which
is not on any of the boundary arcs, and to apply Proposition 3.3.3(2) there.

p
Report Problem 3.4.5 (Problem 12)

Describe all congruence subgroups I of level 2, i.e. all groups contained between I and T'(2):
I'(2) C IV CT. For each such I, find a simply connected fundamental domain by taking a
suitable part of the fundamental domain F(2) for I'(2).

G

Solution. By the correspondence theorem, the groups between I'(2) and I' correspond to the
subgroups of I'/T'(2) = SLy(Z/2Z) (Proposition 3.2.7), via I — I"/T'(2).

SLa(F9) = S3. SLa(Fg) = GLa(F2) has (4 — 1)(4 — 2) = 6 elements, and it permutes the three

nonzero vectors
— 1 — 0 — 1
v = 0 ; Vo = 1 ; V3 = 1

of F3. This gives an injective homomorphism SLy(Fs) — S3 (a matrix fixing vy and vy is 1),
hence an isomorphism since both groups have order 6. Now

S3 = {e, (12),(13),(23),(123),(132)}

has the two trivial subgroups {e} and S3, and four nontrivial ones: three of order 2, namely ((12)),
((13)), {(23)), and one of order 3, namely ((123)) = {e,(123),(132)} (note (132) = (123)?
generates the same subgroup). So, besides I'(2) and I', there are exactly 4 groups between I'(2)
and I". We identify them by checking the action on vy, vo, v3.
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(1) (T) mod 2: since T? = (é i) <(1] 1) = (é ?) = I (mod 2), we get (T') mod 2 = {I,T},
of order 2. And

Tv, = <(1) 1) (é) =v, Tvy = G) =uv3, Tvg= G) = <(1)> =wvz (mod 2),

so T' swaps v2,vs3, and (1T") mod 2 corresponds to ((23)).

(2) (S)mod2: S = <(1) _01> = <(1) é) and S? = I (mod 2), so (S) mod 2 = {I,S}. And
Svy = v9, Sve = vy, Svg = v3, so S swaps v, ve: this corresponds to ((12)).
1 1 1 1 2 1

T-18Tv, = (}) =g, T718Tvy = vy, T71STu3 = (é) = w1, S0 it swaps v1,v3: this corresponds
to ((13)).

2
(3) (T71ST) mod 2: T~1ST = (1 0) and (T~'ST)? = (1 0) = (1 0) = [ (mod 2). And

11 1 0 0 1
2 = {I,ST,(ST)%}. And STv; = vy, STvs = v3, STv3 = vy, i.e. v — vg — v3 — vy: this
corresponds to ((123)).

(4) (ST) mod 2: ST = (O 1), (ST)? = (1 1), (ST)? = (1 2) = I (mod 2), so (ST) mod

Therefore the groups strictly between I'(2) and I' are the preimages of these four subgroups:

(T)mod 2: TIy(2)={c=0 (mod 2)},

mod2: Ty=62)={y=Tor =5 (mod2)}={a=d, b=c (mod 2)},
mod2: TY%2)={b=0 (mod?2)},

(ST) mod 2 :  the unique subgroup of index 2 containing I'(2).

Fundamental domains. By Proposition 3.3.3, for left coset representatives «; of IV we may take
U o LF: the following choices give simply connected domains made of regions of F (2) (Figure 3.2,
left) up to translation by 7!

(1) To(2) (index 3): cosets {I,T}, S{I, T} = {S, ST}, T-*S{I,T}; representatives I, S, T~1S,
and Fy(2) = FUSFUS™ITF = FUSFUSTF (in T). Alternatively, the representatives

1,5, TS (noteT'S = is in neither {1, 7} nor {S, ST} modulo 2) give FUSFUST'F,

11

1 0
which is the right half (regions (2), (4), (6)) of F'(2), as in my notes.

(2) &(2) (index 3): cosets {I,S}, T{I,S}, ST{I,S}; representatives I,T, ST, and Fg = F U
T'FUT'SF.

(3) T°(2) (index 3): representatives I, T, S, and F°(2) = FUT 'FUSF.

(4) (ST)-group (index 2): representatives I,T (since T # I, ST, (ST)?), and the fundamental
domain FUT~'F.

11

Notes. For (1) one can check the representatives directly: T-1S = ( 10

) is neither in
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0 1 0 1
1 0/7\1 1
the one obtained in Problem 3.4.7 for p = 2, e = 1. Here I'y is the theta group, which will
reappear with the Jacobi theta function.

{I,T} nor in {S,ST} = { } modulo 2. The domain F'USF U STF is also

~
Report Problem 3.4.6 (Problem 13) (a) Prove that +S and T? generate one of the sub-

groups of level 2 in the previous problem. That group was denoted &(2) by Hecke.

(b) Prove that T'ST and T? generate f0(2) e {(i 2) mod 2}; and that T and ST?S

generate ['o(2).

(c) Prove that the elements T2 and ST~2S generate I'(2).

d) Prove that T and ST~%S generate T'o(4).
N
J

Solution. (a) Let G = (S,T?) C T; note —I = S? € G. Since S = S and T? = I (mod 2),
we have G C &(2) = {y = I or S (mod 2)}. We show &(2) C G by induction on |c|, where

6
v = (CCL Z) € 6(2).

Case ¢ = 0. Thenad:l,soa:d:ilandq/:i<1 £

0 1). Since ¢ = 0 is even, v = |
(mod 2) (not = S), so b is even and v = £T*° € G.

Case ¢ #0. For n € Z,

T2y — 1 2n\ (a b _ [a+2nc b+ 2nd
0 1 c d c d '
Choose n such that o' := a+ 2nc satisfies — |c| < a’ < || (possible, since the residues modulo 2 |c|
can be represented in (— |¢|, |¢|]). We claim |d/| < |¢|. Otherwise a’ = +¢, and since ged(d’,¢) =1

(the determinant of 72"y is 1), this forces |c| = 1 and a’, ¢ both odd. But a’ = a (mod 2), and
v=1orS (mod 2) means that exactly one of a,c is odd. This contradiction proves |a'| < |c|.

Now
om. (0 =1\ (d V) [—c —d
ST ,y_<1 0 c d)  \d ¥V
lies in &(2) (as G C &(2)) and has lower left entry a’ with |a’| < |¢|. By the induction hypothesis
ST?"y € G, hence v = T3S~ 1(ST?"y) € G.

So &(2) = (S, T?) (with +, i.e. —I = S? is included).

(b) Conjugation lemma. If a subgroup H of a group G is generated by z,y, then for all g € G,
1 -1

gHg ! is generated by gxg~',gyg~'. Indeed, every h € H is a product h = s1s9---5, with
S; € {xﬂyvx_17y_1}7 and

ghg™t = g(s1sa---sk)g™ = gs1(97 g)s2(97" ) - skg ™ = (95197 )(gs2g™ ) - (gskg ™),
with gsig™! € {gzg~", gyg™"
Claims. (1) T°(2) = T&(2) T~ (2) To(2) = (ST) &(2) (ST) L.

Since I'(2) is normal in T, for g € ' the group g ®(2) g~! is the preimage of g{I, S}g~! mod 2.
We compute:

= (5 1) (0 90) 67006 )0 3)=0) e

o6

(grg™ 17, (gyg~1)~1}; conversely these elements lie in gHg ™.
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which is the nontrivial element of T'(2)/T'(2); this proves (1). Next, ST = <(1) _11>, (ST) ! =

1 1
<_1 O),and
. (0o =1\[o -1\[1 1
(ST)S(ST) :<1 1)(1 0)(—1 0)
(-1 0 11\ (-1 -1
(3 (406G )

the nontrivial element of I'4(2)/I'(2); this proves (2).

11
<0 1) (mod 2),

Using the conjugation lemma and &(2) = (S, T?):
°2) = (TST™ !, TT*T 1) = (TST !, T?) = (T'ST, T?),

because TST~1-T? = TST (so each pair generates the other). And
To(2) = (ST)S(ST), (STIT(ST) ) = <(‘; ‘11) S5,

where (ST)T?(ST)~! = ST3T-1571 = ST2571, and

= () (GG ) ()
() ) ) )

so T lies in the group, and conversely (ST)S(ST)~! = T=1(ST?S~1)~L. Since ST?S = —ST25~!
(as S~1 = —8), in T we obtain ['¢(2) = (T, ST?S).

(c) Put V= <; ?) We compute

sees= (0 ) (6 20 )0 20 )= (3 )

so in T we must show I'(2) = (T2, V). Let G = (T?,V,—I) CT(2). For v = (Z d) €I'(2) (a,d

Now

odd, b, ¢ even) we use induction on max(|a|, |c|), using

T2, a+2nc b+ 2nd Ve 1 0\ a b\ a b
= c d ’ T \om 1) \e d) " \c+2ma dromp)

e If c=0, then a =d =41 and b is even, so v = £T* € G.

o If ¢ #0 and |a| > |¢|: choose n with — |¢| < a+ 2nc < |¢|. Since a 4 2nc is odd and ¢ is even,
a+ 2nc # +c, so |a+ 2nc| < |¢] < |a|, and max decreases.

o If Ja| < |c| (equality is impossible, as a is odd and ¢ even): choose m with — |a| < c+2ma < |al.
Since ¢ + 2ma is even and a odd, |c + 2mal| < |a| < |¢|, and max decreases.

o7


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

In each step we multiply v on the left by an element of G and stay in I'(2); after finitely many
steps we reach ¢ = 0. Hence vy € G, i.e. I'(2) = (T%,V,—1I) and T'(2) = (T?,ST~25).

d) We already proved I'g(4) = MT(2)M~' with M = 10 Problem 3.4.1), and
0 2

['(2) = (T%V,~I) by (c). By the conjugation lemma (with three generators), I'o(4) =
(MT?M~Y, MVM~',—1I), and

o (12/2) o[ 1o0) (1 0) oy
MT*M _<01 =T, MVM'=|,, [|=|, |]=-5T"s

(using the formula (CCL Z) > <2ac bf) from Problem 3.4.1, and the same computation as in

(c) with —4 in place of —2). Hence ['o(4) = (T, ST~4S). [

Notes. My handwritten solution of (a) wrote g € &(2) as a word £S“T" ST S ... STY
(using Theorem 3.3.2(2)) and shortened the word using the relations S? = (ST)® =1 in T,
e.g. TST = ST~'S, and T2S - (ST~'S) =TS -T~'---; the bookkeeping of that reduction
was only sketched (“proven by induction”). The descent on |c| above is a complete version
of the same idea. For (b), my notes verified (STST~1S,ST%S) = (T,ST?S) in T via the
computation (ST2S)~Y(STST-1S)~! = ST2SSTSTS = ST2TSTS = --- = T using
(ST)? = 1; the matrix computation above is equivalent. For (c), my notes suggested to
multiply g € I'(2) repeatedly by T2 and ST~2S until it “shrinks”; the descent above makes
this precise.

( )
Report Problem 3.4.7 (Problem 14) (a) Prove that the following is a complete set of
coset representatives {a;} for I'o(p®) in I, i.e. T' = [ |; a0 (p°) is a disjoint union:

1; T7kS, k=0,1,...,p° —1; ST7krS k=1,2,... . p°t —1.

(b) Use part (a) to draw a fundamental domain for T'g(4).

(c) Using part (a), describe a fundamental domain for I'y(p). Draw the fundamental domain
for T'(3).

J

Solution. (a) A criterion. Let N = p°. For v = a b and vy = az by in I" we have
c di co do

da  —ba

NLo(N) = 12To(N) iff 73 'y1 € To(N). Since 5! = (_02 s

), the lower left entry of 5 ]
is —coaq + ascr. Hence

’ylFQ(N) = "yQPQ(N) < agc; —ajca =0 (mod N)

So the coset of v only depends on its first column (a, c).

First columns of the representatives.

1: (a,c) =(1,0); T7Fs = (é _1k> <(1) _01> = <_1k —01> o (a,c) = (—k,1);

o8
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e (0 =1\ (1 —k 0 -1
STkS_(l 0)(0 1p><1 0)
0 —1\(0 -1 -1 0
:<1 —kp) (1 0>:<—kp _1>: (a,c) = (=1, —kp).

Disjointness. We check azc; — ajce Z 0 (mod p©) for each pair of distinct representatives 71, yo:

Land T7%S: (=k)-0—-1-1=-1#£0.

1 and ST=*S: (=1)-0—1-(—kp) = kp, and 0 < kp < p® since 1 < k < p*~! —1; s0 kp # 0.

o« TFSand T™¥S, k#k: (=k')-1—(=k)-1=k—Kk,and 0 < |k — k| < p°.

TS and ST*¥PS: (=1)-1— (—k)(=K'p) = =1 — kk/p = —1 (mod p), so it is not divisible
by p, let alone by p°.

ST S and ST¥PS k£ k: (=1)(—kp) — (=1)(=k'p) = (k — K )p, and 0 < |k — k| p < p°.

So the 14 p® + (p¢~! — 1) = p® + p*~! cosets ;T (p?) are pairwise distinct.

Completeness. By Proposition 3.2.10(4), [I" : T'o(p®)] = p(1 + %) = p° + p® L. So we have found
as many distinct cosets as there are cosets in total; hence I' = | |; a; ' (p°).

(b) For p = 2, e = 2 the representatives are 1; T7*S for k = 0,1,2,3, i.e. S,T715, 725, T3S,
and ST~2S (k = 1). Their inverses in T are 1, S7'T% = ST* and S~'T725~! = ST?S. By
Proposition 3.3.3,

Fo(4) = FUSFUSTFUST?F U ST3*F U ST*SF

is a fundamental domain for T'g(4) (6 copies of F, as [[' : [y(4)] = 6); see Figure 3.3 (right). Its
cusps are 0o, 0 (the cusp of ST*F) and ST%Sco = ST?(0) = S(2) = —3.

(c) For e = 1 the third family is empty, and the representatives are 1 and T7%S, 0 < k < p — 1.
Hence

p—1

F(p)=FU|JST*F=FUSFUSTFU---UST’"'F

k=0
(p + 1 copies of F). Geometrically, ST¥F is the image of the translate T*F under z —%; all
these regions have the cusp 0, and together they fill the region below F between the arc |z| = 1
and the cusp 0, on the left of Rez = % For p = 3:

Fy(3) = FUSFUSTF UST®F,

see Figure 3.3 (left). [

Correction. In my handwritten solution of (b), the last representative was taken to be T35
instead of ST~2S, and the resulting domain F USF USTF UST?F U ST3F consists of only
5 copies of F, while [T : T9(4)] = 6. The missing region is ST2SF, which contains the cusp
—2 (To(4) has three cusps: 00, 0, 2 ~ —1). Note that this Fy(4) and the domain M F(2) of
Problem 3.4.3 are different, but both are fundamental domains for I'g(4).

Cusps of subgroups
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(1) (1)

(3) (3)

|
T

|
T T

0

T

0

=

ol
ol= 4
S
ol= 4

Figure 3.3: Left: Fy(3) = FUSF USTF UST?F, regions (1)-(4) in this order. Right: Fy(4) =
FUSFUSTFUST?FUST3F U ST?SF, regions (1)—(6) in this order (Problem 3.4.7).

~
Report Problem 3.4.8 (Problem 16) (a) The assertion at the end of the section that I'(2)
has 3 cusps (i.e. that there are three I'(2)-equivalence classes of cusps) does not immedi-
ately follow from the appearance of the fundamental domain, because boundary points

of the fundamental domain may be I'(2)-equivalent. But prove directly that oo, 0, —1
are I'(2)-inequivalent to one another.

L (b) How many cusps does each of the congruence subgroups in Problem 3.4.5 have?

J

Solution. Recall that z, 2’ are IV-inequivalent if 2’ # vz for all v € . For v = (Z 2) yoo = &

(or oo if ¢ =0) andyOz%(orooifdzO).

(a) Suppose some two of them are I'(2)-equivalent; recall a,d are odd and b, ¢ even.

o oo and 0: there is v € I'(2) with y100 = ¢ =0, so a1 = 0, contradicting a1 =1 (mod 2).

o o0 and —1: there is 9 € I'(2) with 00 = ‘C‘—; = —1, so ag = —cg, contradicting as odd and
co even.

o 0 and —1: there is 3 € T'(2) with 43(0) = % -

—1, so b3 = —d3, contradicting b3 even and
d3 odd.

Therefore 00,0,—1 are pairwise I'(2)-inequivalent.  Together with Problem 3.4.9 (every

cusp is equivalent to some a;loo, and for the representatives of Example 3.3.4 these are
00,00,0,—1,0,—1), T'(2) has exactly 3 cusps.

(b) We use Problem 3.4.9: the cusps of I are among the aj_l

I'p(2). Since [I" : T'9(2)] = 3, we take the left coset representatives of Problem 3.4.7 (p =2, e

0 -1 _ -1 -1
ar =1, a2:S:<1 0>7 a3:T152<1 0).

60
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Then ozl_loo = 00, a;loo = S7loo = 0, and ozs_loo = S Too = S~'oo = 0. So every cusp is
equivalent to co or 0.

e oo and 0 are inequivalent: if yoo = ¢ = 0, then a = 0, so ad — bc = —bc = 1 and ¢ = +1,
contradicting ¢ =0 (mod 2).

1 -1

0 1 ) =T €Ty(2) and 7(0) = 5571 = —1.

e For instance, 0 and —1 are equivalent: v = (

So I'g(2) has 2 cusps: co and 0 ~ —1.

®(2) and T°(2). They are conjugate to I'g(2) in I' (Problem 3.4.6(b)), and conjugation I
gI"g~! maps the I'-classes of cusps bijectively to the gI'g~'-classes via s — gs. So both also

have 2 cusps. Directly: for &(2), the cusps oo and —1 are inequivalent, since yoo = ¢ = —1
would need a = ¢ (mod 2), while for v = I or S exactly one of a, c is odd; for I'%(2), the cusps oo
and 0 are inequivalent, since yoo = 0 forces a = 0, bc = —1, contradicting b even.

The (ST)-group. Since its index is 2, choose oy = I, ag = S; then al_loo = oo and az_loo =0.

By Problem 3.4.9, co and 0 are equivalent iff S~'7T™ € I'" for some n. Since S~! = -8,

Sirn = 51" = — <(1) _01> <(1) Tf) =— <(1] _nl> = <(1) i) (mod 2).

For n =1 this is = ST (mod 2), which lies in (ST) mod 2. So oo ~ 0, and this group has only 1
cusp.

Summary: T: 1 cusp; (ST)-group: 1; ['g(2), &(2), ['9(2): 2 each; I'(2): 3. [

Correction. In my handwritten solution of (a), the case “0 and —1” concluded from 73(0) =
—1 that b3 = 0, contradicting “b = 1 (mod 2)”. The correct deduction is bg = —d3, which
contradicts bs even and ds odd. In (b), my notes used I, S, ST as coset representatives for
I'p(2) (chosen so that their bottom rows cover the possibilities modulo 2); but S and ST lie
in the same left coset, as S~1(ST) = T € I'y(2). The bottom row determines the right coset
I'0(2)~, while Problem 3.4.9 uses left cosets a;I"; the representatives above fix this, and the
conclusion (2 cusps) is unchanged. Also “bc = 1”7 should be —bc = 1, and in Problem 3.4.9

below the product ST™ was computed as (_01 :;), the correct product is (2 _nl> (the

conclusion modulo 2 is unchanged).

-
Report Problem 3.4.9 (Problem 17)

Let {a;} be a complete set of coset representatives for T in T, where I/ is a subgroup of
finite index in I'. Show that the cusps of I are among the set {a;loo}, but that a;loo and

a,;loo are I"-equivalent if and only if there exists n € Z such that a,:lT”aj eT.

G

Solution. The cusps of I are among {a;loo}. The cusps of the full modular group are QU {oo},
and they are all equivalent to oo (Proposition 3.1.5). So for every s € QU {oo} there is vy € T

such that s = y(00). Since
T = Uozjf/ = Uflajl
J J

(taking inverses of all elements turns left cosets into right cosets: (o;T')~! = T” ozj_l), we have
v=7 ozj_l for some j and some 4/ € I'. Thus
s = 7(00) = 7' ! (00) = 7/ (a; ' 00),
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so s and aj_loo are I'-equivalent. Hence every cusp is equivalent to one of the ozj_loo.

1

The criterion. (=) Suppose a; 00 and a,;loo are I"-equivalent. Then there is v/ € T’ with

fy’(aj_loo) = a; 1o, hence
ak'y’aj_l(oo) = 00.

b

d with Moo = £ = oo, then

So M = Ozk’)’/aj_l lies in the stabiliser of oo in I'. If M = (Z
1 +b

c:O,soad:l,a:d::tl,andM:j:<0 1

), i.e. M =T" in T for some n € Z. Therefore

™ = oz;w'a}l = a;lT”aj =4"€e r.

(<) Let 7' = o ' TMa; € T'. Then

'y'(aj_loo) = a,;lT"ozjaj_l(oo) = 'T"(00) = . ' (00),

1

since T"0co = 00. So a; 00 and a,;loo are [-equivalent. |
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Chapter 4

Modular Forms of Level 1 and the Valence Formula

In this chapter we study modular forms for the full modular group I' = SLy(Z). We compute
the g-expansions of the Eisenstein series, prove the valence formula, and deduce from it the
structure of the spaces M (I') and Si(I'): they are spanned by monomials EjEé, and Si(I') =
AMj,_12(T"). Then we study the discriminant A and the j-invariant, the (non-modular) Eisenstein
series G via Hecke’s trick, and the Dedekind n-function, which gives the product expansion
A = (27)12q 1,1 (1 — ¢")**. We follow [2, §§I11.2-111.3] and [4, Ch. VII].

Notes. In my handwritten Note 4 the pages are not in logical order; I numbered the parts
by hand (“1st”, “2nd”, ...). This chapter follows that numbering: first the normalised
Eisenstein series, then the valence formula, its corollaries, the dimension formula, and the
generation of My (T") by E4 and Fjg; then the remaining topics in the order of the notes.

Throughout, ¢ = e*™ for z € §; note that |g| = e 2"™% < 1, and ¢ — 0 as Im z — co. We write
p=e™/3 = % + @i, so that p? = 2™/3 = —% + @z = p— 1, and F' denotes the fundamental
domain of Theorem 3.3.2, whose corners are p? and p.

4.1 Modular functions and modular forms

For v = (Z Z) € I' and z € § we write j(y, 2) = cz + d; it is nonzero by Proposition 3.1.4.

Lemma 4.1.1 (Cocycle relation)
For 7,9 €' and 2 € §: j(v7',2) = j(v,7'2) i (7, 2).

/ /
Proof. Let v = <Z Z), v = (Z, Z,), so the bottom row of ¥4 is (ca’ + dc/, ¢b’ + dd’). Then

/ b/
i(v,Y2) iy, 2) = (c % + d) (dz+d)=cldz+V)+d(dz+d)
= (ca’' +dc)z + () +dd') = j(v, 2). [
4 N
Definition 4.1.2 (Weakly modular function)
Let k € Z. A meromorphic function f on $) is weakly modular of weight k (for T') if
f(yz) = (cz + ) f(2) for all v = <CCL Z) el’, ze€ 9.
N J
~
Lemma 4.1.3
A meromorphic function f on $) is weakly modular of weight k if and only if
1
flz+1)= f(2) and f(—;) =2Ff(2).
N J
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Proof. (=) Takey =T (soc=0,d=1)and y=S (soc=1,d=0).

(<) Let G be the set of v € T with f(vz) = j(7, z)kf(z) for all z. By assumption S,T € G. Tf
~v,7" € G, then by Lemma 4.1.1

FOY2) = (v, A2 F(2) = 57,7 2", ) f(2) = §(v s 2)F £ (2),

so vy € G. If v € G, then applying the definition at vz,

FR)=Ffon ) =iy ) (), 1=4L2) = (v )i 2)
by Lemma 4.1.1; hence f(y~'2) = j(v 1, 2)*f(2), and v~ ! € G. So G is a subgroup containing S
and T'. Since I is generated by S, T (Theorem 3.3.2(2)) and —I = S?, we have I' = (S, T'), hence
G=T. |

Let f be weakly modular of weight k. Taking v = —1I gives f(2) = (—1)*f(2), so f = 0 if k is
odd; hence only even weights are interesting. Taking v = T gives f(z + 1) = f(z). Therefore f
is a function of ¢ = e?™%; there is a meromorphic function f on the punctured disc {0 < |q| < 1}

with £(2) = f(q).

~

Definition 4.1.4 (Modular function, modular form, cusp form)
Let f be weakly modular of weight k.

(1) f is a modular function of weight k if f is meromorphic at ¢ = 0, i.e. f(z) = f(¢) =
Y n>ne @ng" for some ng € Z (for |g| small). This is the g-expansion (Fourier expansion)
of f; we say f is meromorphic at co.

(2) f is a modular form of weight k if it is holomorphic on $) and at oo, ie. f(z) =
> on>0ang". We then write f(co) = ag. The space of such f is My(T).

(3) fis a cusp form of weight k if it is a modular form with ag = 0. The space of cusp

forms is Si(I') C My (T).
N J

\

-
Definition 4.1.5 (Order)

Let f # 0 be a modular function of weight k. For p € $), v,(f) € Z is the order of the zero

of f at p minus the order of the pole of f at p; equivalently,

vp(f) =n <= (2 —p) "f(2) is holomorphic and non-vanishing at p.

At oo we define voo(f) = vo(f), the order of f at ¢ = 0.

- J
. )
Proposition 4.1.6
If f(2) = > p>n, @nq" With an, # 0, then vy (f) = no.
- J

Proof. Let us denote f(q) = f(2) = X,5n, @nq"- As z — oo, i.e. Im(z) — oo, we have |q| =
|e2m“’| |e_27ry| =e 2™ 0 (2 = 2 +1iy). So the study of f at oo is the same as the study of f at
0, and we want to check vo(f) = ng. Note that

f(Q) 1 - n - n—ng - n—no m
P OL TN SPWCUETHEED PN RIS Spae

_ n
<q q n=ng n=ng n=nop+1 m>1

(rewriting m = n — ng). The power series Y ..~ Gm+nyq"" is holomorphic near 0 and vanishes

at ¢ = 0. Since an, # 0, f(q)/(g — 0)" is holomorphic and non-vanishing at ¢ = 0. Thus
Voo (f) = vo(f) = no. u
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Correction. In my handwritten notes the series 3.~ a@m+n,q"™ was called a “polynomial”;
it is a power series, convergent for |¢| < 1 (in particular holomorphic near 0).

Lemma 4.1.7
Let f # 0 be a modular function of weight k. Then v,,(f) = vp(f) for all v € " and p € $.
Moreover, there is M > 0 such that f has no zeros and no poles in {Im z > M}.

Proof. From f(vz) = (cz + d)*f(z), with (cz + d)* holomorphic and non-vanishing near p, the
function f o~ has the same order at p as f. Since 7 is biholomorphic near p with 7/(p) =
(cp +d)~2 # 0, the order of f o~ at p equals the order of f at yp.

For the second claim: f(q) = ¢"°(an, + @ng+1q + -+ ) with a,, # 0; the bracket is holomorphic
and nonzero for |g| < r, some r > 0. So f has no zeros or poles in 0 < |g| < 7, i.e. f has none in

L logr
Imz > M = — %", m

Hence the expression v,(f) only depends on the I'-orbit of p, and the sum over “p € I'\$” in the
valence formula below makes sense; by Lemma 4.1.7 and the compactness of F'N {Imz < M},
only finitely many terms are nonzero.

4.2 Eisenstein series and their ¢g-expansions

~
Definition 4.2.1 (Eisenstein series)
For an even integer k >4 and z € $, let L, = Zz + Z and
1
Gr(z) = Gi(L,) = —
z (m,nz)eZQ (mz +n)k
(m,n)#(0,0)
N J
~
Lemma 4.2.2
Let A,0 >0and K ={z€ $H:|Rez| < A, Imz > §}. There is ¢ > 0 such that ]mz—l—n|2 >
c(m? +n?) for all z € K and all real m,n.

& J

Proof. For z =z + iy € K: |mz+n|? = (mz +n)2 +m?y?® > (max +n)? + m26% =: h(z,m,n).
On the compact set {|z| < A} x {m? 4+ n? = 1} the continuous function h is positive (if m = 0
then n = 41 and h = 1; if m # 0 then h > m?§? > 0), so it has a minimum ¢ > 0. For
general (m,n) # (0,0) apply this to (m,n)/v/m? + n2 and multiply by m? + n? (both sides are
homogeneous of degree 2). |

Proposition 4.2.3
For even k > 4, the series G(z) converges absolutely and uniformly on every set K as in
Lemma 4.2.2; G, is holomorphic on $), and it is weakly modular of weight k.

Proof. By Lemma 4.2.2, |mz+n|™% < ¢ #2(m? + n2)~%2 = ¢ */2|mi+n|™" on K, and
2 (mom)£0 M+ n|™" < oo by Lemma 2.3.3 (for the lattice Z[i], k > 2). By the M-test the series
converges absolutely and uniformly on K; since every compact subset of $ lies in such a K, Gy
is holomorphic by Lemma 1.1.3.
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m(vz) +n = m(az +b) + n(cz + d) _ (ma + nc)z + (mb + nd) _ m'z—l—n’,
CZ+d CZ+d CZ+d

with (m/,n’) = (m,n) <CCL Z) Since « is invertible over Z, (m,n) — (m/,n’) is a bijection of

7%\ {(0,0)}, and as the series converges absolutely we may reorder it:

Gy = Y EED gk Y L eiafe). w
(o (M2 ) im0 (2T
To compute the g-expansion of GG} we need two lemmas.
4 N
Lemma 4.2.4 (Partial fractions of the cotangent)
For z € C\ Z,
1 1 1 1 2z
t - - = — [
mcot mz z+nz>:1(z+n+zn) Z+n2>:1227n27
the series converging absolutely and uniformly on compact subsets of C \ Z.

- J

Proof. Let g(z) be the right-hand side. On a compact K C C\ Z with |z| < R, for n > 2R we
have |22—n2| >n? - R?2 > %n2, SO 7Z22fn2 < %;
uniformly on K, and ¢ is meromorphic on C with simple poles of residue 1 at the integers (each

term —{— has residue 1 at Fn).

by the M-test g converges absolutely and

g is odd and 1-periodic. Oddness is clear from the second form. For periodicity, write the

symmetric partial sums gy(z) = S0 Z%ﬁj, so g = limygy. Then gn(z +1) — gn(z) =

ﬁ—ﬁ — 0 as N — o0, hence g(z + 1) = g(2).
COsS Tz

. . . _ . 1 . . : mcosTn
The function 7cot 7z = m5>7= is also odd, 1-periodic, with simple poles of residue Z->270 = 1

at each n € Z. Hence h(z) = mcot mz — g(z) is entire (the poles cancel), odd and 1-periodic.

h is bounded. By periodicity it suffices to consider 0 < x < 1, z = x + iy. On the compact set
L L2z .

{0 <z <1,|y| <1}, his continuous, hence bounded. For |y| > 1: wcot 7z = mzwizﬂ is bounded

(it tends to Fmi as y — +00). For g, use |z F n| > max(|y|,n — 1) and |z £ n| > max(|y|,n) for

n > 1:

) 22| > 2(yl +1) | 3 20yl +1) _ 2(yl+2)(yl+1) | 20yl +1)

2 _ — 2
1<n<pyl+1 Y asppie (=1 y 9]

)

which is bounded for |y| > 1. So h is a bounded entire function, hence constant by Liouville’s
theorem; being odd, h(0) = —h(0), so h = 0. [ |

Notes. In my handwritten notes this formula was used without proof (“note that
Y nez ZJ%n = mwcotmz”). The series Y, cz ZJ%n does not converge absolutely; it is to be un-

derstood as the symmetric limit limy ZT]:[:_ ~, which is what the two forms in Lemma 4.2.4
make precise.
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\
Lemma 4.2.5 (Lipschitz formula)
For z € $ and ¢ = ?™:
(i) Z :7rcot7rz:7rz'—27riZq";
nez 2T T n>0
(ii) for every integer k > 2 Z ! = (~2ri)* Z nk~1¢", and for even k the factor
T 5 (z+n)  (k—1)! =
(2mi)*
is oy
N J
Proof. (i) Using cosw = % and sinw = %,
eimz e inz iz —inz inz 2miz
—— 1 I 2
WCOtWZ:Wﬁ =i 6i7rz+6fi7rz ’ eifrz =i eZﬂ'izjL ' q+ . <1+7>
% ez — e e e —1 q -1 qg—1
and since |q| < 1, = 1 = —% = =23 ,50q" Somcotmz =im —2mi Y, >0 q".
(ii) Differentiate (i) k—1 times with respect to z. On the left, term by term (allovved by the locally
k—1
uniform convergence in Lemma 4.2.4), gki_llﬁ = % On the right, Eq = 2minqg",
so the constant ¢w and the term n = 0 disappear and
1
1)k —1)! = —2mi > (2min)* g = —(2mi)* k=g,
k
nez, (21 1) n>1 n>1
k Nk
Dividing by (—1)*~1(k — 1)! gives Z z+n = (_%])ﬁ_(f;?) st nk=1q". (For even k, (—1)F ! =
—1, which is the computation (Z(i:)l,z' in my notes.) |
4 N
Definition 4.2.6 (Bernoulli numbers)
The Bernoulli numbers B,, are defined by
z "
i no T (2] < 2m)
n>0 '
So By =1, By = —3%, By = 2, 342—%7362412,3 = —35, Bio = &, Bi2 = — 35, and
B,, = 0 for odd n > 3: indeed 545 + 35 = 5 - zzﬂ = 5coth 5 is an even function, and 3
cancels exactly the term Blﬁ =—3.
N\ J
\
Lemma 4.2.7 N .
B 27 By (2mi
For every even k > 2, ((k) = —2—: . (i;il)l)l = —w In particular ((2) = %2,
6
C(4) = &, ¢(6) = &
N J

Proof. Multiplying Lemma 4.2.4 by z:

wzcotﬂz—1+2(z+n z—n>_1+222 n2 _1_221—22/712

For |z| < 1 we have [2%/n?| < 1, so expanding the geometric series,

mreotmz=1-2) 3 o —1—22(Zn2m) 2m=1-23 ¢(2m)2"

n>1 m>1 m>1 n>1 m>1
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22
where the interchange is allowed since >, ,, |22 /n2m < 3 ‘zl_ / TQ < 0.

On the other hand, from the definition of B, and the vanishing of the odd ones, =5 + 5 =
> n>0 Bgn% for |z| < 2m. Replace z by 2miz (allowed for |z| < 1):

2miz o 2-2miz + 2miz(e¥™ — 1) C ez ]
S iz = 57 = miz —5——— = mzcot mz,
e?mz 1 2(e7rzz_1) e2miz 1
using the formula for cot from Lemma 4.2.5(i). Hence mzcotmz = 3,5 (2(7”)) By, 2*". Compar-

ing coefficients of 22™ (m > 1) of the two power series:

i 2m
—2¢(2m) = (f%i)! Bom.

By (2mi)F By  (2mi)? 1 16x* m

With k& = 2m this is C(k) = T 7o - For example C(4) = -7 31 =540 "6 — 90 and
NG
C(6) =~ - - = — 5 =05 = - =
. 2
Theorem 4.2.8 (g-expansion of Gy)
For even k > 4,
2k n k— 1
Gi(2) = 20(k) E(2),  Ep(z) =1- 5 Yooka(n)g’,  ora(n) =) d
kp>1 dn
E}, is called the normalised Eisenstein series; it is a modular form of weight k& with Fj(c0) = 1.

- J

Proof. Split the sum defining Gy, according to m = 0 and m # 0:

Gr(2) =3 —¢ +Z(Zm)

020" im0 eZ
- 1
:(27@7) (zz et D Y )
i () n e o0 nel, mz n o oy (mz n
k)+2
mz;“%:z mz+n

using (—n)* = n* and (—mz—n)* = (mz+n)* for even k. By Lemma 4.2.5(ii) applied to mz € $

(With 627rimz — qm)7
1 271'2 k1 .
Z (mz + n)k Z

= L=
Hence
Gu(2) = 24(6) + 5T 5 3 g
= 2¢(k) + ?;Ezf?;((ﬁ?k1q2+3k1q3+'”) @2 ) () )
= 20 (k) + (21522); (0+ (@ +25 D)+ (143 ) + 1)
2c(h) + 22 (e
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where we collected the terms with mr = N (allowed by absolute convergence, as >°,, . rRF=1 g™ <

N
00). By Lemma 4.2.7, 2¢(k) = — 25k . ((iT_ml))!, S0

2(2mi) B

Gr(z) = ——=+ > or-1(N)g
(k:—l)'( 2k o] )
s . ) .G .

Multiplying both sides by 2@%1@) = _gk(éng’“ gives 2&(]:)) = 1—]23—i SN ok_1(N)¢YN = Ei(2). Finally
Ej; is weakly modular of weight k& (Proposition 4.2.3), holomorphic on $), and its g-expansion has

no negative powers, so Ey € My (). |

Correction. In my handwritten notes the claim “Ej € My(I")” was marked “Proof: Done”
without details; the details are Proposition 4.2.3 and Theorem 4.2.8. The normalised series
was first written as Fop, = 1 — é—fk Y ook—1(n)q¢" (indexing by 2k), which is the same formula
as above.

Example 4.2.9. With é—lz = —240, 504, —480, 264 for k = 4,6, 8, 10:

Ei=1+240) o3(n)g" =1+240(q + (1° +2°)¢° + (1> + 3%)¢* + - )
=1+ 240q + 2160¢> + 6720¢> + - - - ,
Eg=1-5043 o5(n)q" = 1 — 504q — 16632¢* — 122976¢° — - - - ,
Es =1+480 o7(n)g" = 1 + 480g + 61920¢> + 1050240¢° + - - - ,
Eig=1-264 a9(n)g" = 1 — 264q — 135432¢> — 5196576° — - - - .

The discriminant and the functions ¢», g3

Recall from Chapter 2 that for a lattice L one defines go(L) = 60G4(L) and g3(L) = 140Ge(L),
and the elliptic curve y? = 423 — go(L)x — g3(L) has discriminant (up to a factor 16) g3 — 273,
which is nonzero since the roots ey, ez, e3 are distinct (Theorem 2.4.5; Koblitz, Problem 2 of §1.6).
For z €  put

92(2) = g2(L,) = 60G4(z), 93(z) = g3(L,) = 140G¢(z), Az) = 92(2)3 — 2793(,2)2.

So g2 € My(T"), g3 € Mg(T"), and A(z) # 0 for all z € .

4 N

Proposition 4.2.10

g2 = 37 Ey, g3 = 5:70Eg, and

(2m)" 3 2 12 2
A= E3—E2) = (2 —24q* + ).

In particular A € S13(I"), A £ 0, and v (A) = 1.
N J
Proof. By Theorem 4.2.8 and Lemma 4.2.7,

=60-2¢(4)E; = 120 7L4E .y = 140 - 2¢(6) Eg = 280 LGE _ 3 6p

g2 = 4= 90 4—37r 4, 93 = 6 = 945 6—277T 6
Hence

(4 4 8 6.,\%_ 64 15 3 64 15,0 64 153 o (2MP 5
A= (§7r Ey) —27(2—777 Es) = T 2T o Py = o (B - B]) = S (BB,
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since 127228 %ggg . It is weakly modular of weight 12 (as Ej and E? are), holomorphic on £
and at co. From Example 4.2.9,
E} =1+3-240g + (32160 + 3 - 240%)¢* + - -+ = 1+ 720q + 179280¢* + - - - ,
E2=1-2-504q + (—2-16632 + 5042)q2 + ..o =1—1008q + 220752¢° + - - - ,
so B} — E? = 1728q — 41472¢% + --- = 1728(q — 24¢> + ---). The constant term vanishes, so
A € S12(I"), and the coefficient of ¢ is nonzero, so v (A) = 1 (Proposition 4.1.6). [

Notes In the corollaries of the valence formula my handwritten notes use the normalisation
1728 (B3 — E%) = q — 24¢® + 252¢® — 1472¢* + --- (written there with “1748 7 a slip for
=55 ), Whereas Koblitz’s A = g5 — 27¢3 carries the extra factor (2m)'2. Since the two differ
by a nonzero constant, all statements like Si2(I') = CA are unaffected; we use Koblitz’s
A throughout. The further coefficients 252, —1472 will follow from the product formula

(Theorem 4.8.4).

4.3 The valence formula

Recall the fundamental domain of SL2(Z) acting on $):
1 1
= — =< — >

F={ze9| 5 <Re(z) < 5, |2 1},
—5 + ‘sz and p = 2 + \fz and with the point ¢ in the middle of its lower
boundary arc. A modular function f is meromorphlc on §), so it has only finitely many zeros
and poles in the compact set F'N{Im z < M}, and none above (Lemma 4.1.7). It is then natural
to count the zeros and poles of f (with multiplicity) in F', by applying the argument principle
to f along the boundary of F', avoiding the possible zeros and poles on the boundary (including
; 2
iy 0, P°)-

with corners p? =

(" N
Lemma 4.3.1
Let g be meromorphic at p, and let C,. be an arc of the circle of radius r centred at p, of angle
«, traversed counterclockwise. Then
/
. 9'(2) ,
lim dz =aiv .
50 Je, 9(2) »(9)
N J

Proof. Since g is meromorphic at p, g(z) = (z—p)¥h(z) where h is holomorph1c and non-vanishing

at p and k = v,(g). Then ¢'(z) = k(z — p)*h(2) + (z — p)* W (2), s
g() _ke—p) TN + G opHE) k()
9(2) (z = p)*h(2) z=p  h(z)
Parametrise C, by z(8) = p +re?, 6y < 0 < 0y + a, dz = ire? db:
Oo+a ) Oo+a
/ i dz:/o k.eirelgdG:/O ikdo = ik[0]0"" = ika.
Cr 2 —D 0o ret 0o

Since h is holomorphic and non-vanishing at p, h’/h is holomorphic in a small closed disc D,, =
{]z = p| < ro}, hence continuous and bounded there: |h'/h| < M. For r < rg the arc C, lies in

D,, and has length ra, so by the ML-inequality ‘ fCT %’ dz‘ < Mra — 0asr — 0. This proves
the lemma. |
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Theorem 4.3.2 (Valence formula)
Let f # 0 be a modular function of weight &k for SLa(Z). Then

vl )+ g0+ 5uF)+ T vl = o
i

where the sum runs over a set of representatives of the I'-orbits in $) other than those of i
and p (e.g. over the points of F', counting each pair of boundary points identified by 7" or S
only once).

J

NI

1
2

Figure 4.1: The contour C = C7 U ---U (s used in the proof of the valence formula: Cs at height
Im z = M, small arcs Cy, Cg, Cg around p?, i, p, and the arcs Cs, C7 of the unit circle.

Proof. We count the zeros and poles of f in F' using the contour C = U§:1 C; of Figure 4.1,
traversed counterclockwise:

(1) the top side Cy is the segment Im z = M from % +iM to —% + iM, where M is so large
that f has no zeros or poles with Im z > M (Lemma 4.1.7);

(2) Cs and Cy are the vertical sides Rez = ¢% (downwards, resp. upwards);

(3) Cy, Cg, Cg are small arcs of radius r around p?, i, p, cutting these points out of the region,
and C5, C7 are the remaining parts of the unit circle, from p? towards i and from i towards
p;

(4) if f has further zeros or poles on the boundary, we go around them along small semicircles,
symmetrically: if we bypass zg on C3 to the inside, we bypass zg + 1 on C to the outside,

and if we bypass zp on Cj5 to the inside, we bypass —1/zp on C7 to the outside. Then each
pair of I'-equivalent boundary points is counted exactly once.

By the argument principle (recalled in Chapter 2),

RS B o
57 jé ) dz = #{zeros} — #{poles} inside C = pgr%ﬁ vp(f)

DPFELp
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for r small enough, and §. = [o, + [o, + - + Jo,- We now compute the pieces.
(a) Cy and C3. Since f(z+1) = f(z), also fT/(z—i—l) = fTI(z), (1 is the translate of C3 by 1 traversed
in the opposite direction (with the symmetric indentations of (4)). Hence [, fTI + Je, fTI =0.

(b) C3. Since f is a modular function, f(q) = f(2) = > ,5,, @nq". Along Ca, Imz = M,
so |q| = e 2™ a5 z runs from % + tM to —% +iM, ¢ = €*™* runs once around the circle
| = e

in |¢| < e ?™™ except possibly at 0. Also f/(z) = f’(q)%, SO J}/((;)) dz = % dg, and
q

clockwise. Since f has no poles or zeros with Im z > M other than at oo, f has none

omi Joy f(2) O 2mi

_ ——dg = —vo(f) = —vao(f).

|=e—27M  clockwise f(q)

L@, 1 7{ f'(a) =
lq

(c) Cy, Cg, Cs. These are traversed clockwise. As r — 0, the angle of Cy (at p?) and of Cg (at p)
tends to the interior angle § of F" at its corners, and the angle of Cs tends to 7. By Lemma 4.3.1
(with a minus sign for the clockwise orientation),

s L+ [+ [ )5 — g (=Fiveth) = min(r) = Fivdh) = —gulh) = 5ulr)

since v,2(f) = v,(f) (p* = T'p, Lemma 4.1.7).

(d) Cs and Cy. Since f is modular, f(—1/z) = z¥f(z). Differentiating,
f(_INL ke ke g F'(=1/z) kMU +M(2) k()
FDa=t"T0 0 = s T e ™)

dividing by f(—1/z) = 2¥f(z). Now change variables w = —% in the integral over C7: dw = %,

and z — —1 maps C7 (from i to p) onto Cj traversed backwards (from i to p?), since S(i) = i,
S(p) = —p = p? and S preserves the unit circle. Thus

P, ﬂ@U@dUﬂ_/<k+f@)w,
Cs

o fw) T T o F(e1z) 22 PATE)

1 ! 1
7(/ +/ )f—dz:fi. ﬁdz-
271 Cs C f 271 Cs %

Parametrise Cs by z = e®, % = i¢df, with 0 from (nearly) %’r to (nearly) 7:

Eoo[m/2 k /mi 2w k 27 k
S (% 1/ L N (L) R .
omi /zﬂ/gz milz = 3) =)=z =0

SO

Summing all contours, and letting r — 0,

1 1 k
Z vp(f) =0 — v (f) — gvp(f) - §UZ(f) + 12’
peT\H
pFi,p
which is the valence formula. [ |

Correction. Several small slips in my handwritten proof: “[, + [o, = 07 should read

Jo, + Jo, = 0; the integral along Cy equals —27i voo(f) (the factor > Wwas missing); and
“SLo(Z)\$ is a fundamental domain” should say that the sum runs over representatives of

SLo(Z)\$, e.g. points of F.

4.4 Consequences of the valence formula
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p
Corollary 4.4.1 (1) My(SL2(Z)) = C.
(2) If k<0, k odd, or k =2, then My (SL2(Z)) = {0}.

(3) If k < 12 or k = 14, then Si(SL2(Z)) = {0}; S12(SL2(Z)) = CA; and for all k£ > 12,
Sk(SL2(Z)) = A My_12(SLa(Z)).

(4) Mk(SLQ(Z)) = Sk(SLQ(Z)) @ CE}, for even k > 4.

(5) If k =4,6,8,10,14, then My(SLo(Z)) = CEj.
Moreover, A has no zeros in $); F4 has a simple zero at p (and its I'-orbit) and no other zeros;

Eg has a simple zero at i (and its orbit) and no other zeros.
N J

Proof. We write M, = My, (SL2(Z)), Sk, = Sk(SL2(Z)). For a nonzero modular form all v, > 0.

(1) C C My is clear. Let 0 # f € My be arbitrary, and let ¢ = f(co) be the value of f at the
cusp. Since the constant ¢ is a modular form of weight 0, also g(z) = f(z) — ¢ € My. Then
g(00) = f(oo) —c=c—c =0, so g has a zero of order at least 1 at 0o, i.e. vo(g) > 1. Suppose,
by way of contradiction, that g # 0. Then by the valence formula
1

oo(g)+§Uz( + ’Up +ZUp —0 — 1 SO,
a contradiction. So g =0, i.e. f = ¢, and My C C.
(2) For odd k see the remark after Lemma 4.1.3. If £ < 0, then % < 0, while the left-hand side
of the valence formula is nonnegative for a nonzero modular form; so no f # 0 exists. For k = 2
the right-hand side is %; multiplying by 6

6voo (f) + 3vi(f) + 20,(f) +6 Y up(f) =

Since all v’s are nonnegative integers, the left-hand side is 0 or > 2; no sum adds up to 1. Hence
My = {0}.

(3) Let 0 # f € Sk; then f vanishes at 0o, i.e. voo(f) > 1.

o If k <12, then % < 1, contradicting that the left-hand side is at least 1. So Sy = {0}.

e If k = 14, the right-hand side is %; multiplying by 6: 6ve + 3v; + 2v, + 6> v, = 7 with
Voo 2> 1, 1. 3u; + 20, + 6(vee — 1) + 6 3 v, = 1; again there is no solution. So S14 = {0}.

A has no zeros in $: A € Sia with ve(A) = 1 (Proposition 4.2.10), and the valence formula
1+ 3v; + 3, + S v, = 1 forces all other v,(A) = 0.

Sk = AMy_12 for k > 12 (this includes S12 = CA, since My = C). “D7": for g € My_12,
Ag is weakly modular of weight 12 4+ (k — 12) = k, holomorphic on $) (both factors are), and
Voo (Ag) = V0(A) + v0(g9) > 14+ 0 =1. Thus Ag € Si. “C": for f € Sy define g = f/A. Since
A has no zeros in ), g is well defined and holomorphic on $). As v5(A) = 1 and vo(f) > 1,
Voo(9) = Voo (f) — Vao(A) > 1—1 =0, so g is holomorphic at co. And

_ (ez+d)Ff(2)
g(vz) = m = (cz
So g€ Mp_19 and f = Ag € AM_1s.

(4) Let f € My, f(2) = ao + arq + asq®> + -+, and define g = f — agEj. Since Ej, = 1 —
%IZ > on>10k—1(n)q", we obtain

+ d)k 122((2)) (CZ +d)k—12g(z).

g = (ao +a1q+ -- ) —a()(l - — Z Ok_ 1 ) = Z(a” —i—aogj;akl(n))q”,

n>1 n>1
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and g is holomorphic (on $) and at 00), so g € Si and f = g + agEy. Thus My C Si + CEy; the
reverse inclusion is clear since Sy, C My, and E € Mj. The sum is direct: clearly {0} C Sy NCEy;
and if h € S, N CEy, then h = cEy and h € S, implies that the constant term of & vanishes, i.e.
0=c-1,soc=0and h=0.

(5) By (3) and (4), My = S ® CE, = {0} & CE}, for k = 4,6,8,10,14. (My notes argue via
the valence formula, as follows; the argument also gives the zeros of E4, Eg.) For k = 4: for
0% f € My, voo(f) + 30i(f) + 30,(f) + X vp(f) = & forces v,(f) = 1 and everything else 0. In
particular E4 has a simple zero exactly at (the orbit of) p, and f, E4 have the same zeros, so
f/Es € My = C by the claim below. Similarly: k = 6, right-hand side %: vi(f) =1, k =8, %:
vp(f) =25 k=10, Z: v,(f) = vi(f) = 1; k = 14, & vi(f) = 1, v(f) = 2.

Claim. If f1, fo € M} with Up(fl) = ’Up(fg) forallp e HU {OO}, fo #£ 0, then fl/fz e My = C.
Indeed, let g = f1/ fo.

. . z cz k z z
(i) Weak modularity: for v € SLa(Z), g(vz) = 285 = Eczigkggz; = }[;EZ; = (cz +d)°g(2).

(ii) Holomorphy on $): at each p, the zero of fy is cancelled by the zero of fi of the same order.
(iii) At co: with 1 = voo(f1) = Voo (f2),

g(q): anqn+an+1qn+1—|—... _ qn(an+an+1q+...) _ an + Qpa1q+ -+ ‘Ln
bnqn—l—bn+1qn+1—|—... qn(bn+bn+1q+) bn+bn+1q+ 4—0 bn7

with b, # 0; so g is holomorphic at co.

Hence g € My = C. |

Proposition 4.4.2
E4(p) =0 and Eg(i) = 0.

Proof. This follows from Corollary 4.4.1, but there is also a direct proof from the transformation
law Ej(—1/2) = 2"Ep(z). For Eg at z = it —1/i = i, so Fg(i) = i%FEg(i) = —E(4), hence
Eg¢(i) = 0. For Ey: note that p = %—F @z = e™/3 so pP = —1, p* = —p, and p satisfies
p? —p+1=0. Also —%:—ﬁ:pQ:p—l (as |p| =1). Then

E4(—/1)) = p'Es(p) = EBalp—1) = —pEs(p) = Eu(p) = —pEa(p),
using Fy(p — 1) = E4(p) (periodicity). Since —p # 1, E4(p) = 0. |

Notes. In my handwritten notes this was written as Ey(e™/e™/3) = E4(p?) and then p? =
—p+1; the correct relation is p? = p—1 (from p? —p+1 = 0), i.e. p> = T~!p. The conclusion
is the same.

4.5 Dimension formula and generators

(Proposition 4.5.1 \}

74


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

For every integer j > 0,

dim ng (F) = {

Proof. We use induction on j > 0.

(1) j=0: Mo(T') =C and 0 Z 1 (mod 6); indeed dim My =1 = | 3] + 1.

(2) 7=1: Ma(T') ={0} and 1 =1 (mod 6); indeed dim My =0 = L%J

(3) j=2,3,4,5: by Corollary 4.4.1(4) and (3), Ma; = S2;®CFEay; with Sy; = {0}, so dim My; =
04+1=1=[Z]+1

(4) j =6: M2 = S12@® CEj with Sj2 = CA,;sodimMjps =1+1=2= L%J +1.

(5) j =T My = S14®CEyy, S14 = {0}, sodim My =1= L%J, and 7=1 (mod 6).

(6) Assume j > 8 and that the formula holds for all smaller values. Since 2j > 14, Corol-
lary 4.4.1 gives ng = 52]' D CEQj and 52]' = Ang_lg = AMQ(]'_G), and g — Ag is an
isomorphism My(;_g) — S2; (injective as A # 0). Hence dim Ma; = dim My(;_g) + 1, and
j—6=j (mod 6):

e if j=1 (mod 6): dimMQj:L%J+1=|_%J—1+1:L%J;
e if j#1 (mod 6): dim Mo = [158| +1+1 =[] +1.

By induction, the statement holds for all j > 0. |

Correction. In my handwritten notes the case j = 6 (k = 12) was included among j =
2,...,6 with dim Sp; = 0. But S12 = CA has dimension 1, so dim M3 = 2, which agrees

with the formula [2] +1 = 2. Also “L%J” there should read [%].

-
Proposition 4.5.2

-

Proof. Since E4Fg € Myg and dim Myy = L%j +1 =1, there exists ¢ € C such that E4FEg = cFEqg.
Comparing constant terms (1-1=c-1) gives ¢ = 1. As a check, using Example 4.2.9,

E,Es = (14 240q + 2160¢2 + 6720¢° + - - - )(1 — 504¢ — 16632¢* — 122976¢> — - - -)
=1+ (240 — 504)q + (2160 — 240 - 504 — 16632)¢> + - - -
=1—264q — 135432¢> — --- = E)q.

The other identities are proved in the same way, using dim Mg = dim My, = 1. |

Proposition 4.5.3 A
Every f € My(T) can be written as f = >y, 6;— cij E4E¢ with ¢i; € C (sum over integers
i,j > 0).

Proof. We use strong induction on even k > 0 (for odd k, £ < 0 and k = 2 we have My = {0},
an empty sum).
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(1) k=0: My =C, and EYEQ = 1.

(2) For k = 4,6,8,10,14 we have Ey, Fg, E3, E4Eg, E2Eg € Mj,(T) respectively, and these are
nonzero, so by Corollary 4.4.1(5) (M} = CEj, one-dimensional) they are generators of
M4,M6,M8,M10,M14. Thus for f € Mkt f = 0170E4, 6071E6, CQ@EZ, 61’1E4E6, CQJEZEG
respectively.

(3) Let k =12 or k > 14, and assume the statement for all even k¥’ < k. Since k > 4 is even,
there are integers i,j > 0 with 4i +6j = k (e.g. j = 0if 4 | k, and j = 1 otherwise),
and E{E} € My, (T') has constant term 1. Let f € My(I') with constant term ag, and put
g=f—aoE{E}. Then g € Sg(I') = AMj_15(T'), so g = Afy with f; € My_15. We obtain

(271')12

= aoFiE! + Af, = apELE}
f a046+ fl a046+ 1728

(ES — E§) f1.

Since f1 € My—12 and k — 12 < k, by assumption f1 =>4, 65=k—12 dpyq/Efng/. Substitut-
ing,

(27T)12
1728

p+3 g’ D g’ 42
Z dp,q’(EzL Es — EyEq )
dp+6q'=k—12

f=aoEiE] +

Observe that the weights are 4(p + 3) + 6¢' = (4p + 6¢') + 12 = (k — 12) + 12 = k and
4p+6(q' +2) = k, as well as 47 + 65 = k. Thus the statement also holds for k.

By induction, the statement is true for all even k& > 0. |

Correction. In my handwritten proof g was defined as f — EiEg; to obtain a cusp form one
must subtract agELE), where ag = f(c0). Also, “dim(EYT?EZ)” there means the weight.

4.6 The j-invariant

Definition 4.6.1 (j-invariant)
1728 go(2)?
j(Z) - A(Z) 9 VRS f)

By Proposition 4.2.10,

i(z) = 172837 Eu(2)’ _ 1728° - 4Pm 2 Ey(2)° — 1728 Ea(z)’
O (Ba(2)? — Bo()2) 3272 Ea() — Fig(2)” Ei(2)? — Eo(2)%”
since %g%ﬁ;gé = 1. This is a modular function of weight 0: it is holomorphic on $ (as A has no

zeros there), and for v € T,

j(y2) = 1728 Fa(ye)” 728 (2 + d) PEq (=) = j(2).

1(72)F — Bs(12)2 7 (cz + d)2(Ea(2)? — Eg(2)?)

1728(14720g+-)

Its g-expansion is j = T728(q—24g%+)

= o T4 - 50 U (f) = 1.

Proposition 4.6.2
The function j induces a bijection I'\$) — C.
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Proof. Since j(vz) = j(z), the map is well defined. Let ¢ € C. We show that j(z) = ¢ has exactly
one solution modulo I'. Consider f. = 1728E% — ¢(E} — EZ) € M2(T). Since Ef — EZ has no
zeros in 9, for z € H: j(z) = ¢ < f.(z) = 0. The constant term of f. is 1728 # 0, so f. # 0
and veo(fc) = 0. The valence formula for f. (weight 12) gives

Sulhe) + 300+ 3 wplf) =1

pFL,p

With nonnegative integers, the only solutions are: v,(f.) = 1 for exactly one orbit p # i, p and
all others 0; or v;(f.) = 2 and all others 0; or v,(f.) = 3 and all others 0. In each case f. vanishes
on exactly one I'-orbit. |

Proposition 4.6.3
The modular functions of weight 0 for I' are precisely the rational functions of j.

Proof. Rational functions of j are clearly modular functions of weight 0. Conversely, we first
show: if g € Mon(I'), N > 0, then g/AN is a polynomial in j of degree < N. For N = 0,
g€ My=C. For N > 1, Ei’N € Mion has constant term 1, so g — aoEffN € S1ony = AMian_12,
ie. g =agEN + Agy with gy € Mi(n—1). Then

A

9 _, (Eff)N g1 E} 17283 o
AN AN-1? A (2m)12(Ef — E2)  (2m)1%’
and by induction g;/AN~! is a polynomial in j of degree < N — 1.

Now let f # 0 be a modular function of weight 0. Its poles in $) lie in finitely many I'-orbits
(Lemma 4.1.7), say those of p1, ..., p,, with pole orders ny,...,n, at p1,...,p,. Since j — j(p;) is
holomorphic on § and vanishes at p; (hence on its orbit), the function h = f-[[j_;(j — J (p))™
is a modular function of weight 0 which is holomorphic on . Let N = max(0, —vo(h)). Then
AND is weakly modular of weight 12N, holomorphic on §), and ve(ANR) = N + v (h) > 0; so
ANh € Myay and h = ANh/AN € C[j]. Therefore f = h/T[,(j — j(p))™ € C(j). [ |

Proposition 4.6.4 (Uniformisation)

For any A, B € C with A% — 27B2% # 0 there exists a lattice L = AL, (A € C*, 2z € §) such
that go(L) = A and g3(L) = B. Consequently every elliptic curve y? = 423 — Az — B over C
is isomorphic to a torus C/L (Theorem 2.5.2).

Proof. For a lattice L = {aw; + bws} we may (swapping wi,ws if necessary) factor out wo: let
A =wy and z = wy/wy € H; then L = AL, = Maz + b}. By definition of Gy (L),

1

g2(AL;) = 60G4(AL.) =60 L

0#£CEL,

— 2\t (60G4(Lz)) = A"ga(2),

and similarly g3(AL.) = A 5g3(z). We already know ga(z) = 371E4(2) and g3(z) = n0Fs(z).
Thus the statement can be restated as: there exist A € C* and z € § with

27

3
__ 4 __ 14 __ 6 __ 6
Ey(z) = A (—47T4A> = \a, Eg(z) = A (787rGB) = \’b,
where a = —jﬁ and b = —2835. Then a® — b? = 622;41?; — 2‘24?:?; = 642:12 (A3 — 27B?), so A3 # 27B?

becomes a® # b?. We distinguish three cases.

e a=0: then b # 0. Take z = p: E4(p) =0 = M\a, and Eg(p) # 0 (the only zeros of Fg are on
the orbit of i, Corollary 4.4.1); choose A with A6 = E4(p)/b.
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e b=0: then a # 0. Take z = i: Eg(i) = 0, E4(i) # 0; choose A with \* = E,(i)/a.

e a,b # 0O by Proposition 4.6.2 there is z € $ with j(z) = 222?;; (note a® # b%). Since

J = 172855 EQ, this means Ey(2)3(a® — b?) = a®(E4(2)® — Es(2)?), i.e.

Ee(2)? b2 1728
2 3_ .3 2 : 6 — -
b*Ey(2)° = a’ Eg(2)7, equivalently Faf @ 1— HER
In particular E4(2) # 0 (otherwise Eg(2) = 0 too, impossible as Ej — EZ = (;ZFQ%A # 0).
Choose A with A* = Fy(z)/a. Then A2 = E4(2)3/a® and (\b)? = A2b% = E4(2)%b%/a® =
FEg(2)?%, so Eg(z) = £A%. If the sign is —, replace A by i\ (which does not change A* and
changes the sign of \%).

In all cases Ey4(z) = Ma and Eg(z) = Ab, hence go(A\L.) = A and g3(\L.) = B. [ |
Correction. In my handwritten proof the quotient was written as % instead of EGE 33, the
condition A% # 27B? as “A3 # 27B”, and the constants as 1774/1, 2 6B instead of j’ﬁ, 28213

(because g2(AL.) = A"%ga(2)). The cases a = 0 or b = 0 (where j( ) = 0 resp. 1728) and
the choice of A\ were not treated. The correspondence “lattices AL, <+ SLa(Z)\$ <> elliptic
curves”, which my notes indicate with a pointer to Diamond—Shurman, is the starting point
of the modular interpretation of modular curves [1, §1.5].

4.7 The Eisenstein series of weight 2

Motivation. For k = 2 the Eisenstein series -, n)£(0,0) m is not absolutely convergent, so

we cannot ensure the modularity property under z — —% as for k > 4:

> =Y ek e

2
(ma2(0,0) (M(=3) +n)

1
(%)2(—m+nz

(nz + (—m))?’

but we cannot rename m — n, n — —m, because rearranging a non-absolutely convergent double
series may change its value. Still, we can get G2 “almost” modular.

4 )

Definition 4.7.1

The Eisenstein series of weight 2 is defined by the iterated sum

1
- Z Z =2¢(2) +2 Z Z —8%2201(71)(]”,
meEZ nez (mz + n) m>1neZ mz + n n>1
(m,n)#(0,0)

and Ey = %(22) = %GQ =1-24%,5,01(n)qg".

N J

The last expression for G follows exactly as in Theorem 4.2.8, using Lemma 4.2.5(ii) with k = 2:
Sp(mz+n)~2 = (27i)? dos1mq" = —47% 3", r¢™"; this shows that the iterated sum converges.

Correction. In my handwritten notes the coefficient was written as —472; the factor 2 in
front of 3°, -, gives —872. This is consistent with Fy = 1 — 243 01(n)¢" and with the
computation of n'/n below.
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Theorem 4.7.2
a b
For v = (c d> el

Go(v2) = (cz + d)?Ga(2) — 2mic(cz + d).

The proof uses Hecke’s trick: for s > 0 consider

1

) (mz +n)2|mz +n|*

GQ,S (Z) =
(m,n)#(0,0

Lemma 4.7.3
For s > 0, G 4(z) converges absolutely, and G 4(y2) = (cz + d)? |cz + d|** Ga.4(2) for v € T.

: 1 _ 1 _ 1 .
Proof. Since ’(mz+n)2|mz+n|25 = Tt = e and 2+ 2s > 2, the series converges

absolutely by Lemma 2.3.3 (for the lattice L,). For v € T', exactly as in Proposition 4.2.3,

m(yz) +n = mclj:;/ with (m’,n’) = (m,n)~y running over Z?\ {0} exactly once, so

(cz 4+ d)? |cz 4 d)*

— 2 2s
(m/Z + nl)Q ‘mlz 4 n/|28 - (CZ + d) |CZ + d| G2,S(Z)7

Gas(72) = Z

(m.m)#0

the rearrangement being allowed by absolute convergence. |

We need a version of the Poisson summation formula for functions which are not in the Schwartz
space.

Lemma 4.7.4 (Poisson summation, C? version)

Let g : R — C be of class C? with )g(j)(a;)‘ < H% for j = 0,1,2. Then },c79(n) =

> nez G(n), both series converging absolutely.

Proof. The proof of Theorem 1.5.1 applies verbatim: h(z) = Y, g(x + k) and its first two deriva-
tives converge uniformly on [0,1] by the M-test, so h is 1-periodic of class C? and equals its
absolutely convergent Fourier series; the coefficients are ¢,, = §(m) by the same computation. M

Proof of Theorem 4.7.2. Write z = u +iv, v > 0, and for s > 0 put

1 1

) = s €Tr) =
@8( ) ({1}‘—'—2’)2|$+2|28 fm,s( ) (x—l—mz)2 |x+mz|25

(m>1).

Step 1: the decomposition. Splitting off m = 0 and pairing (m,n) with (—m, —n) (allowed by
absolute convergence for s > 0),

G2,s(2) =2C(2428)+2 ) > fms(n).

m2>1neZ

Each f,, s is smooth (as = +mz # 0 for real z) and ff(,{)s(:z:) = O(|z|7***77), so Lemma 4.7.4
gives 32, fns(n) = 3, fm.s(n). Substituting = = mt, dz = mdt, |m| = m:

f ( ) /oo 6—2ﬂ'imtymdt 1 R ( )
m,s\Y) = - m2(t+z)2m25‘t+2‘28 - m1+23908 my).
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Hence

1+25 +2 Z mit2s Z ps(mn).

Gas(z) =2¢(2+2s)+2
— > m>1 " n#0

A

B C
Part A tends to 2¢(2) as s — 0.

Step 2: part B. Substituting ¢t = z + u and then ¢t = vw,

. o0 dz o0 vdw
908(0) :/ . \2 . 12s :/ - \9 - 128
—oo ((x 4+ u) + )" |(z + u) + iv| —o (vw + iv)? Jvw + |

1 /00 dw _ 1(s)
o opl2s - (w+17)2(w? + 1)8 T opl2s?
using |w + i|28 = (w? +1)%. So B =2((1 + 2s) v~ 1725[(s) = [25((1 + 25)] -0~ % . @

o 25((1+2s) —1ass— 0T, since ¢ has a simple pole at 1 with residue 1 (Theorem 1.6.4).

o I(0) = [ dw — {— 1 A]Oooo =0, so @ — I'(0) (definition of the derivative). By the

—00 (w+i)2 wi | _

Leib?iz rule (differentiation under the integral, justified since |s w H)Q( s | = gz}%(ff;i)s <
%, which is integrable), using £a=* = —a*loga,

> —log(w? +1

I'0) = / —log(w” +1) s ) du.

—00 (w + l)

Integrate by parts with U = —log(w? + 1), dV = (w +1) "2 dw, so dU = _QQfl dw, V = _w—H
log(w? + 1)700 o0 1 —2w o0 2w
r'oy=|———= —/ —77(1:0—/ d
(0) { w+ i }_Oo _oo( w+i>(w2+1) v —oo (w+ 1) (w2 +1) “

since w + i grows faster than log(w? + 1). Now (wH)ngUQH) = (wH)ng(wii); integrate over
the boundary I'p of the upper half-disc of radius R (the segment [—R, R] and the arc Cg).

On Cr, w = R |lw+i| > R—1, so ’(

- +Z.)22“Ew B < i R2Pi)3, and by the ML-inequality

‘fCR‘ < )3 TR = (zﬂﬁ:; — 0. Inside I'g the only pole is the simple pole w = i, so by the
residue theorem
0 2w dw 2w 21 1
=2mi li —1 =27 - =2mil—= ) = .
/_oo Wi —g  rime =) e T T @ i 2> m

Hence I'(0) = —.

Therefore B — 1- v ! (=) = — 2.

Step 3: part C. First we compute @Go(y) = [0, e(;i:;)m; dx for y # 0, by contour integration of
e —2miyw o
— (w+2)2 — -

f(w) @) which has a double pole at w = —z in the lower half-plane.

e y > 0: close the contour by the lower semicircle Cp; (clockwise contour I'y, = [-R, R] U C}).
For w = a+if with g <0, ‘ *me(a“ﬁ)’ 2”1’5 <1,and |[w+z| > R—|z|, so |f(w)| <
= ‘ZDQ on Cp and ‘fc f‘ R | =Dz 0. Since I' is clockwise,

) ‘ o d 9 e—27riyw
¢o(y) = —2mi Resy—=—, f = —2mi wll)nlz e {(w + 2) m]
= —2mi(—2miy ™) = —dx?y ¥V*.
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o y < 0: close by the upper semicircle (counterclockwise); now ‘6*2’”'9“’| <1 for Imw > 0, the
arc integral tends to 0 in the same way, and there is no pole inside. So @o(y) = 0.

Next, for y 0 and 0 < s < %, integrating by parts twice (the boundary terms vanish), ¢4(y) =
m [e ey (z) dw, and |@” ()| < C.(1 + 2%)~2 uniformly in s; so |ps(y)| < % Hence the
terms of €' are bounded by —5i2y—y < 75%2, which is summable over m > 1, n # 0. Since
¢s(y) = ¢o(y) as s — 0 (dominated convergence in the integral), dominated convergence for the

double series gives

lim C=2Y)" % > @o(mn) =2 % S (—dn?mn e2mimn)

50T m>1 " 2o m>1 " p>1
= —8n? Z Z ng™ = — 8> Z o1 (N)gV.
m>1n>1 N>1

Step 4: conclusion. Combining A, B, C":

lim Goy(2) = 2¢(2) — —— — 87> 3 o1 (V)" = Ga(z) — —— =: G(2).

+
s—0 Im z N1 Im z

Letting s — 01 in Lemma 4.7.3 (with |z + d|** — 1) gives G5(vz) = (cz +d)2G5(z). Now, using

Im(yz) = m2
|cz+d|
T . T s
Ga(vz2) = ™eE) + G5(yz) = s lez +df* + (cz + d)Q(—m + Gg(z))
_ T 2 _ 2 2
= Imz(|cz+d] (cz+d) )—i—(cz—i—d) Ga(z).

Writing W = ¢z + d, we have |[W|* = W2 = W(W — W) = -2 WInmW and InW = ¢Im 2.
Hence

Ga(vz) = I T (cz +d)(—=2icIm 2) + (cz + d)?G2(z) = (cz + d)*Ga(z) — 2mic(cz +d). N

mz

Corollary 4.7.5
Ga(—1/z) = 2%Gs(2) — 2miz and Ea(—1/z) = 22Ey(2) + £.

Proof. Take v = S, s0o ¢ = 1, d = 0. For By = %Ga: Ey(—1/2) = 22Ey(z) — 2miz =
Z2Ey(z) — 82 = 22Fy(2) + & as 1 = —i. |

)’ 7

Notes. Points in my handwritten proof that needed care: (i) f, is not a Schwartz function
(|z|N fm(x) 4 0 for N > 2), so Poisson summation is used in the C? form of Lemma 4.7.4;
(ii) the limit used for part B is 2s((1 4+ 2s) — 1 (not 2¢(1 + 2s) — 1, which I had marked
with “?”), combined with I(s)/s — I'(0) because I(0) = 0 (also marked “?”); (iii) the
vanishing of the arc integrals only needs the ML-inequality, Jordan’s lemma is not required;
(iv) the interchange of lims_,o with the double sum in part C is justified by the uniform
bound |@4(y)] < C'/4?.

4.8 The Dedekind 7n-function and the product formula for A
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4 N
Definition 4.8.1 (Dedekind eta function)
For z € $ and ¢ = 2™,
77(2) _ e27r7,z/24 H (1 o 627rznz) _ q1/24 H (1 - qn)’
n=1 n=1
where ¢1/24 .= ¢2miz/24,
J
. )
Proposition 4.8.2
The product [],~;(1 — ¢") converges absolutely and uniformly on compact subsets of .
Hence 7 is holomorphic on $, and 7(z) # 0 for all z € 9.
N J

Proof. Since ¢ = €™ and z € 9, |q| < 1, so 3 |q|" converges and the product converges
absolutely. For uniform convergence, let K C §) be an arbitrary compact subset. The function
z = x+iy — Im(z) = y is continuous on K, so it has a minimum yy = min,cx Im z; since K C 9,
yo > 0. Define 7 = ¢ 2™0; then 0 < r < 1, and for all z € K, |¢| = e727IM? < ¢72™0 = p 50
lq|" < 7™ =: M,. Since > M,, = >_r" < oo, by the Weierstrass M-test Y |¢"| converges uniformly
on K, and therefore the product [[(1—¢"™) converges uniformly on K [6, Ch. 5, Prop. 3.2]; so does
¢/**TI(1 — ¢"). A uniformly convergent product of holomorphic functions is holomorphic, and
an absolutely convergent product of nonzero factors is nonzero; since |¢"| < 1, no factor 1 — ¢"
vanishes. |

Theorem 4.8.3
n(—=1/z) = (—iz)?n(z) for z € H, where (—iz)'/? is the principal branch (note Re(—iz) =
Im z > 0).

Proof. Since 7 is nonzero, we can consider its logarithmic derivative. Logarithmic derivatives of
uniformly convergent products of nonvanishing functions may be computed termwise [6, Ch. 5,
Prop. 3.2]; with % = 2migq,

n(z)  2mi —2ming” /1 _2mig N\ _ 2mi
)~ 24+n22:11—q” = 2%2(24—1§n§1nq”m) =3 (1 24Nz>:101(]\7)q ) =21 Es(2),

using % = > m>1 4" (In my notes this was computed by expanding log(1—¢") = -3, %)

If we apply z — —% and use the transformation of s,

n'(=1/z) _2mi_ « 1\ 2w/ , 62\ _ 51'(2) | 2
n(—1/z) 24 2( z) 24 (Z Ba(z) + m') - n(z) * 2 (xx)
Now let h(z) = %, holomorphic and nonzero on §. Since % log(—iz)'/? = =,
Wiz)  1n9(=1/2) 1 7'(z) = i[ 21’ (2) N 3} _ 1 )
h(z)  22n(=1/z) 2z n(z) 220 n(z) 28 2z n(z)

Since $ is connected, h is a constant C'. Substituting z = i (where —1/i =i and (—i-4)"/? = 1):

C = h(i) = {&05 = 1. Therefore n(~1/2) = (~iz)"/?n(2), |

n(=1/z)
21/2n(2)

Correction. In my handwritten proof the logarithm log was used without specify-
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ing a branch, and the constant was found as C' = %, giving “n(=1/z) = (2/)"?n(z) =
(iz)'/?n(z)”. With the principal branch, (z/i)/? = (—iz)'/2, which is the statement of the
theorem; the final “(iz)'/?” was a slip. Working with h’/h instead of log h avoids the choice
of branch for logn.

[
Theorem 4.8.4
n** € S12(T), and n?* = (27)~12A. Consequently

o0
A(z H 1—¢")* = (2m)12(q — 24¢% + 252¢° — 1472¢* + - --).

o

Proof. Since 7 is holomorphic on §, so is n?*. Also
77(2 + 1) _ e27ri(z+1)/24 H (1 - e27rin(z+1)) _ e27ri/24€27riz/24 H (1 - e?ﬂinz eQﬂ'in) _ e27ri/2477(z)

——
n>1 n>1 =1

so 1z + 1) = e?™n*(2) = n*(2); and by Theorem 4.8.3, n?**(-1/z) = (—iz)?n**(z) =

9

(—i)22120%4(2) = 2'21?4(2). By Lemma 4.1.3, %% is weakly modular of weight 12. Finally,
as z — 100, ¢ — 0 and
o) =a[[Q-a")" =a0 -0 - )" =q—24¢" + -,
n>1

so 7%* is holomorphic at oo and its constant term vanishes: n?* € S12(I'). Since Sio(I') = CA
(Corollary 4.4.1), n** = cA; comparing the coefficients of ¢ (1 and (27)'2) gives n** = (27)~12A.
Expanding the product gives the coefficients 252 and —1472. |

4.9 Derivatives of modular forms

e N
Proposition 4.9.1

Let f € My(T) with f(2) = 32,50 an¢", and define f/ = 5= dz Then

K ezt )1 (2)

= napg"  and  f(v2) = (cz+ )" f(2) + 57

n>1

for v € T'. In particular f’ is not a modular form (unless k =0 or f = 0).
. J

Proof. Differentiating the g-expansion termwise (a power series in ¢, locally uniformly conver-
gent):

27rznz 2minz n
f'(z 27m P Z ane = 2m Z an 2mine = Z Nnanq".
n>0 n>1

For the transformation law, differentiate f (gjig) = (cz + d)* f(2) with respect to z. Since

daz+b alcz+d)—claz+b)  ad—bc 1

dzez+d (cz +d)? C(ez+d)? (cz+d)?

the chain rule gives (after dividing by 271)

(CfZ,(—de)) ~ 2mi (kc(cz +d) 1 f (2 )) (cz+d)* f'(2)

= f'(v2) = (cz+ )*2f(2) + %(cz%—d)kﬂf(z). [
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Remark 4.9.2. Combining this with Theorem 4.7.2 one checks that f/ — %Eg f is a modular
form of weight k + 2 (the Serre derivative); for example Ej = £(EyE4 — Eg). My handwritten
Note 4 ends with the heading “The growth of f”, which is the topic of the next chapter.
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Chapter 5

Growth of Fourier Coefficients and Cusp Forms

In this short chapter we compare the growth of the Fourier coefficients of modular forms of level
1: those of a non-cusp form grow like n*~1, while those of a cusp form are O(n*/?) (Hecke’s

bound). We follow [2, §II1.2, Props. 8-9] and [4, Ch. VII, §4.3]. Throughout, k£ > 4 is even and
2miz
q=eT".

4 N
Definition 5.0.1 (Big-O)

For functions f, g on the positive integers, f(n) = O(g(n)) as n — oo if there are M € R and
no € Z such that |f(n)| < M |g(n)| for all n > ng.
N\ J

N

Theorem 5.0.2
Let f(z) = > on>0anq" € My (SLa(Z)).

(1) If f is not a cusp form, then a, = O(n¥~!), and this is sharp: there are constants
c1,c2 > 0 with e;n*~! < |a,| < con®~! for all large n.

(2) (Hecke) If f is a cusp form, then a, = O(n*/?).
N J

Since M, = CEy & Sy, for all even k > 4 (Corollary 4.4.1(4)), for (1) it suffices to check the growth
of the coefficients of Ej, and then to compare with (2).

Eisenstein series

Recall that for even k > 4,

2k
Ek(z)zl——Zok 1 Zanq , an:—B—kak_l(n) (n>1).

n>1 n>0

Proposition 5.0.3
For all n > 1: n*~! < op_1(n) < ((k —1)nF~1. In particular the coefficients of Ej satisfy

lan| =< n*~1 ie. they grow on the order of n*~1.

Proof. Lower bound. Since n | n, the sum op_1(n) = >y, d*~! contains the term n*~! and all

terms are positive; so o_1(n) > n*71L.

Upper bound. 1If d | n, then n = d'd for some positive integer d’, and d’' | n; the map d — d' = n/d
is a bijection of the set of positive divisors of n. Thus

_ nyk-1 _
op-1(n) =) _d* 122(@) n*” IZ E—T = =n" (k- 1),
dln d'|n
where the series converges since k > 4 gives k—1>3>1.
Hence n*~1 < op_1(n) < ¢(k — 1)n*~1, and since ¢(k — 1) is a constant, or_1(n) = O(nF1).
Therefore a,, = —%—iak_l( n) satisfies ‘ ’nk L < ay| < ’ ‘C ynkL, n
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Cusp forms

Theorem 5.0.4 (Hecke)
If f € S,(SLa(Z)), f(2) = X1 ang", then a, = O(n*/?).

Proof. Step 1: decay at 0co. As z — ioco, ¢ — 0, and

|f(2)] = ’Zanq"‘ = ‘a1q+a2q2+~“ = ‘a1 +azq+a3q2+~-’ lql .
n>1

The power series aj + asq + -+ is bounded for |¢| < £, say, so |f(2)| = O(|q|) = O(e~2"1™m?) as
Im z — oo.

Step 2: an invariant function. Define ¢;(2) = |f(2)| (Im 2)¥/? for z € $. We claim that ¢; is
continuous and invariant under the action of SLa(Z).

(1) ¢y is continuous, since f is holomorphic and Im z is continuous.

(2) ¢y is invariant: for v € SLy(Z), using Im(yz) = |CIZT§|27
Imz \k/2
0102) = ) )2 = s + 1) (1)
I k/2
=lez+d* | (2)] (ym+)dk = 1) (I )2 = 7 (2).

Step 3: ¢y is bounded. By Step 1,
lim ¢p(z) = lim |f(z)] (Im2)*2 = lim O(e 2" ™*(Im 2)*/?) =0,

Im z—o00 Im z—o00 Im z—o00

since the exponential decays faster than any power grows. So thereis Y with ¢ < 1on FN{Imz >
Y}, and on the compact set F'N {Im z < Y’} the continuous function ¢ is bounded. Hence ¢y is
bounded on F. Since every z € §) is SLa(Z)-equivalent to a point of F' (Theorem 3.3.2) and ¢y
is invariant, supg ¢y = supp ¢y < co. So there is M > 0 with

61(z) = 1f() (m=)"? <M = [|f(z)] < MImz)""*  (z€9).

Step 4: the coefficients. Fix y > 0. Since lgl] < 1, Cauchy’s formula for the coefficients of
f(q) = f(2) on the circle |q| = R = e~2™ gives

LG ()
= o ld=r ¢"1 1

Parametrise the circle by ¢ = €*™(@+t%) (0 < z < 1 (as = moves from 0 to 1, argq = 27z runs
once around, while |q| = e~2™ stays constant); then dg = 2miqdz, and

1 1 i 1
2 Jo  q-q" 0
1 L 1 A
— / f(x —+ Z‘y)e—27rz(oc+zy)n dx = / f(x + ,L'y)e—QWZIn€27rny dz.
0 0

Hence, by Step 3,
1 .
anl < [ 1+ i) [e72m
0

This holds for every y > 0. Choosing y = 1, we obtain |a,| < Mn*/2¢*" ie. a, = O(n¥?). N

n

1
627rny dr < / Myfk/2 1. 627rny dr = Myfk/2627my‘
0
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Im k/Q.
(chrs)2 ) ) the

(absolute value), which is what makes the factors |cz + d|* cancel.

Correction. In my handwritten proof the invariance computation used (

Im 2
|cz+d)|?
Also “maxg ¢y = maxp ¢;” should be read as a statement about suprema; the existence of

the supremum is Step 3. In the computation of a, a factor 2%” appeared once too often in
an intermediate line; it cancels against dg = 27iq dzx.

correct factor is

Proof of Theorem 5.0.2. (2) is Theorem 5.0.4. For (1), write f = aoEy + g with ag # 0 and
g € Si (Corollary 4.4.1(4)). By Proposition 5.0.3 and Theorem 5.0.4, the n-th coefficient of

fis —aoé—iak_l( n) + O(n*/?), and ‘ %‘nk < ‘aoB op—1(n )‘ < ‘aoB ‘( )n*~1. Since
k—1> % for k> 2, the term O(n k/2) is eventually smaller than half of the lower bound, which
gives constants c1, co > 0 as claimed. [ |

Remark 5.0.5. Thus the growth of the coefficients distinguishes cusp forms from non-cusp forms:
if a,, = O(n*/?), then f is a cusp form. The bound O(n*/2) is far from optimal: Deligne proved
an = O(n=1/2%¢) for every e > 0 (the Ramanujan-Petersson conjecture), e.g. |7(p)| < 2p''/2
for the coefficients of A/(27)12.

Roadmap. On the first page about cusp forms my handwritten notes contain a small dia-
gram of where the project is heading: modular forms of level 1 and their Eisenstein series
are related to elliptic curves (Chapters 2-4); Eisenstein series of higher level are related to
theta functions, which lead to the four squares theorem (Chapters 6-8).

87


https://github.com/Peanut2Butter9

Chapter 6

Modular Forms of Congruence Subgroups

Notes. In my handwritten notes this chapter (and the next) was titled “Modular Forms
of Level N”. Strictly speaking, “modular forms of level N” refers to modular forms for the
specific congruence subgroups I'g(N) or I'1(NN). Since here I is an arbitrary congruence
subgroup, we speak of modular forms of congruence subgroups instead. The phrase “level
N7 is kept only where I'g(N) or I'; (V) is meant.

In this chapter we extend the definitions of Chapter 4 from SLy(Z) to a congruence subgroup I".
The new phenomena are that I has several cusps, each with its own Fourier expansion and its
own width, and that for odd weight a cusp can be irregular. We then state the valence formula
for IV, deduce a dimension bound, and give the analytic characterisations of modular forms and
cusp forms by their growth. We follow [2, §II1.3] and [1, Ch. 1-3]. Throughout, I' = SLy(Z),
gy = €2™*/N and O($) denotes the space of meromorphic functions on $.

6.1 The slash operator

b

Fix k € Z. The group GLJ (R) acts on $ (Proposition 3.1.4), and for v = (CCL d

) € GLJ (R) we

write j(,z) = cz + d (the automorphy factor).

Definition 6.1.1 (Slash operator)
For v € GLI (R) and f € O() define f|3y:$ — C by

(fle)(2) = (det 7)¥/2 §(v,2) 7" f(72).

For v € SLg(Z) this is (cz + d)~*f(v2), so “f is weakly modular of weight k” means exactly
fley = f for all v € SLa(Z).

Proposition 6.1.2 )
For 1,72 € GL3 (R):
(D) J(ry2,2) = j(1,722) 3 (72, 2);
(i) fle(rr2) = (flero)le2.
\So the slash operator defines a (right) action of GL3 (R) on O($). )
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Proof. (i) Write ; = (ZZ 21>, the bottom row of 12 is (c1as + dice, c1ba + didsz). Then
(A

7

J(1172,2) = (c1a2 + dica)z + (c1by + dida) = crasz + dicaz + c1by + dida

coz + do c1(azz + b))  di(cez + da)
= b d dids) - = d
(cra2z + c1by + dicoz + didy) oz 1 do ( P e - dy )(czz + do)
asz +b
= (0176222+dz +d1>(022+d2) = 7 (71,722) 5 (72, 2).

(ii) Using (i), det(vy1v2) = det~y; detv2 (both positive, so the real powers split), and 1722z =
71(722):

(det 7172)"2 j (7172, 2) 7 f(11722)

= (det y1)**(det 12)"? (71, 722) i (72, 2) F F(1(122))

= (det72)12j(72, 2) ™ [(det 1)) (11, %22) 7 f (11(322)) |

= (detv2)*%5(v2, 2) " [(Flkm1) (122)] = ((Flk70)Ir72) (). u

Remark 6.1.3. For a scalar matrix A\I (A € R*) we have f|p(A]) = (A\2)¥/2A7Ff = sign(\)¥f.
In particular f|z(—1I) = (—1)*f, and positive scalar matrices act trivially.
Example 6.1.4 (Theta function). Let 6(2) = Y, cz e2mizn® — S qn® for z € §. We will see

in Theorem 7.6.2 that 6(z) = (27?)71/29(—i), ie O(—L) = (27.2)1/29(,2). Squaring, 62(—L) =

(flemye)(2) =

2—;‘02(2). For v = <Z _01> € GL3 (R) (so dety = 4, j(v,2) = 4z, vz = —i),
(°hin)() = 4172 (42)70° (~ ) =249 Z02() = o Z02(e) = i (2)

6.2 Modular forms for congruence subgroups

4 )
Definition 6.2.1

Let IV C T be a congruence subgroup of level N, k € Z, and f € O($). We call f a modular
function of weight k for I if

1) flgy = f for all vy € IV, and
(L) fley=1r yeT,

(2) for every vo € I' = SLa(Z), (flr70)(2) = >nez angy with only finitely many nonzero
a, with n < 0 (“f is meromorphic at all cusps”).

If moreover f is holomorphic on § and, for every 79 € I'; a, = 0 for all n < 0, then f is a
modular form of weight k for T'; the space of these is My (I"”). If in addition ag = 0 for every
Y0, [ is a cusp form; the space of these is Si(I").

J

Correction. In my handwritten definition of a modular function, the condition “with ag = 0”
was attached to (2); it belongs to the definition of a cusp form only.

The expansion in (2) always exists:

Proposition 6.2.2 (Existence of the gy-expansion)
Let f be meromorphic on $) with f|yy = f for all v € I, where I” D I'(N). Then for every
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0 € T the function g = f|x7y0 satisfies g(z + N) = g(z), hence (if g is holomorphic for large
Im 2) g(2) = > ez andy-

Proof. Let g(2) = (f|x70)(z). Since f is invariant under I", for all v € I, using Proposition 6.1.2,

9le(v0 v10) = ((Fl70) k70 " 170) = Fle(v075 ' 710) = Flivro = (Flsn)lkvo = Flivo = g.

So g is invariant under ~, 'T"7q. Since T(N) < T' (Proposition 3.2.4), %I'(N)y, ' = T'(N) C T,
hence T'(N) C yalflyo. We also know TV = (1) ]If € I'(N), so g is invariant under T:

(glhTN)(2) = 1¥/2 . 17*g(z + N) = g(2), i.e. g(z + N) = g(z). This N-periodicity implies that
g9(z) = G(qn) for a function G on the punctured disc, meromorphic there, and so g has a Laurent
expansion g(z) =Y, anqy (valid for Im z large, where g has no poles). [

e )
Definition 6.2.3 (Width)

Let o € T. Theset {h € Z: T" ¢ ivo_lf"'yo} is a subgroup of Z containing N; its positive
generator h is called the width of the cusp s = ygoo. It divides N, and g = f|r7o satisfies
g(z + h) = £g(2); if g(z + h) = g(2), then g(z) = ¥, ang} with g, = 2™#/h = q%/h, ie.
Y tndf = Lo anlay )"
- J
Example 6.2.4 (The cusps of T'g(p)). Let p be a prime; I'g(p) has the two cusps oo and 0
(Problem 3.4.7, Problem 3.4.9).

01 0 1
every h; so the smallest h is h = 1, and (f|x])(2) = 3, ane*™™* = > a,q" is the Fourier
expansion of f at oco.

e The cusp oco: 9 = I gives co = yyo0, and VOTh'yal =1 L7 I = (1 h) € I'y(p) for

0 -1

0 1
[ ] ; f— = i = i -1 =
The cusp 0: v9 =S <1 0 ) gives 0 = Soo. Using S (1 0),

=)0 )-C G-

In Ty(p) every lower left entry is = 0 (mod p), so the smallest h with —h = 0 (mod p) is
h = p. Hence (f|1S)(2) = %, ane?™™*/P = >_ angy is the Fourier expansion of f at 0.

The same computation shows that for every N the cusp oo of I'g(/N) has width 1 and the cusp
0 has width N; equivalently S™1T'g(N)S = I'%(N) = {b = 0 (mod N)}, which contains 7" iff
N | h.

Notes. Why the smallest h? Any i/ with T ¢ Y% 11740 gives an expansion of g in powers
of g, but if A’ = rh then ¢, = ¢}, and the expansion in g, only uses exponents divisible
by r. Measuring orders of vanishing at a cusp (as in the valence formula) must be done in
the local parameter g, of the smallest width. In my handwritten notes I asked (with “77)
whether 1740 may contain translations 7" with k < N: yes, and then h | N, since the
admissible h form a subgroup hZ of Z containing N.
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Cusps of [" and independence of the representative

Proposition 6.2.5
Every cusp s € Q U {oo} can be written as s = 0~ 'oo for some o € I. Moreover, if v € T,
v # +1, fixes s (a parabolic element), then oyo~t = £T" for some h # 0.

Proof. The first statement is Proposition 3.1.5 (applied to s, giving 7 € I with 700 = s; put o =

1 a

7~1). For the second, oyo~!(c0) = 07y(s) = 0s = 00, s0 oyo ! = (Z Z) fixes co. Then & = oo

forces ¢ = 0; since ad —bc = ad = 1 with a,d € Z, a = d = 1, and oyo ™! = + (é jib> =+T",

with h # 0 since v # £1. |

Notes. In my handwritten notes this was approached via eigenvalues: a parabolic v € SLs(Z)
has tr(y)?2 = 4dety = 4, so its characteristic polynomial is A2 F 2\ + 1 = (A F 1)2, with the
double eigenvalue +1; and the conjugacy to =7" was then explained (with the help of an
AT chat) via the transitivity of SLa(R) on R U {co}. The direct argument above, using only
Proposition 3.1.5 and the stabiliser of oo in SLgy(Z), suffices for our purposes.

/
Proposition 6.2.6 (%)

Let f be invariant under I (weight k), and let v1,7v2 € T’ with 300 = 7/~900 for some 7' € T”
(i.e. the cusps 100 and 200 are [-equivalent). Then the gy-expansions of f|xy1 and f|xy2
differ only by multiplying each coefficient a, by a nonzero constant (a root of unity). In
particular, the smallest power of g5 occurring is the same.

-

Proof. Suppose 7100 = 7'y200 for some 7 € I'. Then Ay 'yy900 = o0, i.e. oo is fixed by

7 972 € T. Any matrix in SLy(Z) fixing oo is + (1 h

0 1] 7= +T" (proof of Proposition 6.2.5).

Then
Vi =£T" = e =£0) T nI"

Now let g(2) = (flx71)(2) = X ane®™™*/N = a,q% be the expansion at the first representa-
tive. For the second representative, by Proposition 6.1.2,

Flevs = AL () 0T = (((FED) ) ) e ) k7"

Since f|x(£I) = (£1)¥f (Remark 6.1.3) and f|p(y)~' = f (f is invariant under I, and (7/)~! €
1),

(Fli2) (2) = EDF((Fly) W T") (2) = (EDF (gl TM)(2) = (£1)¥g (= + h)
— (:l:l)k Z an627ri(z+h)n/N _ (:l:l)k Z anGQWihn/NSQWizn/N k Z 27rzhn/N

n

2mihn/N s a root of unity (a nonzero complex constant), the ¢y-expansion at 7o differs

keZﬂ'ihn/N ) [

Since e
from that at ; by the nonzero factors (£1)

Definition 6.2.7 (Behaviour at a cusp)
Let f € O($) be invariant under I, and let s € QU {oo} with s = ypo0, 79 € I'. We say that

fis
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(1) meromorphic at the cusp s if (f[k0)(2) = 2> anglyy for some M;
(2) holomorphic at the cusp s if (fx70)(2) = Xp>0 ndN;

(3) wanishes at the cusp s if (f|70)(2) = 2,51 anqly-

By Proposition 6.2.6 these properties depend only on the I"-equivalence class of s, not on the
choice of 7. Thus f is a modular function / modular form / cusp form for I" iff it satisfies
(1) / (2) / (3) at a set of representatives of the (finitely many, Problem 3.4.9) cusps of I", in

addition to being invariant (and holomorphic on ) in the last two cases).
N J

6.3 Stabilisers of cusps and odd weight

If —I € I”, there are no nonzero modular functions of odd weight k: since —I € I",
b7
1) = F(=1)@) = ()7 (5) = =f(2),
so f = 0. (For I" = SLa(Z) this was observed in Chapter 4.) But if —I ¢ I, odd weights are

possible.

Correction. In my handwritten notes, I'(2) was given as an example of a group not con-
taining —I. In fact —I € T'(2), since —1 = 1 (mod 2). Examples with —I ¢ I” are I'1(N)
and I'(NV) for N > 3 (as —1 # 1 (mod N)).

-
Proposition 6.3.1 (Stabiliser of co)

Let I" < T be a congruence subgroup and I' the stabiliser of co in IV. Then I'_ - {£I} =

(£Th) = {£T™" : m € Z} for some h > 1. More generally, for a cusp 2 = 0 'oo (0 € T),
ol! o=t - {£I} = (£T"), where h is the width of z.

-

Proof. Let v € T'; then v(oc0) = %is =% = 00,50 c=0. Since ad —bc = 1, ad = 1, so
1 b

azdzlorazdz—l,andyz:&(o 1

) = +T° b € Z. Thus every element of I is of

1 b
01
b+ T®, is an isomorphism (Z,+) = (U,-). Every subgroup of Z is cyclic, generated by some
h > 0; hence so is every subgroup of U, generated by T". The image of T, - {41} in U (forgetting
the sign) is such a subgroup, and it is nontrivial since TV € T'(N) C I'". Hence I', - {£1} = (£T")
with h > 1.

the form +£T°. The set U = {( ) : b € Z} is a group under multiplication, and ¢ : Z — U,

1 1

For a cusp ¢ = 0 loo: v € I, iff yo = x iff oyo~1oo = 00. So oT%o~! is the stabiliser of oo in
the congruence subgroup oI’o~! (which contains I'(N)), and the first part applies. |

N
Definition 6.3.2 (Regular and irregular cusps)

Let = 0~ 'oo be a cusp of I'V of width h.
o If -1 €T, then 0T 0~ = (—I,T").

o If —T ¢ T’, then exactly one of T" —T" lies in oI o~': if both did, then —I =
(=Th)(T")~' € ol"o7!, hence —I € I'. If oT" 0~ ! is generated by T", the cusp z is

called regular; if it is generated by —T", it is called irreqular. y
-
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\
Proposition 6.3.3

Let f be invariant under I” of odd weight k, —I ¢ I, and let 2 = o0~ ‘oo be a cusp of width
h. Put g = f|xo~!. Then

(2) {zn cven a€™ N = S o regular,
g\z) =

Y odd Cn€™ M, x irregular.
~ Y

Proof. First, g is invariant under oIVo~!: for all v € I",
glk(ove™) = (fleo korvo ™) = flelotorvo ) = flayo ™ = (flin)lko ™' = flro ™ = g.

(1) If z is regular, T" € ol'o7', so g|pT" = g, ie. gz + h) = g(2), and g(z) =

~ 2mimz/h _ minz/h
ZmGZ Cme /h = Zn even Cn€ / :

(2) If x is irregular, —T" € oo™}, s0 g|(—=T") = g, i.e. (=1)*g(z + h) = g(2), and since k
is odd, g(z + h) = —g(z). Then g(z + 2h) = —g(z + h) = g(z), so g is 2h-periodic and
9(2) = ez cn€?™ 2 = S ¢ e™2/h n addition, from g(z + h) = —g(z):

Z cneﬂ'zn(z—i-h)/h _ Z cnefrznz/h Z cnemnz/heﬂ'm - Z cneﬂ'znz/h.
n n n n

Since €™ = (e™)" = (—1)", comparing coefficients gives (—1)"c, = —cg; if n is even,
Cp = —Cp, S0 ¢, = 0. Hence only odd n occur. |

6.4 The valence formula and a dimension bound

For z € § let T; be the stabiliser of z in T'. If z is not T"-equivalent to ¢ or p, then T; is trivial
(Theorem 3.3.2(3)); if z is equivalent to i or p, then #L', € {1,2} resp. {1,3} (generated by a
conjugate of S resp. ST, if any). Points z with #flx > 1 are called elliptic points of T; there are
only finitely many modulo I". At a cusp s of width h, the order vs(f) is measured in the local
parameter g, (and in e™*/" at an irregular cusp in odd weight).

4 N
Theorem 6.4.1 (Valence formula for I")

Let I" C SLy(Z) be a congruence subgroup and f # 0 a modular function of weight k for T”.

Then L
> ”m(f)+ > vs(f):ﬁ[f:f'],

=/
zel’\H #Fax secusps(I')

where [T : T'] is the number of cosets of T' in T.
N J

Proof sketch. Let T = | I, T and consider F = [T, flkei. Replacing «; by 7' does not
change f|r; up to a sign, and right multiplication by v € I' permutes the cosets; hence F? is a
modular function of weight 2kn for SLy(Z). Applying Theorem 4.3.2 to F? and computing the
orders of F2: a point & € $ not equivalent to i, p has n preimages a;lx modulo IV, counted
with the multiplicity #f; in the elliptic cases; and the cusp oo of SLg(Z) splits into the cusps of
I, a cusp of width h accounting for h of the n cosets. Dividing by 2 gives the formula; see [1,
Thm. 3.5.1 and §3.1] for the details. |
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Correction. In my handwritten statement the stabiliser was taken in T' (“T'; the stabilizer
of z in I'”); it must be the stabiliser in T'. We work in T because v and —v act in the same
way on §), so I and —I are the same transformation.

~
Proposition 6.4.2 (1) If k < 0, then M(I") = {0}.

(2) Mo(I") =C.

-

Proof. Let f € M(T"), f # 0. Then f is holomorphic on $) and at the cusps, so v, (f) > 0 for all
x € $H Ucusps(I), and the left-hand side of the valence formula is nonnegative.

(1) If k < 0, the right-hand side is negative; so no such f exists, i.e. My(T") = {0}.

(2) Tt is clear that C C My(I"”). Now let f € My(I"), and let ¢ = f(z1) be the value of f at some
cusp 1 (the constant term of its expansion there). Since ¢ € My(I"), g = f — ¢ € My(T"),
and g(z1) = f(x1) — ¢ = ¢ — ¢ = 0 implies that g has a zero at x1, i.e. vy, (g) > 1. If g # 0,
this contradicts the valence formula (whose right-hand side is 0). So g =0, i.e. f = ¢, and
My(I'") C C. [

Proposition 6.4.3 (Dimension bound)
dim M,(I") < &[T : T+ 1.

Proof. Let M = E[T '] be the right-hand side of the valence formula, and let R = | M| + 1
be the unique integer with M < R < M + 1. Since I"” has only finitely many elliptic points and
cusps modulo I, we can choose R distinct non-elliptic points of I\ $:

P1,P2,..-,PR € F/\S’-’)

Suppose, by way of contradiction, that dim My(I'') > R+ 1. Then we can choose R + 1 linearly
independent modular forms f1,..., fry1 € Mi(I); let V =span{ fi,..., fr+1}, so f € V means
f=a1fi+ -+ ars1fr+1- Construct the linear map

T:VoCR T = (). f(02)s- . foR)

(choosing a representative of each p; in £)). By the rank—nullity theorem, R +1 = dimV =
rank(7) + null(7) < R+ null(7), so null(7) > 1. Thus there is a nonzero f € V with 7(f) =0,
ie. f(p1) = f(p2) = --- = f(pr) = 0. This implies that f has R distinct zeros at the p;, so
vp, (f) > 1. Because #f;i =1 for all non-elliptic points p;,

o on(f) 5
LHS > 2222 >3 1= R > M = RHS,
i=1 #Fpi i=1

a contradiction. So dim My (I") < R < M + 1. [ ]

6.5 Growth conditions and cusp forms

We would like to characterise holomorphy at the cusps by a polynomial bound.

94


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

4 N
Lemma 6.5.1
Let 7 = CCL 2 € SLy(Z) with ¢ # 0, and let h > 0. There are constants C7,Cy > 0 such
that for all z =z + ¢y with |z| < h and y > 1:
2 2 2 2 Y
c <lez+d|* <C and Im(r2) = ———— < — < 1.
y | | i (72) lez + d|2 2y
N J

Proof. |cz+d* = (cx + d)? + y? > 2y?, and (cx 4+ d)? < (|c|h + |d))2 < (|| h + |d|)*y? for
y > 1, so we can take C1 = (|c|h + |d|)? 4+ ¢2. The second claim follows from Im(7z) =

and ¢ > 1.

Y
|cz+d[?

4 )
Proposition 6.5.2

Let f be holomorphic on $ and invariant under I in weight k. Suppose there are C,v > 0
such that
|f(x+iy)| < Cy™” forallz€e Rand 0 <y < 1.

Then f is holomorphic at all cusps, i.e. f € My(I"). If moreover v < k, then f € Si(I").
-

Proof. Let s be a cusp of IV. We may assume s # oo: indeed (]17 (1)

to %, so 0o is IV-equivalent to the finite cusp %, and holomorphy /vanishing only depend on the

) € I'(N) C I'" maps oo

class (Proposition 6.2.6). Choose o € I' with os = oo, and write 0! = <Z Z)

Claim: ¢ # 0. Suppose, by way of contradiction, ¢ = 0. Then o~ = + <(1) i), s0s=o0"loo=

oo, a contradiction.

Let g = f|go~1; it is invariant under oI'o~! (proof of Proposition 6.3.3), so g(z + H) = g(2)
for H = h or H = 2h (h the width), and g(2) = 3,z ane*™™*/#. Since g is holomorphic, for
every y > 0 (changing the contour integral over |qy| = e~2m/H into an integral over a horizontal
segment, as in Theorem 5.0.4),

g(x +1iy) d
n H / 627rzn(x+zy /H L.

Now estimate g for |x| < H, y > 1. By Lemma 6.5.1 (with 7 = 0~ 1), 0 < Im(c712) < 1, so by

assumption

C(\cz +d?
Y

and |j(a_1,z)|_k = lez+d| ™" < |¢|FyF (for k > 0; for k < 0 use the upper bound instead).

Hence

‘f(a_lz)‘ < C Im(c 1) ) <CCly,

9(2)] = |(det o ) 2j(07 1 o) F o )| < 'y (e < H, y 2 1),

uniformly in z. Substituting into a,, and using ‘6*2””(“@)/ H ‘ = e2my/H

1 H
|an| < ﬁ/o C/yy—ke%rny/H de =’ yz/—k:627rny/H (y > 1)

o If n < 0, then e2™¥/H decays faster than y”—* grows as y — oo; so lan| < 0, ie. a, = 0.
Hence g has no negative powers: f is holomorphic at s, and f € M(I").
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o If n =0, then e>™¥/H =1 50 |ag| < C'y*~F. Since v < k, y* % = 0 as y — o0, 50 ag = 0, i.e.
f vanishes at s, and f € Sg(I"). [ |

Correction. In my handwritten statement the hypothesis was “f(z) = O(Im(z)™") as
Im(z) — o0”. The proof (and Koblitz’s statement) uses the behaviour as Im(z) — 0, uni-
formly in Re z: the point is that o~z approaches the real axis when z — ico. Also, the case
of the cusp co (where o = I and the argument does not apply directly) is handled by moving
to an equivalent finite cusp; my notes simply assumed x # oco. Finally, my notes reduced
odd k to even k by passing to f?; working with the period H = 2h avoids this.

[
Theorem 6.5.3 (Characterisation of cusp forms)

Let f be holomorphic on $ and invariant under I in weight k£ > 0. Then

feSuI) < ¢(2):=|f(2)] Im(2)*/? is bounded on §.
o

Proof. (<=) If ¢(2) is bounded on $ by some M, then |f(2)| < M Im(z)~*/2. Since & < k, by
Proposition 6.5.2 (with v = £), f € Sy(I").

(=) Let f € Sk(I"). Note that ¢ is invariant under I': for v € T”,

Im 2

Im+wym=U@HM@W=¢@,

6(72) = [F(v2)] Im(y2)"? = |(ez + ) (2)]
and ¢ is continuous on ). More generally, for 7 € SLy(Z) the same computation gives

é(72) = |(fle7)(2)] Tm(2)*/?,
since | £(72)] = [§(7, 2)[* |(f[s7)(2)] and Tm(72)"/2 = Tm(2)*/2/ |i(7, 2)|".
Write T = ||, oI and F' = U; a;lF (Proposition 3.3.3); every z € § is IV-equivalent to a
point of F”, so supg ¢ = max; sup,cp ¢(a; 'w). For each i, ¢(a; 'w) = ’(f|ka;1)(w)’ Im (w)*/2.

Since f vanishes at every cusp, f\kai_l =3 .51 aneX™ W/ H . for Imw >V,

‘(f‘kaz_l)(w)‘ < Z ‘an‘ e—ZﬂnIm(w)/H
n>1
_ e—27rIm(w)/H Z |am+1|e—27rmlm(w)/H < ]\47;6—27rh’n(w)/H7

m2>0

the last sum being bounded for Tmw > Y. Hence ¢(a; 'w) < M;e™ 27 ™)/ H [ (1)*/2, which
tends to 0 as Imw — oo since the exponential decays faster than the polynomial grows. On the
compact part F N {Imw < Y} the continuous function w + ¢(a; 'w) is bounded. Thus ¢ is
bounded on $. [ |

Correction. In my handwritten proof the invariance computation ended with “|f(2)| Im(z)”
(the exponent & was missing), and the formula for ¢(c~'z) should contain |(f|ro~1)(2)]
with absolute value. The boundedness was shown “in a neighbourhood of each cusp”; the
decomposition F' = |Ja; LF makes the passage to all of §) precise.

p
Theorem 6.5.4 (Hecke bound for I")

If f e Si(I)and f(2) = 2,51 angj, is its expansion at oo (h the width of o), then a, =
O(n*/?). The same holds for the expansion at any cusp.

-
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Proof. By Theorem 6.5.3 there is M with |f(z)| < M Im(z)"%/2 on $. As in Theorem 5.0.4,
ap = %foh f(z + iy)e 2@+ w)/h dg for every y > 0, s0 |a,| < My */2e2™¥/" and choosing
y = % gives |an| < Mn¥/2¢?7/" For a cusp s = o 'oo we apply this to f|po~!, which lies in
Si(oT'o~1): it is invariant under oI'o~! (proof of Proposition 6.3.3), the group oI'o~! contains
ol (N)o~t =T(N), and for 79 € T, (f|ro™Y)|xY0 = fle(o ™ y0) with 0= 1yg € T, so it vanishes at

all cusps. ]

Notes. My handwritten Note 6 ends with the statement of the Hecke bound and the begin-
ning of the claim f € Sp(I") = f|ro~! € Si(cI'o~1); the proofs above complete them. An
example in my notes on the cusps of I'g(p) (deciding which ¥ are equivalent to co or 0) was
crossed out; it is covered by Problems 3.4.7 and 3.4.9.
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Chapter 7

Properties of Modular Forms of Congruence Subgroups

Let IV be a congruence subgroup, i.e. I'(N) C IV C SLy(Z) for some N. We usually restrict
ourselves to the groups I'g(N) and I'1 (N). In this chapter we compare spaces of modular forms for
different groups, introduce Dirichlet characters and the decomposition of M (I'1(N)) according
to the Nebentypus, discuss oldforms and the Atkin—Lehner involution, and construct the first
concrete examples: Eisenstein series for I'g(p) and powers of the Jacobi theta function. We follow
[2, §I11.3] and [1, §§1.2, 4.2-4.3].

7.1 Changing the group

Proposition 7.1.1
If I C T are congruence subgroups, then My(I") C My (T") and Si(I") C Si(T").

Proof. 1. Modularity. For all f € M(T"), flgy = f for all y € I". So, as every 7" € T lies in I",
it also holds that f|xy" = f.

2. Behaviour at the cusps. The cusps of I and of I are the same set QU{oo}, but the equivalence
classes might differ: two cusps z,y are I'-equivalent if vz = y for some v € I, and since I'V is
smaller, v might not lie in . (My notes also observe that a cusp x fixed by a parabolic v € T” is
fixed by some power v*~® € I”: by the pigeonhole principle two of the powers v,+2, ... lie in the
same coset of the finite index subgroup I'”.) Let x be a cusp and o € SLy(Z) with oz = co. Let h
be the width of x for I, so oT%0~!- {£I} = (£T") (Proposition 6.3.1). Then oT%o~! < ol 071,
and as any subgroup of the cyclic group of translations is generated by a multiple of the generator,
oot . {£I} = (£T"") for some r > 1. Thus, since f € My(I") has the expansion

flro™t = Z ane?m M = Z ap 2T (r)z/(rh) (at the cusp x of ),
n>0 n>0

which is the expansion of f at x as a cusp of I'” (in the parameter g, with exponents nr > 0,
resp. > 1 if ag = 0), f is holomorphic (resp. vanishes) at all cusps of I'”. So f € My (T") (resp.
Sk(T)). |

In particular, since I'(N) C TV, we have My (I") C M(T'(N)).

Proposition 7.1.2

Let o € GL3 (Q) and f € M (T'). Then g = f|« is invariant under a~!T”a and holomorphic
at all cusps; hence g € M, (I'") for every congruence subgroup I' C a~'I"a (and S}, is pre-
served likewise). If a~'I"q is itself a congruence subgroup, then ¢, : My (I'") — My(a~'T"a),
f = flga, is an isomorphism with inverse ¢,-1.

Proof. 1. Modularity. Let g = f|pa; we would like to show g|zy' = g for v/ € a~'I"a. Any such
7' can be written as 7/ = a~ 'y« for some v € I'". Then

9l = ((flre) kot va) = fleya = ((flsn)ke) = flea =g,

since flxy = f.
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2. Bijectivity. Note that (¢,-1 0 ¢o)(f) = ¢o-1(flra) = (flra)|za™t = fll = f. If ¢a(f1) =
da(f2), then (do-1 0 ¢a)(f1) = (da-1 © da)(f2), so fi = fa (injective). In a similar way (¢4 ©
bo-1)(g) = g; so for any g € My (o 'T'a) there is f = glra™! with ¢ (f) = g (surjective; that
f € My (T") follows from parts 1 and 3 applied to a™1).

3. Holomorphy at the cusps is preserved. Let y be an arbitrary cusp and v € SLy(Z) with
~yoo = y; we need to check that g|xy = f|ra7y is holomorphic at co. Since a has rational entries,
z:=ay = (ay)(c0) € QU{oo} is a cusp. Choose o € SLy(Z) with oo = x. Since both oy and o
A B
0 D

replacing P by —P (which changes f|; P only by the sign (—1)¥) we may assume A, D > 0. Then
ay = oP and

map oo to z, the matrix P = o~ tay € GL3 (Q) fixes oo, so P = > with AD = det P > 0;

gy = fleay = flko P = (f|xo)|rP.

Since f is holomorphic at z, (f|x0)(2) = 3,50 an€>™*/". As j(P,z) = 0- 2+ D = D and
Pz = Az+B -
=D

)

Az+ B , .
_ k/2 n—k _ k/2 n—k 2minB/(Dh)\ 2min(A/D)z/h
(9167)(2) = (AD)**D7*(flx0) (=) = (AD)*/*D n§>:0 (ane Je .

Since % > 0, each 2™(A/D)z/h wwith n > 0 stays bounded as z — ico (and tends to 0 for n > 1):
this is an expansion in nonnegative powers of €27(4/D)z/h S ¢ is holomorphic at y (and vanishes

there if ag = 0). [

Correction. In my handwritten notes the proposition was stated for « € GL3 (R). For
general real o the group a~'Ia need not be contained in SLo(Z) and « need not map cusps
to cusps; one needs o € GL3 (Q). Also the factor (det P)*/2 was omitted in the computation
of (flko)|xP (it is a harmless nonzero constant), and the step “oy = oP” should read
ay =oP.

Proposition 7.1.3
If f € Mi(T'(N)), then f(Nz) € Mg(T'1(N?)).
-

Proof. Let a = (N 0

0 1) € GL3 (Q). Note that

(k) (=) = (et @)*2j(a, ) (0

= f(Nz) = N"*2(flra)(2).

) = N¥2(0: +1)7F f(Nz) = NV2F(N)

By Proposition 7.1.2, f|ga is invariant under o 'T'(N)a and holomorphic at all cusps. To
show f(Nz) € My(T'1(N?)) it suffices to show T'1(N?) C a 'T'(N)a, which is equivalent to

a

al'1(N?)a=! CT(N). Let v = € I'1(N?) be arbitrary. Then a = d = 1 (mod N?) and

b
d

c=0 (mod N?). Conjugating with a (where a~! = (1/0N ?))

(6 -0 B -0 %)

Since ¢ = 0 (mod N?), ¢/N € Z and ¢/N = 0 (mod N). Since a = d = 1 (mod N?), also
a=d=1 (mod N). Also Nb =0 (mod N). Thus aya~! € T'(N). Done. |
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n>0 n>0

cusp.) So it suffices to study the spaces My (T'1(M)), M = N2.

7.2 Dirichlet characters

Correction. In my handwritten notes oo = (](;f (1)> was said to lie in I'(IV); it has determi-

nant N, so o € GL3 (Q), which is why Proposition 7.1.2 is needed in that generality.

Notes. Why f(Nz)? Because we are going to compare coefficients of expansions in powers
of €2™% not of €>™#/N. Every f € My(T'(N)) has f(z) = >n>0 ane?™#/N and then

F(N2) = 3 ane2 (NN _ § o c2mins

has the “same” Fourier coefficients. (Every cusp of I'(/V) has width N, because I'(N) <
SLy(Z) gives T'(N), = oY (£T™)o NT(N); so z — Nz normalises the expansions at every

Note that (Z/NZ)* = {a € Z/NZ : gcd(a, N) = 1} is a finite abelian group under multiplication.

p
Definition 7.2.1 (Characters)

satisfies ¢(g)I¢ = ¢(gl¢l) = 1, i.e. is a root of unity.

A character of a finite abelian group G is a group homomorphism ¢ : G — C* (so p(ab) =
@(a)p(b)). The trivial character maps every element to 1. Since gl¢l = 1, every value ¢(g)

\

J

Definition 7.2.2 (Dirichlet character)

function x : Z — C,

() = {go(r mod N), ged(r,N) =1,

.

Let ¢ : (Z/NZ)* — C* be a character. The associated Dirichlet character modulo N is the

~

0, ged(r, N) > 1.
J
. A
Proposition 7.2.3
A Dirichlet character x modulo N satisfies:
(1) x(r+N) = x(r) for all r € Z;
(2) x(rs) = x(r)x(s) for all r, s € Z;
(3) x(1) =1
J

Proof. (1) Note ged(r + N, N) = ged(r, N) (r + N and N share exactly the common factors of r

and N).

o If ged(r + N,N) = 1, then ged(r,N) = 1, and (r + N) mod N = r mod N, so x(r + N) =

o((r+ N) mod N) = ¢(r mod N) = x(r).

o Ifged(r+N,N) > 1, then x(r+ N) = 0; also ged(r, N) > 1, s0 x(r) = 0. So x(r+N) = x(r).

(2) If ged(rs, N) = 1, then both ged(r, N) = 1 and ged(s, N) = 1. Thus, as ¢ is a homomorphism,

x(rs) = ¢(rs mod N) = ¢((r mod N)(s mod N)) = ¢(r mod N)p(s mod N) = x(r)x(s).
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If ged(rs, N) > 1, then x(rs) = 0. Also, ged(rs, N) > 1 means that one of r or s shares a prime
factor with N; WLOG ged(r, N) > 1, so x(r) = 0. Thus x(rs) =0=0- x(s) = x(r)x(s).

(3) ged(1,N) =1, and x(1) = ¢(1) = 1 since a homomorphism maps the identity to the identity.
|

The trivial character modulo N is iriv(r) = 1 if ged(r, N) = 1 and 0 otherwise.

-
Definition 7.2.4 (Lifting; conductor)
If M | N and x is a Dirichlet character modulo M, it can be lifted to a character x’ modulo
N:
x(r mod M), ged(r,N) =1,
e { ( (r, V)

0, else.

The conductor of a Dirichlet character x modulo N is the smallest positive integer ¢ | N
such that there is a character x¢ : (Z/cZ)* — C* with x(r) = xo(r mod ¢) for all r with
ged(r, N) = 1, i.e. x is the lift of a character modulo ¢. If the conductor is N, x is called

primitive.
N J

Correction. In my handwritten notes “M | N” was explained as “M = kN, so M smaller
than N”; it should be N = kM.

Example 7.2.5. (1) The conductor of xtyiy modulo N is 1. Note that ¢ = 1 divides N. Since
(Z/1Z)* = {0}, there is exactly one character xo : (Z/1Z)* — C*, with yo(r mod 1) = 1
for all r. Now, for all » with ged(r, N) = 1, by definition of Xtyiv, Xtriv(r) = 1 = xo(r mod 1).

(2) There are precisely two Dirichlet characters modulo 4, since (Z/4Z)* = {1, 3} is cyclic of
order 2: the trivial one, and

1, r=1 (mod4),
xa()=(=)={-1, r=3 (mod4),
0, 7 even.

The character x_4 is primitive (conductor 4), since the only characters modulo 1 and 2 are
trivial, while x_4(3) = —1. It is odd: x_4(—1) = —1.

Proposition 7.2.6
Let x be a Dirichlet character modulo N. Then x : I'o(NV) — C*, x (Z b) = x(d), is a

group character (homomorphism) of T'o(N), trivial on I'1 (V).

. . . i bi
Proof. We need ¥(1172) = X(1)T(72) for all 71,72 € To(N). Let 5 = (% %) € Ty(v). Thus

a;d; — bjc; = 1, and since ¢; = 0 (mod N), a;d; =1 (mod N), so ged(d;, N) = 1. Thus x(d1),
x(dz2) are both nonzero (roots of unity), so x takes values in C*. Furthermore
_ [ma2 4+ bico  aybs + bids
2 crag +dica crby +dida )’

and since ¢; = 0 (mod N) we observe that the lower right entry satisfies c1by + dide = dids
(mod N). Because x is a Dirichlet character modulo N (periodic and multiplicative),

X(1172) = x(c1bg + didz) = x(did2) = x(d1)x(d2) = X(71)X(72)-
Fory € I'1(N),d=1, so x(y) = x(1) = 1. |
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7.3 Decomposition by the Nebentypus

" )
Definition 7.3.1 (Nebentypus)
For a Dirichlet character x modulo N, let
a b
Mi(N, %) = {f € My(T3(N)) | Fley = x(@)f for all 5 = ( d) e To(M)},
the space of modular forms of level N and Nebentypus (character) x: the subspace on which
Ty(NV) acts by the character y. Define Si(N,x) = Mi(N, x) N Sk(T1(N)).
N J
~
Lemma 7.3.2
To(NV) acts on My(I'1(N)) by v - f = flxy (a right action), I'1(IV) acts trivially, and hence
To(N)/T1(N) = (Z/NZ)* acts: for d € (Z/NZ)* put (d)f = f|iya, where 74 € To(N) is any
matrix with lower right entry = d (mod N).
N J
Proof. Well defined. Let f € My(I'1(N)) and v € T'o(N). For any 1 € I'1(IV), since I'1(N) <

[o(N) (Proposition 3.2.4), yy17~1 = 72 € I'1(N). Thus, applying |x71 to f|r7,

(Flen) e = Flvn = fleOmy™) = flerey = (Flev2) ey = fler,

since f|xy2 = f. Hence f|g7y is invariant under I'; (NV); it is holomorphic at the cusps by Propo-
sition 7.1.2 (with @ = ). So f|xy € My(I'1(NV)), and Proposition 6.1.2 shows that this is an
action. Next, I'; (V) acts trivially, by f|xy = f. Because I't (N) < To(V) and I'1 (V) acts trivially,

d
(proof of Proposition 3.2.10(3)). Concretely, if 7,7 € T'o(NN) have the same d mod N, then
vyt € Ty(N) and fliy' = (fley v DIy = flwy. Since (Z/NZ)* is abelian, the order of
composition does not matter. |

the quotient I'g(N)/I'1(N) acts as well; and I'o(N)/T1(N) = (Z/NZ)* via (Z b) — d mod N

Theorem 7.3.3 (Decomposition)
Mi(T1(N)) = @ Mr(N,x),  S(Ti(N)) = D Se(N, ),

the sums running over all Dirichlet characters y modulo N.

Proof. We use the following facts about the characters of the finite abelian group G = (Z/NZ)*,
of order ¢(N) [4, Ch. VI, §1]: there are exactly ¢(N) characters, and

TN QO(N)7 X =1, _ (P(N)7 d=1,
o0 T v - {7 o T - {1

For each x define the linear operator on My (I'1(N))

1 _
exf = W Z x(d) (d) f.

deG

exf € Mp(N,x): for v € I'g(IN) with lower right entry dp, using that (-) is an action of the
abelian group G,

(ex )iy = @SN) S X@) (ddo) f = @(1N> NG S = x(do) e,

d
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substituting d’ = ddy and using x(dy ') = x(do) (x(do) is a root of unity).

Seexd = [ by (02), ©exf = oy Sa(S @) d)f = Shre(N)(1)f = | (note x(d) =
x(d ) and d7t =1iff d = 1).

The sum is direct: if f € My(N,), then (d)f = ¥(d)f, so by (O1) e, f = ﬁZd@@b(d)f
equals f if x = ¢ and 0 otherwise. Hence if >°,, fy = 0 with f;, € My(N,), applying e, gives
fx=0.

The same argument applies to Si(I'1(N)), since (d) preserves cusp forms (Proposition 7.1.2). W

Notes. In my handwritten notes the proof is “KOBLITZ” together with a diagram:
the action of T'o(N) on Mg(T'1(N)), the trivial action of T';(NN), the induced action of
Io(N)/T1(N) = (Z/NZ)*, and the fact that a finite-dimensional representation (here
M (T'1(N)) is finite dimensional by Proposition 6.4.3) of a finite abelian group decomposes
into one-dimensional irreducible pieces, i.e. into eigenspaces for the characters. The projec-
tors e, above make this decomposition explicit.

4 N
Proposition 7.3.4 (1) Mg(To(N)) = Mg(N, Xtriv)-

(2) Every f € My(N,x) has a Fourier expansion at oo of the form f(z) = >, >0anq",
2miz -
q=¢eT"%.

(8) If x(~1) # (~1)F, then My(N, x) = {0}.
\ J

Proof. (1) By definition, My (N, Xtriv) = {f € Mp(T1(N)) : flxy = Xuiv(d) f Vy € To(N)}.

“C”: Let f € Mp(Io(N)); since I'1 (V) € I'o(N), My(To(N)) € Mi(I'1(N)) (Proposition 7.1.1),

a b
d

ged(d, N) =1, 80 xtriv(d) = 1; and since f € Mi(To(N)), fley = f =1-f = Xuiv(d) f. Therefore

f € Mi(N, Xtriv)-

“D7”: Let f € Mp(N, xtriv); then f € Mp(I'1(N)) and f|ry = xuriv(d) f for all v € T'g(IV). Again

Xuiv(d) =1, 50 flpy = f, and f € My (T'o(N)).

11

01

the width of co is 1, and f(z + 1) = f(2). Thus f(z) = 3,50 an€*™"*.

(3) Note that —I € T'o(N) (with d = —1). So for all f € My (N, x),

(le(=D)(=) =x(-1f(z) = (D f(z) =x(-1)f(z) = (-1)* =x(-1)f(z) =0.

If x(—1) # (—1)*, the only solution is f = 0. (So if k is odd and x(—1) = 1 (x even), or k is even
and x(—1) = —1 (x odd), then My(N,x) = {0}.) |

so f € Mp(I't1(N)). For all v = € I'p(IV) we have ad —bc =1 = ad =1 (mod N) =

(2) Since T' = € I'1(IV), the stabiliser of co in I'; (N) is the same as in SLy(Z) up to +1,

7.4 Oldforms and the Atkin—Lehner involution

Oldforms are modular forms of higher level that come from lower levels (divisors of V). There
are two ways to raise the level.
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Proposition 7.4.1 (Method I: inclusion)
If N | M, then My(T'o(N)) C Mp(T'o(M)).

Proof. If N | M, then M = kN for some integer k. Thus for all v = “ Z eTo(M): ¢c=0
(mod M), ie.c=1IM = (lk)N,soc=0 (mod N). SoI'g(M) C T'¢(N), and by Proposition 7.1.1,
Mp(To(N)) € My(I'o(M)): every modular form of level N is of level M if N | M. [

Proposition 7.4.2 (Method II: the shift operator)
If f € M(To(IN)) and ¢ > 1 is an integer, then f(¢z) € My(To(N¥¢)). The map V; :
Mp(To(N)) = Mi(To(NY)), f — f(£z), is called the shift operator.

Proof. Let f € Mp(T'o(N)) and define g(z) = f(¢z). Let v = “ Z € I'o(N¢). Then ¢ =0
(mod N¥), so ¢ =kN{, ¢/t =kN, and ¢/¢ =0 (mod N). Note that

az—i—b)

(9l (2) = 33, 2) Fa(r2) = 3. 2)FF(002) = 2) A (0

iy _ a(lz) + bl
=3j(7,2) kf(m)

a bl
e/t d
(mod N). Moreover j(v/,2") = (¢/f)(¢z) + d = cz + d = j(,z). We can rewrite
(9l (2) =i (7, ) () = (Fli) () = F(Z) = f(t2) = g(2),
as 7 € To(N) already. Holomorphy at the cusps follows from Proposition 7.1.2, since g =
¢ 0
K2, (0 1). So f(£z) € My(T'o(N¥)). [ |

Let 2/ = ¢z and v/ = >; this lies in T'g(N), since ad — (b¢)(¢/¢) = ad—bc = 1 and ¢/ =0

Report Problem 7.4.3 (Atkin—Lehner involution)
Let f € My(N,x) and wy = (0

N _01> Show that wy normalises I'g(N) and that f|ywy €

1
Solution. wx normalises To(N). We have wy' = + <—(;\7 é) = ( 0 8’) For v = (i b) €

[o(NV), write ¢ = N¢/. Then

[0 =1\fa b\[O0O %\ (- —a\(fO0 X\ ([ d -
UNTON ZAN o) \e d)\=1 0) " \Na No)\=1 0) T \=Nb @ )

This has integer entries, determinant ad — bc = 1, and lower left entry —Nb = 0 (mod N);
so wyywy' € To(N), with lower right entry a. In the same way wy'ywy € To(N). Hence
wnTo(N)wy' = To(N). Note that the lower right entry of wyywy' is a = d~' (mod N).

flewy € Mi(N,X). Let g = flpwy and v € To(N) as above. Then v = wy'y'wy with
v =w N’yw;[l, whose lower right entry is a, and

gley = flewny = fley'wy = (fle?) lkwn = x(a) flewny = x(a) g.

104


https://github.com/Peanut2Butter9

Moh Hasbi Alfarizi Research Notes on
github.com/Peanut2Butter9 Modular Forms and Hecke Operators

Since ad = 1 (mod N), x(a)x(d) = x(ad) = x(1) = 1, so x(a) = x(d)~! = x(d) (x(d) is a root
of unity). Hence g|ry = X(d)g for all v € T'g(N); in particular g is invariant under I'y (V). Since
wy € GL3 (Q), g is holomorphic at all cusps by Proposition 7.1.2. Therefore f|pwy € Mi(N,X).

Finally, w% = _év —(}V = —NI, so (flswn)|pwny = flg(=NI) = (=1)*f (Remark 6.1.3);
thus |pwy is an involution up to sign. |

7.5 [Eisenstein series for I'o(N)

-
Definition 7.5.1
For even k > 2 define

1 1 1
EkJV(Z) =35 K Gk,N(z) - TNk
2 gediod)=1 (cz+d) (e dE0.0) (cz+d)
¢=0 (mod N) ¢=0 (mod N)

The factor % accounts for the pairs (¢, d) and (—c, —d), which both appear since ged(c,d) =

ged(—c,—d) =1 (=1 € To(N)). Both series converge absolutely and uniformly on compact
subsets of §) (they are subseries of Gy, Proposition 4.2.3), so they are holomorphic.

J
. )
Proposition 7.5.2
Let p be a prime and k > 4 even. Then
1 1
Grplz) =2(1 - F)C(k) Brpl2)+ 5Gu()  and  Grp(z) = Gi(p2),
and consequently
141 1 2k 141 n 1 n
Brp(z) = (1=-5)  (Bu(p2) = 5 Bu(2)) = 1-5-(1- %) %(ak_l(p) ~Foa ()",
where o1 (n/p) = 0 if p { n. In particular Ej, € My(To(p)).
. J

Proof. First formula. Split the pairs (¢, d) # (0,0) with ¢ = 0 (mod p) according to whether p { d
orpld:

1 1
Geplz)= Y _t
ooy, =0 () (& + D a0 (Ztd)
ged(d,p)=1 c=0 (p), d=0 (p)

(1) (2)

We partition the sum over all pairs (c,d) by extracting their greatest common divisor n =
ged(e,d) > 1: ¢ = nd, d = nd' with ged(c¢’,d’) = 1. Since p is prime, the condition ¢ = nd’ =0
(mod p) has two cases, p{n or p | n.

(1) If ptn,ie ged(n,p) =1, then p | ¢; and then p t d’ (as ged(¢/,d’) = 1), so pt d. Conversely
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p1d forces ptmn. So part (1) is

1 1 1
ngl gcd(g’)zl (ndz +nd )~ ( n;l nk) <gcd(§/)= (dz+ d’)k)
ged(np)=1 =0 (p) ged(n,p)=1 ¢=0 (p
1
= Z 2B ,(2).
(X )
ged(n,p)=1
Note that Zn> nilk C(k) and Zm>1 (mp = k Z mi = plk C(k)a S0 chd(n,p) Lk =
¢(k) — 17(( =(1- #)C( Therefore part (1) equals (1- o 1VC(k) 2B (2).
(2) If p| cand p | d, then ¢ = pC and d = pD with (C, D) # (0,0) arbitrary. So
1 1 1
Z —_— = —_—— = —G (2).
k Z k Kk
@ )?50(0(’0)) (cz+d) P* D00 (Cz+ D) P
c=d=0 (p

Therefore Gy ,(z) = 2(1 — #)C(k)Ek,p(z) + #Gk(z).
Second formula. On the other hand, splitting off ¢ = 0 and writing ¢ = p,

1
Grp(2) Z + Z (Cpz + d) ZO ) o)+ afF Gr(p2).

w4 i (e d)£(0,

Conclusion. Substituting Gi(z) = 2¢(k)Ex(z) and Gi(pz) = 2((k)Ek(pz) (Theorem 4.2.8) and
dividing by 2((k):
1 1 14-1 1
Ex(pz) = (1- F)E;W(z) +5BE) = Bile) = (1- F) (Ex(p=) - ﬁEk(z)).

Since Ey(pz) = 1— é—i > om>1 Tk—1(m)gP™ = 1— é—i Y on>10k—1(n/p)q", we get Ex(pz)— #Ek(z) =
(1- I%) — %—i w(ok—1(n/p) — Z%U,yg_l(n))q", which gives the g-expansion. Finally Ej(z)

S
M (To(1)) € My(To(p)) and Ey(pz) € My(I'o(p)) by Proposition 7.4.2, so Ej, € Mp(I'o(p)). W

Correction. In my handwritten notes the first formula was written with the factor 2(1—p*);
it should be 2(1 — p~*), as in the derivation.

Proposition 7.5.3
For a prime p, Es,(2) := Ea(2) — p Ea(pz) € Ma(To(p)).

Proof. 1t is holomorphic on §, and its g-expansion 1 —p—243", (o1(n) —po1(n/p))q™ shows that

it is holomorphic at co. At the cusp 0, using Fa(—1/z) = 22E»(2) + % for z and for z/p (note
—2-_1)
z z[p/

2
(BapS)(2) = 22 [2Ea(2) + 2 - () + 6;{1’)] = By(2) ;EQ(;),
an expansion in nonnegative powers of ¢, = e2miz/p. g0 E, ,, is holomorphic at 0 (and I'g(p) has
only the cusps oo, 0). To show E,, € M(I'g(p)) it therefore suffices to show the invariance
under T'o(p). We know (Theorem 4.7.2, with Ey = 2 G,) that for all v € SLy(Z), in particular
v € Lo(p),
12¢(cz + d)

Ey(v2) = (cz 4 d)*Ex(2) + Gy

(%)
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_ +b _ _a(pz)+bp I y_ [ a bp) ' ;
Also, p(yz) = pEfy = o a- et 2 =pzand o = ¢/p d)’ then ~" € SLy(Z), since

¢ =0 (mod p) gives ¢/p € Z, and ad — bp(¢/p) = ad — be = 1; and p(vyz) = 4'2’. Thus, by (%)
applied to 7/ and 2/,

oy (C 2 / 12(6/17)(%2’/ + d) _ 2 12(c/p)(cz + d)
Ey(v'2") = (pz + d) Es (') + s = (cz + d)*Ea(pz) + s
substituting back 2’ = pz. Multiplying both sides by p:
12¢(cz +d
pEs(py2) = p(ez + d)*Ey(pz) + (27”)
Hence
Esp(v2) = E2(v2) — pE2(py2)
12¢(cz + d) 12¢(cz + d)

_ 2 _ 2

= ((cz + d)*Ea(z) + 5l ) (p(cz + d)*Es(pz) + 9 )

= (cz + d)*(Ex(2) — pE2(pz)) = (cz + d)?Bap(2).
Therefore Es;,(z) € Ma(T'o(p)). [ |

7.6 Jacobi’s theta function

Definition 7.6.1
o

Z qn2 — Z 627rin2z’ 2EH

n=-—00 nez

This series converges absolutely and uniformly on compact subsets of ), since there [¢] <r < 1
and ), e < o0; so it defines a holomorphic function on §). Notice that

H(TZ) — 9 Z + 1 ZeQﬂzn (z+1) 2627”” z 27rzn — 9(2)?
71

and as z — i00, 8(z) — 1 (only n = 0 survives).

Theorem 7.6.2
For z € §, with the principal branch of the square root,

0(z) = (_;iz>1/29(—£), equivalently 0(—i) = (2%2)1/29(2)-

Proof. Both sides are holomorphic in z € $ (note Re(—2iz) = 2Imz > 0, so (—2iz)*1/2 is
holomorphic), so by the identity theorem it suffices to prove the identity for z = it, ¢ > 0. Then
—2iz =2t > 0, and

=S emo iy, 0(-g) =0(3) = e = o(g),

where 9(u) = 3, e ™" is the theta function of Chapter 1. By Proposition 1.5.3, 9(2t) =

(), e 0(i) = (20 it)20(~5). .
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About my handwritten proof. My notes apply Poisson summation directly to g(x) =
e2min’z — f(V—2izz) with f(z) = e~™" and the scaling rule “g(y) = LF(Y) for g(z) =
f(bx)”. That rule was proved for real b > 0 only, while here b = \/—2iz is complex; this is why
the proof above first takes z = it (where b = v/2t > 0) and then uses the identity theorem.

My notes also contain an attempt via the substitution ¢ = —é, which was abandoned.

[
Lemma 7.6.3

[o(4) is generated by —I, T and T" = (le (1)>

-

Proof. Let v = € T'o(4). We have ad —bc =1 and ¢ =0 (mod 4); thus ad =1 (mod 4),

b
d
so a,d are both odd (and this persists under the operations below, which stay in I'g(4)). Write

Tn_ab 1 n\ _ (a an+b
T e d)lo 1) T \e enval

By the division algorithm we can write b = aq + r with —% <r< %'; since a is odd, r # %‘, SO

|’I"| < %‘- Taking n=-q, ’YTiq = (CCL :), let bpew =1, SO |bnew| < %.

(CL bnew) m <a bnew) ( 1 0) (a + 4dmbpew bnew)
T = = .
c * c * dm 1 * *

By the division algorithm, dividing a by 4byew, there is m € Z with apew := a + dMmbpew
satisfying |apew| < @ = 2 |bpew|; since a is odd and 4bpey even, apeyw is 0dd, SO |apew| <
2 |bpew|. Since we have 2 |bpew| < |a| and |anew| < 2 |bnew|, We obtain |anew| < 2 |bpew| < |a|. In

o If bpew # O:

Anew

the next round the new b satisfies [b/| < 5™ < [byew|. So [b] strictly decreases, and we can
continue this process until byew = 0.

/

o If bpew =0: o = (CCL, 3,) €elp(4),sodd =1,d =d ==+1,and v =+ <i, 2) (up to the

sign of ). Since 7/ € T'y(4), ¢ = 4k for some k, so v/ = + 41k (1) =+T"* e (-I,T,T).
Undoing the multiplications by powers of T and T” shows v € (—1,T,T"). [

Notes. This is consistent with Problem 3.4.6(d), since ST~4S = —T".

/ N
Corollary 7.6.4
Let k be even.
(1) If k=0 (mod 4), then 6% € My j5(T'o(4)).
(2) If k=2 (mod 4), then 6% € My, 5(4,x—4), where x4 = (=) (Example 7.2.5).
In both cases 6% |}, oy = X_a(d)¥/20% for all 4 € Ty(4).
N J
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Proof. By Lemma 7.6.3, and since the set of v € T'y(4) with 9k|k/2'y = x_4(d)¥/20% is a subgroup
(Propositions 6.1.2 and 7.2.6), it suffices to check the invariance under the generators. Write
k

Under T (d =1): since 0(z + 1) = (2), 0%(2 + 1) = 6¥(2), so 6|, T = 6F.

Under T' (d = 1): note that T’ = —fwsT lws, where wy = 2 I]l (the Atkin-Lehner
0 -1\ (0 -1 -4 0

. . L. -1 o . .

involution); indeed wsT w4y = < 4 4> ( i 0 > = (_ 16 — 4>. Note also the functional

equation 0(wsz) = O(—L) = (273)1/29(2) (Theorem 7.6.2). So, since k is even,

(9k|ww4)(z) _ 4w/2(4z)—w9k(w4z) _ 4k/4(4z)_k/2(2:>k/29k(z) _ 4k/4—k/2z—k:/2 (2:)16/2019(2)
=2 k() ) — () () k) = et

Now, using Remark 6.1.3 for the scalar —1 (which gives the factor (—1)*) and 6%, 71 = 6%,

0%, T" = 9%(-%1 : w4T—1w4) = (=1)*2 0% (waT wy) = (=12 (=i)¥/2 %), (T wy)

— (—1)k/2(—i)k/2 9k|ww4 _ (—1)k/2(—i)k/2(—i)k/20k _ (_1)k/2(_1)k/20k _ 914:7

since (—i)k = ((=i)2)"? = (—1)k/2,
Under —1 (d= —1): 0F|,(—1) = (—1)0F = (=1)*/20% and x_4(—1)*/? = (—1)*/2.

(1) If k = 0 (mod 4), then (—1)¥/2 = 1, so 0*|,(—I) = #*. Hence 6* is invariant under all
generators, so under I'g(4).

(2) If k = 2 (mod 4), then (—1)¥/2 = —1, so 6*|,(—I) = —6*. Note that x_4(d) = 1 for
d=1and —1 for d = 3 (mod 4); for —I, d = —1 = 3 (mod 4), so x_4(—1) = —1. Thus
0%y = x—4(d)@* for all v € Ty(4), i.e. % transforms as an element of My, 2(4, x—4)-

Holomorphy at the cusps. For 0 < y < 1 and all z: [0(x+dy)| < X, e~ 2’y — I(2y) =
2¢) " 129(L) < Oy=Y? (as 9(u) < I(L) for u > 1). So |9F| < CF *k/Z, and by Proposition 6.5.2
(2y 5 y > > y y

(applied to I';(4), under which 6 is invariant, in weight w = %

all cusps. |

with v = g) 6% is holomorphic at

Correction. In my handwritten notes the holomorphy of 6% at the cusps was not checked:;
the growth criterion gives it immediately. In the computation of 6*|T" my notes wrote the
second factor as (—1)*/2 instead of (—i)*/2; the final result #* is the same.
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Chapter 8

Jacobi’s Four Squares Theorem and Hecke Operators
of Level 1

In the first part of this chapter we harvest the theory of the previous chapters: since #* €
M>(T'9(4)) and this space is two-dimensional, spanned by Eisenstein series, we obtain an exact
formula for the number r4(n) of representations of n as a sum of four squares. In the second part
we introduce the Hecke operators T), on My (SLa(Z)), via functions on lattices, and study Hecke
eigenforms. We follow [2, §II1.5] and [4, Ch. VII, §5].

8.1 Proof of Jacobi’s four squares theorem

4 N
Theorem 8.1.1 (Jacobi)

For every integer n > 1,

4
rq(n) = T1,%2,T3,T fln=N a2} = Bo1(n), 41n,
1) = #{ (o2, m) € 2| ; } {SUl(n)—3201(n/4), 4] n.

N J

Proof. Recall that the Jacobi theta series 6(z) = Y o° q”2 =>, ezWi"QZ, z € §), satisfies

n=—0oo

(1) 6(—2) = (22)"%6(2) (Theorem 7.6.2);

(2) 0% ¢ Mj,)2(To(4)) if & = 0 (mod 4) and oF ¢ My, 9(4,x-4) if k = 2 (mod 4) (Corol-
lary 7.6.4).

Thus 6% € My(Ty(4)).
Step 1: the q-expansion of 0*. Now

o'z = () (X a™) (Z @) (3 gm) = S e S g

n1,n2,n3,n4=—00 m=0

(the product of absolutely convergent series may be multiplied out and regrouped). Indeed, letting
m = n} +n3 + n3 + n3, the coefficient of ¢ counts #{(n1,n2,n3,n4) € Z* : m =n? +--- + n3},
i.e. how many ways represent m. By manually counting, r4(0) = #{(0,0,0,0)} = 1 and

rq4(1) = #{(£1,0,0,0), (0,+1,0,0), (0,0,£1,0),(0,0,0,+1)} =8,
and similarly 74(2) = 24, r4(3) = 32, r4(4) = 24. So

01 (2) = 1+ 8¢ + 24¢> + 32¢° + 24¢1 + - - .

Step 2: a basis of Ma(I'9(4)). Recall the Eisenstein series E2(z) = E2(z) — 2E2(2z) (Proposi-
tion 7.5.3 with p = 2), so Ea o € M»(I'9(2)). Also recall:

(1) if I C TV, then My (I") C My (I") (Proposition 7.1.1);
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(2) if f € Mp(To(N)), then f(¢z) € My(T'o(N¥¢)) (Proposition 7.4.2).

Hence, since T'g(4) C I'y(2), from (1) M2(T'o(2)) € M2(T'o(4)), so Eaa(z) € Ma(T'o(4)). Also,
from (2), E272(22) S MQ(FQ(4))

Claim: E32(z) and E32(2z) form a basis of Ma(T'0(4)). Notice that, with Es =1—-24% 01(n)q",

Ey(2) = Ea(2) = 2B3(22) = (1-24 %" oa(n)q") = 2(1 = 24" o1(n)g™)

n>1 n>1
=—-1-24> o1(n)¢" +48 > o1(n)g”",
n>1 n>1

and so Fp2(22) = —1 —24%, 01(n)¢®" + 483, 01(n)¢*". Explicitly,

Eao(z) = —1 — 24q — 72¢° — 96¢° — 168¢* — - - - 4 48¢° + 144¢* + - -
= —1—24q — 24¢*> — 96¢> — 24¢* — - - - |
E22(22) = —1—24¢° = 72¢* — -+ +48¢* + .- = —1 — 244> — 244"

Thus they are linearly independent (the coefficient of ¢ is —24 for the first and 0 for the second,
while the constant terms agree). Also, since [T : T'o(4)] = 6 (Proposition 3.2.10(4): 4(1+ 3) = 6;
note —I € I'p(4)), the dimension bound (Proposition 6.4.3) gives

2

Then dim M3(I'g(4)) = 2, and E32(2), E22(22) is a basis (a basis is a maximal linearly indepen-
dent set).

Step 3: comparing coefficients. Since 6* € My(To(4)) = (F2,2(2), F22(22)), there exist a, 8 with
0*(2) = aFy2(2) + BE22(22). Then

aFs2(2) + BE22(22) = (—a — B) + (—24a)q + (—a — B)24¢* + - -,

and comparing with * = 1 + 8¢ + 24¢> + - - -:
—a—fF=1 and 8=-24a — a:_§7 B=—a—-1==—-1=—=.

Hence 0(2) = =1 Fao(2) — 2E95(22), ie

ZT4() ( 1—2420’1 q +4820’1 2”)

n>0
( 1- 24201 )g*" +48201 ¢")
( )—1—8201 ~16 + 16) Zal ¢ — 323 o1 (n)g™"
n
—1—1—8201 n)q" —32201
n>1 n>1

_ _ LR
=14+ Z (801(n) 3201(4>>q ,

n>1

with the convention o1(n/4) = 0 if 4 { n. Comparing coefficients of ¢" gives the theorem. [
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Corollary 8.1.2 (Lagrange’s four squares theorem)
Every positive integer is a sum of four squares; in fact r4(n) = 8 > djn, 41ad = 8.

Proof. The divisors d of n with 4 | d are d = 4e with e | }, so > 4, 4qd = 4o1(n/4), and
80’1(77,) - 320’1(7‘&/4) = 8(01(71) - 40’1(77,/4)) = 8Zd|n,4fdd Z 8- 1. [ |

Correction. In my handwritten notes the coefficient 74(3) was written as 82; it is 32 (the
representations of 3 are (41,41,+1,0) in some order: 4 - 23 = 32). The rest of the compu-
tation uses only the coefficients of 1, ¢, ¢°.

Roadmap. My notes contain at this point a small diagram: the four squares theorem as an
example of the connection between modular forms and theta series (quadratic forms), lattices
appearing in number theory, physics and computer science, and the Monster group; and the
remark “don’t do generating functions” (i.e. the point of the proof is the finite dimensionality
of M5(T'y(4)), not a direct manipulation of generating functions).

8.2 Modular forms as functions on lattices

We interpret modular forms on complex lattices. For z € § let L, = (z,1) = Zz + Z. Recall that
{lattices up to homothety} <— SL2(Z)\9, L, +— z,

b
d

(/,1) = (cz +d)"YNaz +b,cz +d) = (cz +d)"'{(z,1), i.e. L, = AL, with A\ = (cz +d)~! (by
Lemma 8.2.1 below and Proposition 2.2.6).

and (2/,1) ~ (z,1) (homothetic) iff there is v = € SLy(Z) with 2/ = vz; in this case

Lemma 8.2.1 )
Let L = (wi,ws) and L/ = {(w},w}) with “2 “L € §. Then L = L' if and only if there is

w2 ? wh
_fa b . Wiy w1
v = (C d> € SLy(Z) with (wé) =7 <w2>'

Proof. (=) Since w},wh € L' = L, there are a,b, ¢,d € Z with w] = aw; +bws and wh = cw1 + dws,

ie. (wé) = <a b) (“1). Let v = <Z Z), we now check det~y. Since wy,ws € L = L', the same

W c d] ‘w2
argument gives (!) = 7_1(5:1) with an integer matrix, so dety = 41 (Proposition 2.2.6). Let
2

!
w

7= and 7' = =+. Then
w2 UJ2

, aw; +bwy at+b  ar+b / det(7)
T = = = T) = 5 Im(7).
aw +dwy et +d et +d ler +d|
Since 7,7’ € 9, Im(7),Im(7") > 0; thus det(y) > 0, so det(y) = 1. Hence v € SLa(Z).

(<) Let v € SLao(Z) with (Zi) =7(;s)- Since a,b,¢c,d € Z, wj = awi + bwy and wh = cwi + dws
imply w’l,wéle L; since L' = (w},wh), L' C L. Also, since det(y) = 1, v~ 1 € Mayxs(Z), so
(“1) = v~1(*}) gives wy,wz € L'. Hence L C L', and L = L. [ |

w2 wh
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\
Proposition 8.2.2

Let L be the set of functions F' : {lattices in C} — C which are homogeneous of weight —k,
i.e. F(AL) = A"*F(L) for all A € C*. Then

B Rl =wt () (2 en),

w2

is a bijection between weakly modular functions f of weight k for SLa(Z) and Ly, with inverse
\F = f, f(z) = F(Lz).

J

Proof. F is well defined. Every lattice has a basis with z—; € $ (swap the basis if necessary).
If (w],ws) is another such basis of the same lattice L, then by Lemma 8.2.1 w] = aw; + bwa,
wh = cwy + dwy with v € SLa(Z), and

(65741 (51) = (o b o) (B0 2 (e d>’“f(2§§ ey
= WQ_kf<ﬂ)
w2

since f(y7) = (cr + d)*f(7). So F is invariant under the change of basis by v, i.e. well defined.
It is homogeneous: F(AL) = (\wa) *f(3<L) = \=FF(L). We use this homogeneity to define F

Awa
on all lattices: for L = (w1, ws) we have L = wa(gl, 1) = woly, /u,, so FI(L) = wQ_kF(Lwl/wZ) =
—k prwi
Wo f(@)

Conversely, if F' € Ly, and f(z) := F(L,), then for v € SLa(Z):

() = ez + (50 = (e + R ((EE2 1)

= (cz+d)*F((cz +d)"Haz + b,cz + d))
= (cz+d) " ((cz+d)"") FF({az + b, cz + d))
=F({az+b,cz+d)) = F({(z,1)) = f(2),

using Lemma 8.2.1: since (gjig) = CCL Z (7), we have (az + b,cz + d) = (z,1). Therefore f is
weakly modular of weight k. The two constructions are clearly inverse to each other. |

8.3 Hecke operators on M;(SLy(Z))

We use the above correspondence to define Hecke operators on £j, and then interpret them on
My (SL2(Z)).

4 N
Definition 8.3.1

Fix k and n > 1. Define T, : L — L} by

(LF)(L)=n""1 > F(L),
[L:L']=n

the sum running over all sublattices L’ C L of index n. (The operator T,, “averages” F over

all sublattices of index n.)
N J
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Proposition 8.3.2
A lattice L has only finitely many sublattices of index n; so the sum above is finite. Moreover
T, F is again homogeneous of weight —k.

Proof. Let L' C L be a sublattice of index n. Since L is an abelian group under + and L’ is a
subgroup of L, L/L’ is a quotient group of order [L : L'] = n, which is finite. Thus for all £ € L,
¢+ L' € L/L', and by Lagrange’s theorem n({ + L') =0+ L', ie. nd + L' =0+ L', sonl € L.
Hence nL C L' C L. The subgroups L' with nL, C L' C L correspond bijectively to the subgroups
of the finite group L/nL = (Z/nZ)?, which has n? elements, hence only finitely many subgroups.
So there are only finitely many L', and the sum is finite. Homogeneity: the sublattices of index
n of AL are exactly the AL, so (T,,F)(AL) = n*~' S F(AL') = \=*(T, F)(L). [ ]

Correction. In my handwritten notes the conclusion was stated as “L’ is finite”, with
question marks. What is finite is the number of such sublattices L’ (each L’ is an infinite
group): they are squeezed between nL and L, and L/nL is finite.

p
Lemma 8.3.3
Let L = (w1, ws) with &L € §. A sublattice L' C L has index n if and only if L' = (w], w5)

with (Zé) = M (“1) for some M € Myyo(Z) with det M = n (and then Z—& €9).
2

w1
wa 4

.

Proof. Index of ML. Let M € Mayo(Z) with det M # 0, and let Ly, = (W, wh) with (Z:l) =
2
M (Z‘g) By the elementary divisor theorem (Smith normal form) there are U,V € GLy(Z) with
d 0

M =UDV, D = (0 d2>, di,dy > 1. Put (2) = V(i;), this is another basis of L (Propo-
sition 2.2.6), and (:é) = U(Z;z;), so Ly = (dye1,dges) (again by Proposition 2.2.6). Hence
2

L/LM = Z/dlz X Z/dQZ and [L : LM] = d1d2 = |d€tM|

_ . _ W detM
(<) If det M = n, then [L : Ly/] = n, and Im w; = Terrd?
(=) Let [L : L'l = n. Then nL C L' C L (proof of Proposition 8.3.2), so L’ is a subgroup of
L = 72 containing a rank 2 subgroup; hence L’ is free of rank 2, and we can choose a basis

wi,wh of L' with Z—ll € $. Since L' C L, (:é) = M (!) with M € Msyo(Z), and by the first part
2

/
2 w2

|det M| = n; since both quotients lie in $, det M > 0, so det M = n. [ |

Im7 > 0 as in Lemma 8.2.1.

Correction. In my handwritten notes Lemma 8.3.3 was stated but its proof was left blank;
the proof above uses the elementary divisor theorem.

Let M,, = {M € Msyx2(Z) : det M = n}. For M,V € M, we have, by Lemma 8.2.1, Ly; = Ly
iff there is v € SL2(Z) with M(}) = v(V(})) = (YV)((h); since wy, wp are linearly independent
over R and M — ~V has integer entries, this means M = 4V. Thus SLa(Z)M = SLy(Z)V (the
left cosets generated by M and V coincide), and

{L' C L of index n} +— SLy(Z)\M,, L' = Ly + SLo(Z)M.

(Proposition 8.3.4 w
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A complete set of representatives of SLa(Z)\M,, is

Rn—{<g Z):ad—n, a>1, O§b<d}.

a b

d
like to show YM € R,, for some v € SLy(Z). If ¢ # 0, let r = ged(a, c). By Bézout’s theorem
there are =,y € Z with ax + cy = r. Thus we can construct

_ x Y
T (—c/r a/r)’

and 7 € SLy(Z) since dety = %z + fy = @ty — 1, So

T

M- x Y a b\ (ar+cy br+dy )\ [a* b*
7= —c/r a/r)\c d] —ae 4 ac —%4—“7‘1 —\o a )
(If c =0, take v = I.) Also det(yM) = detydet M = 1-n, so a*d* = n; in particular a*,d* # 0.
-1 0 a* b —a* —=b*
Is a* > 1?7 If a* < 0, left-multiply by —I € SLo(Z): 0 —1 0 4t 0 gl

a™* = —a*>1and d* = —d*; from a*d*=n>1,d*" < —-1,so0d™ > 1. Is0 < b* < d*? If we

left-multiply by (1 k) € SLy(Z) we have

0 1
1 k\ (a* b\ (a" b"+kd*
01 0 da) \o d* ’

By the Euclidean algorithm there are ¢, 7’ with 0 < v’ < d* and b* = ¢qd* + r’; choosing k = —¢q
we have b* + kd* = b* — qd* = 1', so 0 < r’ < d*. Therefore the coset contains an element of R,,.
a v
0 d

Proof. Every coset contains an element of R,. Let M = € M,, be arbitrary. We would

let

Distinct elements of Ry, lie in distinct cosets. Suppose y (8 b) = ( ) with both in R,, and

-1
/ /
v € SLg(Z). Then v = (% Z,) (g Z) is upper triangular with diagonal entries %/, %l >0

and determinant 1; being integers, % = % =1. So~vy= (é ]1€> and b’ = b+ kd; as 0 < b,V < d,

k = 0. Hence the two elements coincide.

Correction. In my handwritten proof it was concluded that “a*d* = 1, a* = 17; in fact
a*d* = n and a* = ged(a,c). Also the irredundancy of R,, (second part) was not checked
there.

The action of 7,, on modular forms

Let f € My(SLa(Z)) correspond to F € Ly, f(z) = F({z,1)). For L = (2,1) and L' = (az +
a b

b,cz+d) = ML with M = d

€ M, (so [L: L] =n by Lemma 8.3.3),

F(L')=F({az +b,cz + d)) = F((CZ + d)<ij_—:__2’ 1>) =(cz+ d)_kf(zj——:—_z)

= (det M)™"2(f|xM)(2) = n "2 (fle M) (2).
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So, defining T, f by (T,,f)(z) = (T, F)(L.),

(Tnf)(= VY R > n 2 (flM)(2)
[L:L']=n MeSLy(Z)\ My, (8.1)
nk/2-1 S (flkM)(2).
MeSLy(Z)\ My,
~

p
Theorem 8.3.5
T, is a linear operator My (SL2(Z)) — My (SL2(Z)), and it maps Sk(SL2(Z)) to itself. If
f(z) = > n>0amq™, then

_ Z( Z dk_lamn/d2>qm

m>0 "dlged(m,n)
d>1

In particular ag(T), f) = ok—1(n)ao(f) and a1(T, f) = an(f). )
-

Proof. 1. Well-definedness. Let {M;} and {M]} be two sets of representatives of SLo(Z)\M,,;
then (after reordering) there are 7; € SLo(Z) with M] = v M;. Thus f[iM] = flxvuM; =
(f’k'%”kMz = f’kMZ Since f’le/ = f|kMZ, Tn(f) is well defined.

2. Linearity. By definition of |, T}, is linear.
3. Invariance under SLa(Z). Note that for all v € SLa(Z),

(Tof)ley =nF270 S (fleM) |y = n*271> " fleMy.
MeSLa(Z)\ My, M

Since det(M~y) = n-1 = n, M~ € M,; furthermore, right multiplication by v maps distinct cosets
SLo(Z)M to distinct cosets and is a bijection of SLa(Z)\M,, (with inverse right multiplication by
v~ 1. Let M’ = M~. Hence (T f)|iy = 021 00 fleM' = T (f), so T, f is invariant under ~.

4. Holomorphy on $. Using the representatives R,, of Proposition 8.3.4:

Tn(f)(z):nk/Q_lMZ (det M)*/%(cz + d)~ kf<azi2) nk—1 Z Zd kf(az—i-b)
€Rn a,d>0 b=0

ad=n

Since f is holomorphic on $), so is T,,(f) (a finite sum).
5. Holomorphy at the cusp: the q-expansion. Substituting f(w) = 3, am,e*™ ™,

Tn( z k 1 Z d” k Z am, 27T'Lmaz/dz 27mmb/d

a,d>0 m>0
ad—=n %/—’

(1)

(1) Zd Le2mimb/d — q if d | m, and = 0 if d { m (a geometric sum of a d-th root of unity # 1

Vanlshes).
So only m = dr survive, and n*~'d=* . d = n*~1d' =% = ¢*~! (as n = ad):
Tn(f)(z) — Z ak—l Z adTBZMG’TZ — Z ak—l Z adrqar
a,d>0 >0 a,d>0 >0
ad=n ad=n

(2) Collect the terms with ar = m: then a | n and a | m, and a4 = an.m =a

" nm/a?-
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(3) Rewrite a as d:

T = 3 (X d" a2 )a™

m>0 dln
d|m

There are no negative powers of g, so T,,(f) is holomorphic at oo, and T),(f) € My(SLa(Z)). For
m = 0 every d | n divides 0, so ao(T,.f) = Xgn d*tag = oj_1(n)ao; hence cusp forms go to cusp
forms. For m =1 only d = 1 occurs, so a1(T,f) = ay. [ |

The operator T), on My (SLa(Z)) is called the n-th Hecke operator.

\
Proposition 8.3.6
For a prime p, T,,f = U, f +pk_1fo, where
1523 z+b n om
VN ==Y F(52) = Y amd”,  (GHE) = fp2) = Y amg™
P p n>0 m>0 )
-

Proof. If n = p, by Proposition 8.3.4 the set of coset representatives of SLa(Z)\M,, is {(g Z) :

ad=p, a>1, 0 <b<d}. Since p is prime, the divisors d of p are d € {1,p}:

(1) if d =p, then a =1, so 0 < b < p, and there are p matrices of the form (é z>,

(2) if d =1, then a = p, and 0 < b < 1 forces b = 0: there is only one matrix, (18 (1]>

Therefore there are p + 1 representatives, and by the formula in step 4 above

p—1
1(0) = p o (SR )
b

=0
p—1
— ST ) = () + ).
b=0

By f(z) = Zm amq™ = Zm ame2m'mz’

1 pfl . z24b ]_ . pil . ]_
Up(f) _ = Z Z ame27rzm > — Z am62mmz/p2627mmb/p i Z amqm/p p= Z anpqn,
P =0 m>0 P >0 b—=0 P >0 n>0
plm
writing % =n, i.e. m =np; and V,(f) = f(pz) = >, amd™™. |

Correction. In my handwritten notes the formula for 7},(f) was first written with (cz + d)*
instead of (cz + d)™%, and the evaluation of U,(f) cancelled the sum over b without first
using the vanishing of 33, e2™™/P for p t m.

8.4 Multiplicativity of Hecke operators
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4 N

Theorem 8.4.1

For any n,m > 1,

TTn= > d T e
d|ged(n,m)
d>1

as operators on Mj,(SLa(Z)).

. J

Proof. Let f € My(SLo(Z)) and write a,(g) for the r-th coefficient of g. By Theorem 8.3.5,
ar(Tnf) = Lajged(n.r) dk_lanr/da(f). We observe the r-th coefficient of T, (T, f):

(28 (Tn(Tmf)) = Z dk_lanr/d2 (Tmf) = Z dk_l( Z Ck_lamng/d2 (f))

dlged(n,r) d|ged(n,r) C|ng(ma%) ¢

= Y > (ed)*anmg (f). (%)

(cd)?
dlged(n,r) clged(m,™5)

To show 10T = 3 e (n,m) ekilTnm/ez, we need to show that the r-th coefficient of the right-hand
side equals (x). Note that it is

Z ek_laT (Tnm/e2f) = Z ek_l Z gk_laZ—g‘r/;ﬂ (f)

e|ged(n,m) elged(n,m) 9|ng(2772n:7’)

= ) Y. (eg)"tamm (f). (%)

(e9)?
elged(n,m) glged(Z2 7) Y
In both double sums the summand only depends on the product = = cd, resp. x = eg. So it
suffices to show that for every fixed x > 1,
nr
ﬁv
! nm
= B(e)=#{(e.9):c|n clm glr g| 5, eg=c}.

A(x)::#{(d,c):d|n,d\r,c\m,c| cd:w}

Observe that B(x) is obtained from A(x) by exchanging the roles of m and r (and renaming
d — e, ¢ — g). So it suffices to show that A(x) is symmetric in m and r. All conditions are
divisibility conditions, so they can be checked prime by prime: a pair (d,c) with e¢d = x is the
same as a choice, for every prime p, of § = v,(d) and v = v,(c) = v,(x) — 0, and the conditions
hold iff they hold for the exponents at every p. Hence A(x) = [], Ay, where, with a = vy(n),

B =wvp(m), 0 = vp(r), & = vp(x),
Ay =#{6€Z: 0<6<a, §<0, 0<E—6<B, E—0<a+o—20}.
The conditions say max(0,£ — ) < § < min(a, 0, &, + 0 — &), so
A, = max(0, min(a, 0,&, o + 0 — &) — max(0,& — B) + 1)
=max(0, 1+ min(e, o, B, §, a+o0—¢& a+B—¢& o+ B¢ ato+p—2()),

using min(u;) — max(0,v) = min(u;, u; — v) and expanding. The set {«, 0, 8,{,a+0—§, a+ 3 —
& o0+ —& a+o+ P —2¢} is invariant under 8 <+ o. Hence A, and therefore A(z), is symmetric
in m and r, so A(x) = B(z) and (x) = (%*). [ ]

Correction. In my handwritten proof the equality of (x) and (*x) was reduced to the
equality of the numbers of ways to split = ¢-d and x = e - g, and I observed that “these
two statements are equivalent, just m and r swapped” (with a question mark at the bounds
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for d). The prime-by-prime count above makes this symmetry precise.

Corollary 8.4.2
For all m,n: T,,T,, = T,,Ty,; and if ged(n, m) = 1, then T,,T,, = Tym.

Proof. The right-hand side of Theorem 8.4.1 is symmetric in n, m, because ged(n, m) = ged(m, n)
and nm = mn. If ged(n,m) = 1, then d | ged(n, m) forces d =1, so T, T = 3o dk_lTnm/dz =
15T, 12 = T [ |

Proposition 8.4.3
The operators T), (p prime) generate all T;,: Tpe is a polynomial in T}, with integer coefficients,
determined by Tha+1 = TpaT, — p" ' Tpa1, and T, = []; T for n = [T, pS".

Proof. Note that we already have T,Tm = > jgcd(nm) dk_lTnm/dz, and T, T,, = Tym if
ged(n,m) = 1. Let p | n.

(1) Ipt 3 (e ged(f,p) = 1), then T )Ty = Ty = T
(2) Ifp | %, then ged(%,p) = p, and

TopTy = d’f—lT(n@p =1 4+ " T = T =TT, — "' T .

dlp ¢
Let n = p®: Tpo = Tja1T), —pk_lTpa—Q (polynomial in T},), starting from T,0 = T1 = I and T}, =
Ty;e.g Ty = T,T,—p* Ty = Tp2 —pEI1. Soif n = p{'p§? - - - p&r, then, since the pi" are pairwise
coprime, T,, = Tpfqu Tp;@ -+ Tyar = [[;(polynomial in T}, ). This proves the proposition. |

Correction. In my handwritten notes the two cases were written as “p | n and p { n?” and
“p | n and p | n?”; the correct case distinction is p { % versus p | %.

8.5 Hecke eigenforms

Definition 8.5.1 (Hecke eigenform)
f € My(SLa(Z)), f # 0, is called a Hecke eigenform if for every n > 1 there is A, € C
(eigenvalue) with T,,(f) = A f.

Suppose f(2) = Y ,,>0amq™ is a Hecke eigenform. Then the first coefficient of T, (f) is ay
(Theorem 8.3.5), so by the definition, a, = A,a; for all n > 1. If a; = 0, then a, = 0 for all
n > 1 and f is constant, which is impossible for £ > 0; so a1 # 0, and we normalise f such that
a; = 1. Then A\, = ay, i.e. T,f = a,f for all n > 1. This normalised f is called a normalised
Hecke eigenform.

(Proposition 8.5.2 (Behaviour of the Fourier coefficients) W
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If f=> an,q™ is a normalised Hecke eigenform, then

A Qp = Z dkilamn/dz (m,n >1).
dlged(m,n)
In particular a;,a, = amy, if ged(m,n) = 1 (multiplicativity), and a,r+1 = apay — pk_lapr—l
for primes p (prime power recurrence). Hence f is uniquely determined by its prime Fourier

coefficients a,.
- J

Proof. Since the normalised Hecke eigenform f satisfies T,, f = a,, f, we get T,(Ti f) = Tp(am f) =
am (T f) = amanf, so by Theorem 8.4.1

Z di=1 (Tnm/d2 f) = amanf = ( Z dk_la"m/dz)f = amanf,
d|ged(n,m) dlged(n,m)

and comparing (as f # 0) gives am@n = 3 gjgcd(n,m) d"a,,, /a2~ Multiplicativity: if ged(n, m) =
1, then d = 1, so apa, = am,. Prime power recurrence: if m = p, n = p" (r > 1), then

ged(n,m) = p, so d € {1,p}, and apa,r = a,r+1 +pF a1, e a1 = apQpr — pkilaprq. As

P P
before, a,- is a polynomial in a,, and with multiplicativity all a,, (n > 1) are determined by the
ap; ag is then determined as well (for £ > 0, by Theorem 8.3.5: o4_1(n)ag = anag for all n, and

if ag # 0 this forces a, = o;_1(n)). [

Example 8.5.3 (The discriminant). Let Ay = (27)712A =Y, 5, 7(n)¢" = q — 24¢* + 252¢° +

. (Theorem 4.8.4); 7 is Ramanujan’s tau function. Since A; € S13(SLa(Z)) = CA; is one-
dimensional and T), : S12 — Si2 (Theorem 8.3.5), T,,A1 € S12(SLa(Z)), so there exists A, € C
with T,,A1 = A\, Aq. Since a; = 7(1) = 1, A; is a normalised Hecke eigenform: the first coefficient
of the left-hand side is 7(n) (for m = 1, ged(n,m) = 1, so d = 1), and the first coefficient of the
right-hand side is A, 7(1) = A,. Hence A\, = 7(n). Explicitly, T,,A; = A\, A1 reads (weight 12, so
dkfl — dll)

S(X ()= S et =t = Y die(M).

m>1 d|ged(n,m) m>1 d|ged(n,m)

In particular 7(mn) = 7(m)7(n) for ged(m,n) = 1 and 7(p"*') = 7(p)7(p") — p7(pP"1): the
first two of Ramanujan’s conjectures, proven by Mordell (1917).

Example 8.5.4 (Eisenstein series). For even k > 4 let

Gr(z) = —% + Z op—1(m)q™ = —%Ek(z) € My(SLy(Z)).
m>1

Note that its coefficients are a,, = ox_1(m) (m > 1), and specifically a1 = o;_1(1) = 1. We show
T(Gy) = 5_1(n)Gy. The constant term of T,Gy, is o—1(n)ag (Theorem 8.3.5); for m > 1 we
need mn

op—1(n)og—1(m) = Z d* oy (?)
d|ged(n,m)

(1)

It is known that oj_; is multiplicative, and both sides of (}) factor over the primes (a divi-
sor d of ged(n,m) is a choice of v,(d) < min(vy(n),vy(m)) for each p, and oy_i(mn/d?*) =
I, Uk_l(pvp(m"/dQ))). So it suffices to treat prime powers n = p", m = p* (WLOG r < s, so
ged(p”,p®) =p" and d = p’, j =0,...,7). Note that, with X = pF~1,
r ) T ) X+l 1
opa(p) = Do d T =3 () T =30 =

d|p” i=0 i=0
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Thus
X7‘+1 -1 Xs+1 -1 XT’+S+2 - X7"+1 o Xs+1 +1
T S\ __ —
T Woea (0) = (=) (=) = (X —1)2

1 Xr+s+2 _ Xs+1 Xr+1 -1
:X—l( X-1  X-1 )
_ 1 ( st Xr-‘rl -1 X?"-l—l o 1)
X -1 X -1 X -1

1 oo I
— +1

=0 j=0
1 (ZT: xrtstl=g ZT:X])
X -1
j=0 J=0

1 . r+s+1—j J - J X2t -1

“xo1 X _X)_ZX X -1
7=0 7=0
r
=Y () o ()
j=0

r+s

= Z dkilak_l(%),

d|ged(pT,p®)

where in the fifth line we reindexed j = r — j in the first sum. So () holds for all m,n > 1, and
TGk = 0x_1(n)Gj: the Eisenstein series is a normalised Hecke eigenform.

Correction. In my handwritten notes oy_1(p") was written as .7_; (p*)*~!; the sum starts
at @ = 0. Also the conclusion was stated “for any m,n where ged(m,n) # 1”; identity (})

holds for all m,n (for coprime m,n it is the multiplicativity of o;_1). Finally, the series

called G in my notes is ék = %Gk in the notation of Chapter 4.
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Chapter 9

The Hecke Algebra

To define Hecke operators for congruence subgroups, it is convenient to replace sums over sub-
lattices by double cosets I'al'. In this chapter we develop the abstract Hecke algebra of a group
I' with respect to a semigroup A of its commensurator, following [5, Ch. 3] and [3, §2.7].

9.1 Commensurable subgroups and the commensurator

Let G be a group and I'y, Iy subgroups of G.

\
Definition 9.1.1 (Commensurability)
I'y and I'y are commensurable, written I'y = 'y, if
[Fl HER FQ] < 00 and [FQ ' N Fg] < 0.
N J
~
Lemma 9.1.2
Commensurability is an equivalence relation. )
-

Proof. Reflexivity and symmetry are clear. For transitivity we use: if H, K < G and A < H,
then [A: ANK] < [H:HNK)] (themap A/(ANK) - H/(HNK), a(ANK) — a(HNK), is
well defined and injective). Let I'y &~ I'y &= I's. Then

[Fl : Flﬂrgﬂrg] = [Fl : FlﬂFQ] [Flﬂl—‘g : (Fl ﬂrg)ﬂrg] < [Fl I ﬂrg] [Fg : Fgﬂrg] < 00,
and since I'1NI'yNI’s C T'yNI's C 'y, also [Ty : T'1NT3] < oo. By symmetry [I's : N3] < co. W

Example 9.1.3. Any two congruence subgroups I';, 'y C SLy(Z) are commensurable: T'(N7) C
Fl and F(NQ) Q FQ, SO

SLQ(Z) oI, Iy DI'NnIy O F(Nl) N F(Nz) D F(lCIIl(Nl, NQ)),

and I'(lem (N1, N2)) has finite index in SLa(Z) (Proposition 3.2.7); so is I'1 N I'y, in both I'; and
Is.

N
Definition 9.1.4 (Commensurator)

For ' < G, theset I' = {a € G : T =~ a'Ta} is called the commensurator of T in G. Tt
is a subgroup of G (if I' ~ a 'T'a and I' ~ B~ !T'3, then conjugating the first by 3 gives
BITB ~ (af)~'I'(3), and transitivity gives I' ~ (af) 'T'aB; conjugating by a~! gives

al'a™! ~ T). Commensurable subgroups have the same commensurator.
N J

~

Proposition 9.1.5 N
Let T' be a congruence subgroup of SLy(Z) and G = GLJ (R). Then I' = R* - GL3 (Q) (the

matrices A3 with A € RX, 8 € GL$ (Q)).
N\ J
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D. If T is a congruence subgroup, then I'(n) C T for some n, where I'(n) = SLo(Z) N (I +
nMayxo(Z)). Now let o € GLJ (Q). Multiplying a by a positive integer does not change o~ 'Ta,
so WLOG « € Mayo(Z). Let d = det(a); then da~! = adj(a) € Maxa(Z). Thus

aT(nd)a™" C a(I 4+ nd Maxa(Z))a ™ = I +na Myxs(Z) (da™') C T+ nMaya(Z),

and its elements have determinant 1 and integer entries, so al'(nd)a~t C T'(n) C T. So I'(nd) C
a~'Ta. On the other side, I'(nd) C I'(n) € I'. Thus

I'(nd) CTNa Ta CT C SLy(Z),

and since I'(nd) has finite index in SLy(Z), T Na~ T has finite index in T'. Replacing o by a1,
there is d’ with I'(nd’) C T Nala~! C T; thus

@' Ta:TNna'Ta]=[:ala™'NT] < oo

(conjugating by ). So a 'T'a ~ T, and a € GL3 (Q) commensurates I'. Since scalar matrices
commute with every element of GLa(R), i.e. (¢I)"y(el) = v for all ¥ € I' and ¢ € R*, we have
(cI)~'T'(cI) =T: cI commensurates I' as well, and so does cI - a. Hence R* - GL§ (Q) C T.

[C]Let €T, s0 a 'Ta~T.

Step 1: o maps cusps to cusps. Let s € QU {oo}, and choose a parabolic v € T', v # +1I, fixing
s (e.g. 0 1TV with 0s = oo, which lies in I'(N) C T'). Since I' N al'a™! has finite index in T,
by the pigeonhole principle two of the powers v,+2,... lie in the same coset, so 7™ € al'a~!
for some m > 1. Then a~!'y™a € T is parabolic (same trace +2, and # +1I) and fixes o~ !s. A

parabolic (Z Z) € SLy(Z) fixes oo if ¢ = 0, and otherwise the root of cz? + (d — a)z — b = 0,

whose discriminant is (d — a)? + 4bc = (a + d)?> — 4 = 0; so the fixed point is az—_d € Q. Hence

- (&
a~ls € QU {oo}. Since I is a group, the same applies to a™ !, so a(QU {oo}) = QU {oo}.
Step 2. Let x1 = aoco, 9 = a0, x5 = al; these are three distinct points of Q U {oo}. There is
r1u T2v
u

B € GL2(Q) with Soo = x1, 0 = x9, 1 = x5 (if all z; are finite, 8 = with rational

u,v # 0 solving u(xy — x3) = v(w3 — x2); similarly if one x; is o0). Then B~ 'a fixes 00,0, 1, so
it is a scalar matrix A\l (a Mobius transformation fixing three points is the identity), A € R*
since o is real. Thus a = A3, and deta = A\?>det B > 0 gives det 8 > 0, i.e. § € GL;(Q). So
a € R - GLI(Q). [ |

Correction. In my handwritten notes the labels [C] and [D] were interchanged, and the
second inclusion concluded from aco = ¢, a0 = g € QU {oo} directly that « is a real
multiple of a rational matrix; two values do not suffice (they only fix the ratios a : ¢ and
b : d), which is why the third point a1l is used above. That o maps cusps to cusps was

justified by “a™'T'a has the same cusps as I'”; Step 1 proves this.

9.2 Double cosets

Proposition 9.2.1
Let a € I'. Then I'al is a finite disjoint union of right cosets and of left cosets:

d e
Tal = | |Tay; = | | §;aT,
i=1 j=1
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where T' = | |1, (P Na~'Ta)y; and T = ‘1 0jTNala™!),d=[:TNa'Ta], e=[I:
INnala™l].

Proof. Covering. Let ~ € T'; write v = §v; with 6 € ' N~ 'T'a. Then ada™! € T, and
Loy = Tady; = T'(ada™Hary; = Dary,.
Hence I'al’ =, T'ay = U?Zl Fary;.

Disjointness. Let I'ary; = I'avyj. Then oz'yi'yj_loz_l € I (right coset property), so ’yﬂj_l €a T,
hence %’yjl eT'Nna'Ta,ie. v and «v; lie in the same coset of I' N a 'Ta, soi=j.

The statement for left cosets is proved in the same way. |

Notes. My handwritten proof started from a~'T'al’ and used T' = |J;(I' N a~'T'a)y; inside
it; the direct computation above is the same idea. Commensurability is exactly what makes
the double coset a finite union of single cosets.

9.3 The Hecke algebra

4 N
Definition 9.3.1 (Hecke module)

Let I'y = I'y and let A be a subsemigroup of G with I';,I'y C A C fl = f‘g. Let R be a
commutative ring. We denote by

Hr(T1, Ty A) = {Z caT1al'y @ co € R, co = 0 for all but finitely many double COSGtS}

the free R-module with basis the double cosets I'yal's, o € A, and call it the Hecke module.

If 'y =T9 =T we simply write Hg(T, A).
o J

N

Definition 9.3.2 (Multiplication) B
Let 1 = T'y = I'y and I'1,I'9,T's € A C I';. For o, € A write I'Mal'y = |_|Z-F1al- and
['98T'3 = |; ['23; (finite, Proposition 9.2.1), and define

(F1aly)(T2fT3) = > cy ' Ls, ey = #{(i,j) : T1eiB; = T1v},
'y I'3Clial2pAT3

extended bilinearly to Hr(I'1,T'9; A) X Hg(T9,T'3; A) — Hpr('1,T'3; A). For given «, 3, there
are only finitely many double cosets I'1yI's with ¢y # 0 (the products «;; are finitely many).

~
Lemma 9.3.3

The multiplication is well defined: ¢, does not depend on the choice of the representatives
a;, Bj, nor on the choice of v in I'yyI'3. Moreover

ey = #{Toy CToBTy : vy ! €Tals} = #{al'y CTialy @ 27y € [BTs).

Proof. For fixed j, the condition I'yo;8; = I'1y means ’yﬁj_l € I'1ay; since the I'voy; partition
I'yal's, for each j there is at most one such 4, and there is one iff fyﬂj_l € I'ial's. Thus ¢, =
#{j : 75]-_1 € I'ial's}, which is the first formula (replacing ; by §5;, 6 € I'g, does not change
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the condition, since vf3; 1s=1 € Tyaly iff V85 1 € I'ial'y). This expression no longer involves
the «;, and does not depend on the representatives 3;. If 4/ = 01703 (61 € I'1, d3 € I's), then
oy = I'ayds is a bijection between the two sets, so ¢/ = ¢,.

For the second formula, the maps sy + vy~ 'T's and 2y + Taz~ !y are well defined (replacing
y by 0y changes vy~ ! to yy~16!, in the same left coset) and inverse to each other; and yy~! =

satisfies x € T'yals iff y = 271y € 9813 (given v = xy). So the two sets are in bijection. |

Theorem 9.3.4 (Hecke algebra)
Hr(T,A) with the above multiplication is an associative R-algebra with unit element ey; =
lel =T. It is called the Hecke algebra of I' with respect to A.

Proof sketch. It is an R-module by definition, and the multiplication is R-bilinear by definition.
The unit: I' = I'e is a single coset, and (I')(I'8T") has ¢, = #{j : I'8; = 'y} = 1 for v € I'AT,
so (I')(I'BT) = I'BT; similarly on the other side. Associativity: identify H with the space of
finite formal sums of right cosets I'{ which are invariant under right multiplication by T' (via
Fal' — 37, Ta;); the multiplication is then (3, Tay)(35;T8;) = X;;Taif;, which is visibly
associative. See [5, Prop. 3.4] for details. [

e A
Proposition 9.3.5 (1) If [I'\I'al'| = |l'al’/T|, then I'al’ has a common set of right and left

coset representatives, i.e. there are «; with
d d
Fol'=| |Ta; = | | el
i=1 i=1
(2) Suppose there is an involution ¢ : A — A, a +— «*, such that for all o, 5 € A:

(ap)’ = p*a’ (anti-homomorphism), (a*)* = «a (involution),

' =T (preserves the group), Ia'T =Tal (preserves double cosets).

Then (i) for all @« € A, I'\I'aIl’ and I'al'/T" have a common set of representatives; and
(ii) Hr(T, A) is commutative.

J

Proof. (1) Let T'al’ = |_|;-i:1 Toa; = [_|?:1 B;I'. We first show that every right coset meets every
left coset. Suppose, by way of contradiction, that there are i, jo with T'a;, N S, I' = 0. Since
lay, C U;l:l B, and Tag, N G5, = 0, we get T'ay, C Ujj, ;1. Multiplying both sides by I" on
the right,
Tol' =o' C |J BIT = | BT,
J#Jo J#Jo
since I'a;,I" generates all of I'al' (a;, € I'al’). This contradicts 'al’ = |_|‘j:1 B;I" (the coset g;,I"

is missing). Hence for every i we may choose o € T'a; N 3;I". Then ', = T'ey; and o’ = ;T so
Lol = ]; T'oj = L; 5T

(2)(i) Let Tal’ = | |4, Ta;. Applying the involution ¢ to both sides (it is a bijection of A and
reverses products),

d d d d
(Cal) = | |oiT" = T'a'T'=| |l = Ta'T=| |aiT' = Tal' = | | T,
i=1 =1 =1 =1

using the assumptions I = T' and T'a'T" = T'al'. So |Tal'/T| = [I'\I'al'| = d, and by (1) a
common set of representatives exists.
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(2)(ii) Let X = I'al’ and Y = T'ATY; it suffices to show XY = Y X. Since I'y'T" = T'yT', the
coefficient of I'yI" in Y X may be computed at the representative v (Lemma 9.3.3). By the first
formula of Lemma 9.3.3,

i (YX)=#{Tz C X :y'2 ' €Y}

Applying ¢: since (y‘z~ ')z = 7*, the anti-homomorphism property gives z‘(y‘z~1)* = ~, i.e.
(y'z71) = ()~ 1y (inverses taken in G); and Y* =T8T’ = Y; also 'z C X iff 2T C X* = X,
and 'z — z'T" is a bijection between right and left cosets in X. Hence

cn(YX)=#{2 T C X :2" 'y €Y} = ¢, (XY)

by the second formula of Lemma 9.3.3. So XY and Y X have the same coefficients, i.e. XY =Y X.
By bilinearity Hr(I', A) is commutative. [

Correction. In my handwritten notes Proposition 9.3.5(1) was annotated “not generally”
at the hypothesis: indeed, the numbers of right and left cosets in I'al’ need not agree in
general, which is why it is assumed. The proof in my notes showed that every right coset
meets every left coset; the final choice o € T'a; N B;T" completes it. Part (2)(ii) was left as
“Open Notes!”; the proof above is the standard argument of [5, Prop. 3.8].
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Chapter 10

Hecke Operators for ['j(N)

In this final chapter the Hecke algebra of Chapter 9 is made to act on modular forms with
character, and specialised to I'o(/NV): we define the Hecke operators T,, and T,', show that the
Hecke algebra of I'g(N) is commutative, decompose the basic double cosets into single cosets,
and compute the action of T}, on g-expansions, which generalises Proposition 8.3.6. We follow [3,
§4.5] and [5, Ch. 3].

10.1 The Hecke algebra acts on M (T, x)

~ N
Definition 10.1.1

Let I' be a congruence subgroup and A a subsemigroup with ' € A C I' = R - GL3 (Q)
(Proposition 9.1.5). Let x : A — C* be a multiplicative map (x(af) = x(a)x(8)) whose
restriction to I' is a group character of finite order (so its values on I' are roots of unity, and

x(M) ™ =x(7))- Let
Mi(T,x) ={f € Mpg(I'Nkerx) : flgy = x(7)f for all y € T'},

i.e. f holomorphic on $ and at the cusps with f|xy = x(v)f; similarly Sk(T, x) (vanishing
at the cusps). For o € A with T'al' = | |4, T (o € A) we define the slash operator of the
double coset

d
FlelCal'] = (det )73~ X (o) fres;,
=1

and extend it linearly to Hz (T, A).
N J

Theorem 10.1.2 (1) The definition is independent of the choice of the representatives o;.

(2) If f e Mp(T,x), then f|g[T'al'] € M(T, x); similarly for Si(T, x).
N J

Proof. (1) Note that det o; = det o for all i (elements of I' have determinant 1). For any g € I’
and f € Mg(T,x), let a; be a representative and Sa; another representative of the same coset
T'a;. Then

X(Bei) flrBoi = x(B)x(c) (flrB) ks = x(B) x(ai) x(B) flrew = x () flravi,
since x(B)x(8) = [x(8)]> = 1. So each summand is independent of the representative.

(2) Transformation law. Apply |y, v € T', to both sides of the definition:

d d
(fleTal) ey = (det a)**71 3" ¥ () flrewy = (det a)** Iy (1)x(7) Y x(as) fleey
=1 i=1

d
= x(7) (det &)**71 3" X (ai7) flecu.
i—1

Notice that {a;v} is again a set of representatives of I'\I'aI": right multiplication by 7 maps Iq;
into 'al'y = T'al, and I'a;y = 'ajy implies 'a; = T'ayj; so it permutes the d cosets. By (1), the
last sum is again f[x[Tal], so (f|x[Tal])|lxy = x(7) fle[Call.
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Holomorphy on $ and at the cusps follows since each f|rc; is holomorphic on ) and at all cusps
(Proposition 7.1.2; a positive real scalar acts trivially by Remark 6.1.3, and «; € R* GL3 (Q)),
and the same holds for vanishing at the cusps. |

Correction. In my handwritten definition the coefficient was written as x(«;) and in the
proof as x(«;); the conjugate is the correct one (it is what makes (1) work). The question
mark at “{a~;v} is also a set of representatives” is answered by the argument above (right
multiplication permutes the right cosets in I'al'). The condition “x(a~'va) = x(7)” in my
notes is replaced here by the multiplicativity of x on A, which is what is used.

10.2 The Hecke algebras of I'y(NV)

e N
Definition 10.2.1
We define the semigroups
a b
Ap(N) = {oz = (c d) € Myxo(Z) : ged(a,N)=1, c=0 (mod N), deta > O},
2 a b
Aj(N) = {a = (c d) € Maxo(Z): ged(d,N)=1, c=0 (mod N), deta > 0}.
N J

They are closed under multiplication: for aj, s in Ag(N) the product has lower left entry
craz + dica = 0 and upper left entry ajas + bica = ajag (mod N), coprime to N; similarly the
lower right entry c1ba+dida = dids for A§(N). Clearly T'g(N) C Ag(N) and T'o(N) C A§(N) (for
v €To(N),ad=1 (mod N), so a and d are coprime to IV, and dety = 1), and Ag(N), Aj(N) C

GLJ (Q) C Ty(N). Now define the Hecke algebras
Hy = Hz(To(N), Aog(N)) = { Z caTo(N)al'g(N) : cq € Z, ¢o = 0 for almost all a},
O{GAQ(N)
generated by the double cosets I'o(N)aI'g(N) for v € Ag(N), resp. o € AG(N).

Characters. Let x be a Dirichlet character modulo N. We extend v +— x(d) (the Nebentypus of
Chapter 7) to the semigroups by

x(@) =x(a) (a€Bo(N)),  x*(a)=x(d) (a€AGN)).
1

Both are multiplicative (by the congruences above), and for v € I'o(N), x(a) = x(a)™" = x(d)
since ad = 1 (mod N); so both restrict to the Nebentypus on T'g(N), and Mg(T'o(N),x) =
M. (N, x) in the notation of Definition 10.1.1.

Lemma 10.2.2 (Z) (1) If a € Ap(N), there are unique positive integers I,m with I | m,
ged(l,N) =1 and

Do(N) aTo(N) = To(N) (é ;) Lo(N);

here [ is the gcd of the entries of o and Im = det a.

(2) Tf 1| m and ged(Im, N) = 1, then Ty(N) (é 2) To(N) = To(N) (’g ?) To(N).
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(3) If @« € A{(N), there are unique ! | m, ged(l,N) = 1, with To(N)alg(N) =
m 0

Lo(IN) (0 l) Lo(N).

Proof. Write T'g = T'g(IN). Uniqueness. For ~1,7v9 € SLa(Z), the matrix 7;avy2 has the same
determinant as « and the same gecd of entries (the entries of vy, are integer combinations of
those of «, and conversely as 7, ! are integral). Since diag(l,m) with I | m has entry-ged I and
determinant Im, [ and m are determined by the double coset.

1) Reduction to entry-gcd 1. Let [ be the ged of the entries of v = a b . Since I | a and
c d

ged(a, N) = 1, ged(l, N) = 1; and o = o/l has integer entries, upper left entry coprime to N,
and lower left entry ¢/l =0 (mod N) (as N | c and ged(l, N) = 1). So ¢/ € Ag(N) has entry-ged
1, and det o/ = n/I?> where n = det . If we show [ga'Tg = g diag(1,n/1?)Tg, then multiplying
by the central matrix II gives I'gal'g = I'g diag(l,n/l)[g, with m =n/l and [ | m (as [* | n).

b

The case of entry-gcd 1. Let o = (Z d

) € Ao(N) with ged(a, b, ¢,d) =1 and det o = n.
Step 1: upper triangular form. Write ¢ = N¢' and g = ged(a, ), and put 2z = /g, w = —a/g.

Then ged(z,w) = 1 and ged(w, N) = 1 (as ged(a, N) = 1), so ged(Nz,w) = 1, and by Bézout

)

there are =,y with zw —yNz = 1. Then v; = € I'y, and the lower left entry of vy« is

X
Nz
al bl

— N(Zq— 2¢) = —
Nza—l—wc—N(ga gc)—O. SO’yla—<0 ds

> with a1d; = n; it still lies in Ag(N) and has

entry-ged 1. Replacing a by v we may assume ¢ = 0, so o = (8 2), ad = n, ged(a, N) = 1,
ged(a, b, d) = 1.

Step 2: a good first column. We choose an integer x with ged(x, N) = 1 and ged(ax+bN, dN) = 1,
by the Chinese remainder theorem, imposing for each prime p | dNV:

o if p| N: x#0 (mod p); then ax +bN = ax Z 0 (mod p), since p 1 a;
e if p{ N, p|dand pta: % —bNa~! (mod p); then ax +bN # 0 (mod p);

o if pt N, p|dandp|a: then p1b (as ged(a,b,d) = 1), so ax + bN = bN # 0 (mod p) for

every x; no condition.

Each condition excludes one residue class modulo p, so a solution z exists. Since ged(z, N) = 1,

there is o = (; :) € I'y (complete (z, N) to a matrix of determinant 1 by Bézout). The first

column of aryy is (axijN) =: (1), with ged(u,v) = 1 and N | v.
Step 3. Since ged(u,v) = 1, there are r,s with us — rv = 1, and 73_1 = <z Z) € Iy (as
N | v). Then y3ay; has first column ~3(}}) = ((1)), SO Y3y = (é Z) (its determinant is n), and

0 n

(2) The matrix diag(m, ) lies in Ag(N) (as ged(m, N) = 1), has determinant im and entry-ged
ged(l,m) = 1. By (1), its double coset is I'g diag(l, m)Ty.

<1 e) T-¢= (é 2) with T7¢ € I'y. Hence I'pal'g = I'g diag(1,n)Iy.
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(3) Let wy = <](\)f _01>, which normalises I'g (Report Problem 7.4.3). For a € Aj(N),
-1 d —C/N . .

wNewy = | € Ag(N) (same computation as in that problem), so by (1)

Towyawy'Ty = Todiag(l,m)Iy. Conjugating back with wy and using wy' diag(l, m)wy =

diag(m, 1) (direct computation) gives I'gal'g = I'g diag(m, [)T. [

Notes. My handwritten proof of (1) used lattices: with L = Z@® Z and Ly = Z & NZ
(columns (7)), one has aLg C Lo for a € Ag(N), and [L : aLo] = nN; then the elementary
divisor theorem should give bases adapted to L O aL and Ly O alg simultaneously. The
existence of such simultaneous bases needs an extra argument; the matrix reduction above
avoids it. The underlying fact is that I'o(V) is exactly the stabiliser of Ly in SLa(Z).

-
Theorem 10.2.3
Hy and H} are commutative.

.

Proof. Consider ¢ : Ag(N) — Ag(N),

. [a b [a ¢/N\ o 1,1 (1 0
a—L<C d)_<bN d)-WaW, W—(ON.

It maps Ag(N) to itself (¢/N € Z, upper left entry a, lower left entry bN = 0, same determinant).
We need to show that ¢ satisfies the four properties of Proposition 9.3.5(2). It is clear that
(af) = WBTaTW= = (WRTW H(Wa' W) = gtat and (o) = WWa W HTW-1 =
WWLaWW=! = o (as W is diagonal), by matrix multiplication. For T'o(N)* = To(N): if v =
a b
d

~* € I'p(N), and equality follows since ¢ is an involution. For the last property: by Lemma 10.2.2,
any I'o(N)al'o(N) can be represented by a diagonal matrix § = diag(l,m), where ¢* = 4. So
PO(N)O[LFO(N) = (FO(N)O[PO(N))L = (Fo(N)(SFo(N))L = F()(N)(VF()(N) = P()(N)QPQ(N). By
Proposition 9.3.5(2)(ii), Hy is commutative. The same ¢ preserves A§(N) (it fixes d), and
Lemma 10.2.2(3) gives diagonal representatives, so H% is commutative too. |

€ I'o(V), then ¢ = 0 (mod N) so ¢/N € Z; also bN =0 (mod N) and det~* = 1; thus

10.3 The Hecke operators 7,, and T}

[
Definition 10.3.1
For [ | m with ged(l, N) =1 let

I 0 ) 0 \
Ty m = To(NN) (0 m) To(N) € Hy, Ty =To(N) (’g l> To(N) € Hi,.

For n > 1 define the Hecke operators as the sums of all distinct double cosets of determinant

T, = > To(N)alo(N) = Y TimeHn, Ti= >  Thn€Hy,
To(N)al'g(N) Ilm=n, lm Im=n, llm
a€Ag(N), det a=n ged(l,N)=1 ged(l,N)=1

the equalities by Lemma 10.2.2. By Lemma 10.2.2, the T; ,,, form a Z-basis of Hy.
N J
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Correction. In my handwritten notes T;, was written as > ,caq(n),det a=n L0(V)aL'o(IV),
which literally sums over infinitely many «; the sum is over the distinct double cosets.

4 N

Proposition 10.3.2 (1) For every prime p: T}, = Ty, (and Ty =T} ;).

(2) If p is prime and p | N, then Tpe = T pe.

(3) If p is prime and p { N, then T)2 =T} ;2 + T) .

(4) If ged(n, N) = 1, then T}, ,, = [o(N) (3

2) (a single coset), and Ty, nT7.m = Tt nm-
Y J

Proof. Recall Ty, = 3 ocaq,ny=1, ijm, tm=n Llm-

(1) For n = p, Im = p, so the only possible pairs (I,m) are (1,p) and (p,1). If (I,m) = (1,p),
then 1 | p and ged(1, N) =1, so T, is counted. If (I,m) = (p, 1), it is not true that p | 1, so T}, 1
is not counted. Thus 7}, = T1 (analogously T, = T;;).

(2) Let n = p° the pairs with Im = p® are (I,m) = (p",p®) with r + s = e, and r < s (to
satisfy { | m). Note that we need ged(l, N) = ged(p”,N) = 1. Since p | N (by assumption),
for r > 1 we have ged(p”, N) > p # 1, which cannot be; so only » = 0, implying s = e, and
(I,m) = (p°, p°) = (1,p%). Thus Tpe = T} pe.

(3) For n = p?: all possible pairs (I, m) with im = p? are (1,p?), (p, p), (p?,1); since ged(p, N) = 1
by assumption and [ is a power of p, ged(l, N) = 1 for all pairs. If (I,m) = (1,p?), then 1 | p? is
true, so this case is counted; if (I, m) = (p,p), then p | p is true, so this case is also counted; if
(I,m) = (p?,1), then p? | 1 is false, so this case is not counted. Thus Ty =T 2+ Tpyp.

(4) Since (8 2) = nl and for any v € T'o(N), (nl)y = ~v(nlI) (they commute), we have
Co(N)(nI)To(N) =To(N)(nl); and T, 5, is a legitimate basis element since n | n and ged(n, N) =
1 (from the assumption). Furthermore, writing 7j,, = |J;To(IN)3;, the product Ty, ,T},, is
computed from the products (nf)B;, which represent pairwise distinct cosets whose union is

To(N) (nl) (é 7?1> I'o(N); hence every coefficient ¢, equals 1 and
n 0\ (l O nl 0
Analogously for 77 .. [
é N
Theorem 10.3.3
Let f € Mg(N, x), where T}, acts via x on Ag(IV) and T}, ; via x* on A§(N). If ged(im, N) =
1, then
Tl = xUm) flxTim-
Furthermore, if ged(n, N) = 1, then f|Tf = x(n) f|xTn-
. J
Proof. Since ged(Im, N) =1, from Lemma 10.2.2(2) we have
[ 0 m 0 a
Lo(N) (0 m) Lo(N) =To(N) (0 l) Lo(N) = | | To(V)eu, (*)
i=1
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for «; in this double coset. Each a; = CCL Z has ¢ =0 (mod N) and det o; = Im, so ad = Im

(mod N) is a unit; hence ged(a, N) = ged(d, N) =1 and «; € Ag(N) NAG(N). Thus

x(Im) = x(det ;) = x(ad — be) = x(ad) = x(a)x(d).

By definition x(ci) = x(a), so x(a) = x(as), and x*(c;) = x(d). Therefore x(Im) = x(ci)x*(a:),

Le. x*(as) = x(Im)x (i) (multiplying by x (i), [x(cs)| = 1), and so x*(a;) = x(Im) x(c;). Since
det o; = Im,

d d
FITg = (m)* 271373 (aa) flres = (Im)*271 3" x(Im) x(aw) flrei
i=1 i=1

d
= x(Im) [(lm)k/%l > x(ai) f|kaz} = x(Im) flxTim-
i_1

If ged(n, N) = 1, every pair (I, m) with Im = n has ged(Im, N) = 1, and summing over the pairs
gives flixTr = x(n)f|xTn. [

10.4 Decomposition into single cosets

Lemma 10.4.1

Let ged(n, N) = 1. Then the map I'o(N)a — SLa(Z)a is a bijection from I'o(N)\{a €
Ag(N) : deta = n} onto SLa(Z)\M,,. Consequently, the set R,, of Proposition 8.3.4 is a
complete set of representatives of T'o(N)\{a € Ag(N) : det v = n}.

Proof. Injective. If o, € Ag(N), det = n, and o = ya with v € SLa(Z), then ny = o’ adj(«).
Modulo N, both o and adj(a) = _dc _ab are upper triangular, so ny is upper triangular
modulo N; as ged(n, N) = 1, the lower left entry of v is =0 (mod N), i.e. v € To(N).

Surjective. Let B € M,,. Modulo N, (3 is invertible (its determinant 7 is a unit). Let u = n mod N

and g = <é 2) p~1 € SLy(Z/NZ) (determinant u - u~' = 1). By Proposition 3.2.6 there

1

is v € SLy(Z) with v = g (mod N). Then 38 = (0
SLy(Z)B = SLa(Z).

Finally, every element of R,, is upper triangular with upper left entry a | n, hence coprime to N,
so Ry, € Ag(N). [

2) (mod N), so 78 € Ap(N) and

e N
Proposition 10.4.2

Let p be a prime and e > 1. Then T} e = I'g(V) <(1) I?e> Io(N) =], To(N)ay, where
1 m .
( >,O§m<p6, ifp| N,
0 »°

Qy, TUNS OvVer

e om
o o) 0SFse 0sm<pl gedpTl impl) =1, ifpfN.
p
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In particular 77, = |_|fn;10 [o(N) (é 7;}) U To(N) <g (1)> if pt N (p+ 1 cosets), and

— 1 m)\ .
Ty = qu:lo Lo(IV) (0 p) if p| N (p cosets).

-

Proof. By Lemma 10.2.2, T pe consists exactly of the A € Ag(N) with det A = p© and entry-ged
1; and the entry-ged is constant on cosets I'g(IV)A.

Case p f N. By Lemma 10.4.1 the cosets I'o(N)A, det A = p°, are represented by R, =

0o pf
ged(pe=F,m,pf) = 1.

e—f
{<p m) 0 < f<e 0 m< pf}; those in 717, are those with entry-ged 1, i.e.

a b

Case p | N. Let A = (c d) € T pe; then ged(a, N) =1, so p { a. By Step 1 of the proof of

Lemma 10.2.2 there is v; € To(IV) with 1A = %1 ZI , ged(a, N) = 1, ayd; = p°. Hence
1
ay | p¢ and p 1 a1, so a; = +1; multiplying by —1I if necessary, a; = 1 and d; = p°. Then
€
Tk A = é b —i};ekp , and choosing k we get 0 < by + kp® < p®. So every coset has a

1 1 ! 1
representative (0 ;Z), 0 < m < p° These are distinct: if (0 Zi) =9 (0 Zé), then v =

-1
1 m\ (1 m (1 (m —m)/p° . ey o ;
<0 pe> (0 pe> = <0 1 , which is integral only if m’ = m (mod p®), i.e. m’' =

1
m. Conversely each 0 ;’Z) lies in Ag(N) with entry-ged 1, hence in 17 pe. [

Correction. My handwritten proof of this proposition stopped after observing that
ged(a,eN) | p¢ (with the question “ged(a,cN) = 17”). The argument above instead brings
A to upper triangular form inside I'o(V)A.

10.5 Generators of the Hecke algebra and the action on ¢-
expansions

Proposition 10.5.1
If p| N, then Ty 11 pe = T} pe+1; hence Tye = 1.

1 m

/
Proof. By Proposition 10.4.2, T = |;,<, To(IV) <0 p) and Ti e = Ly <pe To(N) (1 7n€>

0 p
I m\ (1 m'\ (1 m'+mp°
0 pJ\o p¢) (0  pett ’

and as (m,m’) runs over [0,p) x [0,p%), m' + mp® runs over [0,p°t!) exactly once. So the
p - p° products are exactly the representatives of T ,c+1, each once: all coefficients are 1 and
Ty pT1 pe = T} pet1. With Proposition 10.3.2(1),(2), Tpe = T1 pe = T, = Tj. [

The products are
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Theorem 10.5.2 (®, generators of the Hecke algebra)
H v is generated as a ring by T}, and T}, , for primes p { N, and T}, for primes p | N:

Hy =Z[Ty, Tpp (Pt N); Tp (p | N)J.

Proof sketch. The T}, (I | m, ged(l, N) = 1) form a Z-basis. By Proposition 10.3.2(4), T} ,, =

DTy, and Ty =11, T ;,jf},(l). One shows, using the coset decompositions of Proposition 10.4.2
as in Proposition 10.5.1, that

. Tl,mTl,m’ = lemm’ if gcd(m,m') =1
o for pt N: Ty pT1pe =Ty petr + (p+ 1)Tpp if e =1, and =T} pes1 +p Ty pTy pe-1 if € > 2;
o for p| N: T1,T1 pe = T pet1 (Proposition 10.5.1).

By induction on e, every T ,e is a polynomial in T3, = T}, and T}, ;,, and the claim follows. See
[5, §3.3] or [3, §4.5]; in fact H is the polynomial ring in these generators. |

Correction. My handwritten notes stated this theorem (marked ®) and began the coset
decomposition needed for its proof, but did not finish; the coset decompositions are now
Proposition 10.4.2, the case p | N is proved completely (Proposition 10.5.1), and for p f N
we quote the standard relation.

4 )
Proposition 10.5.3 (Action of T, on g-expansions)

Let f = ano anq™ € Mi(N,x) and p a prime. Then

1!

zZ+m _ _
FTp == 3 F(F=) +x@) P F(02) = D (amp + x(p) Py )0,
pm:O p n>0
where a,,/, = 0 if p{n, and x(p) = 0if p | N. For N = 1 this is Proposition 8.3.6.
N J

Proof. By Proposition 10.3.2(1) and Proposition 10.4.2, T, = T}, has the representatives o, =

<(1) 7;‘) 0<m<p,and, if p{N, also ac, = (g ?) With x(a) = x(a) we have x(am) =

x(1) =1 and x(as) = x(p). Moreover f|pam(z) = pk/zp_kf(”Tm) and f|roeo(2) = "2 f(p2).
Hence

p—1

_ _ z+m 1220 24m _
W, =P l(mzzop () @ 2) =pmzzof( o) X w2),

the second term being absent if p | N (consistent with x(p) = 0). The g-expansion follows exactly

as in Proposition 8.3.6: %Zm f(Z;m) =, anpq” and f(pz) =3, ang®™. [

Remark 10.5.4. Since Hy is commutative and (by the Petersson inner product, not treated
here) the operators T, with ged(n, N) = 1 are normal on Si(N,x), the space Si(NN,x) has a
basis of simultaneous eigenforms for these T,,; for newforms one obtains, as in Proposition 8.5.2,
multiplicative Fourier coefficients with ayr+1 = apapr — X(p)pk_lapr—l. This is the beginning of
Atkin-Lehner—Li theory [1, §5.6-5.8] and the end of these notes.
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